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This report gives the result of running the computer algebra independent integration
test. The download section in on the main webpage contains links to download the problems
in plain text format used for all CAS systems. The number of integrals in this report is |
35 ]. This is test number [ 18 |.

1.1 Listing of CAS systems tested

The following are the CAS systems tested:

1.
2.
3.
4.

6.
7.
8.

Mathematica 13.3.1 (August 16, 2023) on windows 10.
Rubi 4.16.1 (Dec 19, 2018) on Mathematica 13.3 on windows 10
Maple 2023.1 (July, 12, 2023) on windows 10.

Maxima 5.47 (June 1, 2023) using Lisp SBCL 2.3.0 on Linux via sagemath 10.1 (Aug
20, 2023).

FriCAS 1.3.9 (July 8, 2023) based on sbcl 2.3.0 on Linux via sagemath 10.1 (Aug 20,
2023).

Giac/Xcas 1.9.0-57 (June 26, 2023) on Linux via sagemath 10.1 (Aug 20, 2023).
Sympy 1.12 (May 10, 2023) Using Python 3.11.3 on Linux.
Mupad using Matlab 2021a with Symbolic Math Toolbox Version 8.7 on windows 10.

Maxima and Fricas and Giac are called using Sagemath. This was done using Sagemath
integrate command by changing the name of the algorithm to use the different CAS
systems.

Sympy was run directly in Python not via sagemath.



1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and RootOf are
not allowed. If a CAS returns the above integral unevaluated within the time limit, then
the result is counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System % solved % Failed
Rubi 100.00 (35) | 0.00 (0 )
Mathematica | 100.00 (35) | 0.00 (0)
Maple | 100.00 (35) | 0.00 (0)
Fricas 95.71(9) | 74.20 (26)

Mupad 0.00 (0) | 100.00 ( 35)

Giac 0.00 (0) | 100.00 ( 35)
Maxima 0.00 (0) | 100.00 ( 35 )
Sympy 0.00 (0) | 100.00 ( 35)

Table 1.1: Percentage solved for each CAS

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes
the meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Table 1.2: Description of grading applied to integration result

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100.000 0.000 0.000 0.000
Maple 48.571 51.429 0.000 0.000

Mathematica 22.857 34.286 42.857 0.000

Fricas 0.000 0.000 25.714 74.286
Giac 0.000 0.000 0.000 100.000

Mupad 0.000 0.000 0.000 100.000

Maxima, 0.000 0.000 0.000 100.000
Sympy 0.000 0.000 0.000 100.000

Table 1.3: Antiderivative Grade distribution of each CAS



The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the grades of the CAS systems.
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The following table shows the distribution of the different types of failures for each CAS.
There are 3 types failures. The first is when CAS returns the input within the time limit,
which means it could not solve it. This is the typical failure and given as F.

The second failure is due to time out. CAS could not solve the integral within the 3 minutes
time limit which is assigned. This is assigned F(-1).

The third is due to an exception generated, indicated as F(-2). This most likely indicates
an interface problem between sagemath and the CAS (applicable only to FriCAS, Maxima
and Giac) or it could be an indication of an internal error in the CAS itself. This type of



error requires more investigation to determine the cause.

System Number failed Percentage nor- | Percentage time- | Percentage ex-
mal failure out failure ception failure
Rubi 0 0.00 0.00 0.00
Mathematica | 0 0.00 0.00 0.00
Maple 0 0.00 0.00 0.00
Fricas 26 26.92 73.08 0.00
Mupad 35 0.00 100.00 0.00
Giac 35 97.14 0.00 2.86
Maxima, 35 100.00 0.00 0.00
Sympy 35 74.29 25.71 0.00

Table 1.4: Failure statistics for each CAS

1.3 Time and leaf size Performance

The table below summarizes the performance of each CAS system in terms of time used
and leaf size of results.

Mean size is the average leaf size produced by the CAS (before any normalization). The
Normalized mean is relative to the mean size of the optimal anti-derivative given in the
input files.

For example, if CAS has Normalized mean of 3, then the mean size of its leaf size is 3
times as large as the mean size of the optimal leaf size.

Median size is value of leaf size where half the values are larger than this and half are
smaller (before any normalization). i.e. The Middle value.

Similarly the Normalized median is relative to the median leaf size of the optimal.

For example, if a CAS has Normalized median of 1.2, then its median is 1.2 as large as the
median leaf size of the optimal.



System Mean time (sec)
Fricas 0.14

Rubi 1.14

Maple 5.25
Mathematica 31.13

Sympy -nan(ind)
Maxima -nan(ind)

Giac -nan(ind)
Mupad -nan(ind)

Table 1.5: Time performance for each CAS

System Mean size | Normalized Median Normalized
mean size median
Rubi 694.46 1.00 680.00 1.00
Fricas 1007.22 1.98 859.00 2.08
Maple 1504.14 2.10 1238.00 1.85
Mathematica | 5806.66 6.15 825.00 1.34
Sympy -nan(ind) | -nan(ind) nan nan
Maxima -nan(ind) | -nan(ind) nan nan
Giac -nan(ind) | -nan(ind) nan nan
Mupad -nan(ind) | -nan(ind) nan nan

Table 1.6: Leaf size performance for each CAS
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1.4 Performance based on number of rules

Rubi used

This section shows how each CAS performed based on the number of rules Rubi needed to

solve the same integral. One diagram is given for each CAS.

On the y axis is the percentage solved which Rubi itself needed the number of rules given the
x axis. These plots show that as more rules are needed then most CAS system percentage
of solving decreases which indicates the integral is becoming more complicated to solve.
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Figure 1.1: Solving statistics per number of Rubi rules used
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1.5 Performance based on number of steps

Rubi used

This section shows how each CAS performed based on the number of steps Rubi needed to

solve the same integral. Note that the number of steps Rubi needed can be much higher

than the number of rules, as the same rule could be used more than once.
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Figure 1.2: Solving statistics per number of Rubi steps used

The above diagram show that the precentage of solved intergals decreases for most CAS
systems as the number of steps increases. As expected, for integrals that required less steps
by Rubi, CAS systems had more success which indicates the integral was not as hard to
solve. As Rubi needed more steps to solve the integral, the solved percentage decreased for
most CAS systems which indicates the integral is becoming harder to solve.
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1.6 Solved integrals histogram based on leaf
size of result

The following shows the distribution of solved integrals for each CAS system based on
leaf size of the antiderivatives produced by each CAS. It shows that most integrals solved
produced leaf size less than about 100 to 150. The bin size used is 40.

Histogram showing distribution of solved integrals
based on leaf size using bin width of 20
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1.7 Solved integrals histogram based on CPU

time used

The following shows the distribution of solved integrals for each CAS system based on CPU
time used in seconds. The bin size used is 0.1 second.

Histogram showing distribution of solved integrals
based on CPU time used with 0.1 second bin width
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1.8 Leaf size vs. CPU time used

The following shows the relation between the CPU time used to solve an integral and the
leaf size of the antiderivative.

The result for Fricas, Maxima and Giac is shifted more to the right than the other CAS
system due to the use of sagemath to call them, which causes an initial slight delay in the
timing to start the integration due to overhead of starting a new process each time. This
should also be taken into account when looking at the timing of these three CAS systems.
Direct calls not using sagemath would result in faster timings, but current implementation
uses sagemath as this makes testing much easier to do.
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1.9 list of integrals with no known antideriva-
tive

{}

1.10 List of integrals solved by CAS but has
no known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

Mupad {}

1.11 list of integrals solved by CAS but failed
verification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not necessarily mean that the anti-derivative
is wrong as additional methods of verification might be needed, or more time is needed
(3 minutes time limit was used). These integrals are listed here to make it possible to do
further investigation to determine why the result could not be verified.

Rubi {610,121} 25,51, 52 B1,55)

Mathematica {6}[7,[11}21}[22] 31} 32} 34}
Maple {}

Maxima Verification phase not currently implemented.
Fricas Verification phase not currently implemented.
Sympy Verification phase not currently implemented.
Giac Verification phase not currently implemented.

Mupad Verification phase not currently implemented.
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1.12 Timing

The command AbsoluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign (’result_of_int’,int(expr,x)),output=’realtime’

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call completed from the time before the call was
made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 CPU minutes was used for each
integral. If the integrate command did not complete within this time limit, the integral was
aborted and considered to have failed and assigned an F grade. The time used by failed
integrals due to time out was not counted in the final statistics.

1.13 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.

Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative was correct.

Verification phase also had 3 minutes time out. An integral whose result was not verified
could still be correct, but further investigation is needed on those integrals. These integrals
were marked in the summary table below and also in each integral separate section so they
are easy to identify and locate.

1.14 Important notes about some of the re-
sults

Important note about Maxima results

Since tests were run in a batch mode, and using an automated script, then any integral
where Maxima needed an interactive response from the user to answer a question during
the evaluation of the integral will fail.

The exception raised is ValueError. Therefore Maxima results is lower than what would
result if Maxima was run directly and each question was answered correctly.

The percentage of such failures were not counted for each test file, but for an example,
for the Timofeev test file, there were about 14 such integrals out of total 705, or about 2
percent. This percentage can be higher or lower depending on the specific input test file.

Such integrals can be identified by looking at the output of the integration in each section
for Maxima. The exception message will indicate the cause of error.
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Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

& J

SageMath automatic loading of Maxima abs_integrate was found to cause some problems.
So the following code was added to disable this effect.

‘ from sage.interfaces.maxima_lib import maxima_lib ‘
‘ maxima_lib.set('extra_definite_integration_methods', '[]') ‘
L maxima_lib.set('extra_integration_methods', '[]') J

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffdrent-

[from-using-maxima/| for reference.

Important note about FriCAS result

There were few integrals which failed due to SageMath interface and not because FriCAS
system could not do the integration.

These will fail With error Exception raised: NotImplementedError.

The number of such cases seems to be very small. About 1 or 2 percent of all integrals.
These can be identified by looking at the exception message given in the result.

Important note about finding leaf size of antiderivative

For Mathematica, Rubi, and Maple, the builtin system function LeafSize was used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special builtin function for this
purpose at this time. Therefore the leaf size for Fricas and Sympy antiderivative was deter-
mined using the following function, thanks to user slelievre at https://ask.sagemath]|
lorg/question/57123/could-we-have-a-leaf count-function-in-base-sagemath/|

def tree_size(expr):
Ry
Return the tree size of this expression.
if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)

expr = SR(expr)



https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
https://ask.sagemath.org/question/57123/could-we-have-a-leaf_count-function-in-base-sagemath/
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X, aa = expr.operator(), expr.operands|() ‘
if x is None: ‘
return 1 |
else: |
return 1 + sum(tree_size(a) for a in aa) |

For Sympy, which was called directly from Python, the following code was used to obtain
the leafsize of its result

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1.7+count_ ops(anti))

except Exception as ee:
leafCount =1

Important note about Mupad results

Matlab’s symbolic toolbox does not have a leaf count function to measure the size of
the antiderivative. Maple was used to determine the leaf size of Mupad output by post
processing Mupad result.

Currently no grading of the antiderivative for Mupad is implemented. If it can integrate
the problem, it was assigned a B grade automatically as a placeholder. In the future, when
grading function is implemented for Mupad, the tests will be rerun again.

The following is an example of using Matlab’s symbolic toolbox (Mupad) to solve an integral

‘ integrand = evalin(symengine, 'cos(x)*sin(x)"')
‘ the_variable = evalin(symengine, 'x')
‘ anti = int(integrand,the_variable)

Which gives sin(x)~2/2
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The following diagram gives a high level view of the current test build system.

Sam Blake test file

Test files from Albert [ Maple script + grading+ verification r_’. >
Rich Rubi web site

Waldek Hebisch
test file

Design of the test system
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One record (line) per one integral result. The line is CSV comma’separated. This is description of each record

integer, the problem number.

integer. 0 for failed, 1 for passed, -1 for timeout, -2 for CAS specific exception. (this is not the grade field)
integer. Leaf size of result.

integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed.

string. The integral in Latex format

string. The input used in CAS own syntax.

string. The result (antiderivative) produced by CAS in Latex format

. string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax.

12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. Small string description of why the grade was given.

14. integer. 1 if result was verified or 0 if not verified. (For mma, rubi and maple only)

WoONOUMEWN PR

@~

The following fields are present only in Rubi Table file

15. integer. Number of steps used.

16. integer. Number of rules used.

17. integer. Integrand leaf size.

18. real number. Ratio. Field 16 over field 17

19. String of form “{n,n,..}” which is list of the rules used by Rubi Nasser M, Abbasi
20. String. The optimal antiderivative in Mathematica syntx Designvsdx

So

©
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CHAPTER 2

DETAILED SUMMARY TABLES OF
RESULTS

2.1 List of integrals sorted by grade for each CAS . . . . .. ... ... ... ...
2.2 Detailed conclusion table per each integral for all CAS systems . .. .. ... 251
2.3 Detailed conclusion table specific for Rubi results . . . ... ... ... .... B3
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2.1 List of integrals sorted by grade for each

CAS

Rubi . . . . e e 22
Mma . . . . e e 27
Maple . . . . . e e e 23]
Fricas . . . . . . e e e e e 23
Maxima . . . . . . . e e e e e
GIaC . . . e 23
Mupad . . . . . . e e 24
SYMDY . .« o o e e e e e e 24
Rubi

A grade { (12517856} 75| B0} 1) 12 3 135} 167 15 15,204 21 22 23,24, 25 6,27
25129, 30 31,82 331 34 35 }

B grade { }

C grade { }

F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }

Mma

A grade {01334 23245 )
B grade { 71011152122, 25 B B2 53,59 )

C grade { 13 5516, [7 15 920,26, 27 B8 29,50 }
F normal fail { }

F(-1) timedout fail { }
F(-2) exception fail { }
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Maple

A grade {[1,2,3,[45}[16}[17,[I8) [19} 20} 26} [27} [28} 29, [30, 31} 33] }

B grade { 7851011 23 45,2122 B3 E3E5 535855 )
C grade { }

F normal fail { }

F(-1) timedout fail { }

F(-2) exception fail { }

Fricas

A grade { }

B grade { }

C grade {LBB0IHE0212}
F normal fail {[9}[10][14}[15][24}[25][35] }

(1) timedout fail { (5,617 T1 12 I3 1920} 2122, 23,29, B0, BT, BB 5 }
F(-2) exception fail { }

Maxima

A grade { }
B grade {}
C grade { }

F normal fail {[12}[3}[4l[5}(6l[7,8 9} 10} 11}[12}[13}[14, 15} 16} 17} [18} [19}[20} 21 [22, [23} 24} 25}
32,33

F(-1) timedout fail { }
F(-2) exception fail { }

Giac

A grade { }
B grade { }
C grade { }

F normal fail {[12}[3}[4l[5}(6l[7,8, 0} [10} 1 1} 12} 13} [14, 15} 6} 17} [18} 19} [20} 21 [22} 23} 24} 25
35 }

F(-1) timedout fail { }
F(-2) exception fail {[34}
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Mupad

A grade { }

B grade {}

C grade { }

F normal fail { }

F(-1) timedout fail { [1}[2,[3}[4l[5[6}[7}8}[9}[T0
[24}[25,[26}[27} 28} [29} 30} 31 [32} 33} 34, [35] }

F(-2) exception fail { }

Sympy

A grade { }
B grade {}
C grade { }

F no?l fail {[1}[2}[3}/4[6} (7 8}/0} (L1} [12}[13} 14, 16} 17} 18} [21} 22} 23} [26}[27) [28} 29} BT} 32} 33,
34

F(-1) timedout fail {[5],[10}[L5}[19}[20][24] [25][30}[35] }
F(-2) exception fail { }
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2.2 Detailed conclusion table per each inte-
gral for all CAS systems

Detailed conclusion table per each integral is given by the table below. The elapsed time

is in seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is

given as F(-2) if the failure was due to an exception being raised, which could indicate a

bug in the system. If the failure was due to integral not being evaluated within the time

limit, then it is given as F.

antiderivative leaf size

optimal antiderivative leaf size’
To make the table fit the page, the name Mathematica was abbreviated to MMA.

In this table, the column N.S. means normalized size and is defined as

Problem 1 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 700 699 806 866 0 1236 0 0 0

N.S. 1 1.00 1.15 1.24 0.00 1.77 0.00  0.00 0.00
time (sec) N/A 1.651 28.405 2.793  0.000  0.150 0.000 0.000 0.000

Problem 2 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 405 404 450 625 0 842 0 0 0

N.S. 1 1.00 1.11 1.54 0.00 2.08 0.00 0.00 0.00
time (sec) N/A 0.567 24.188 2.610 0.000 0.131  0.000 0.000 0.000

Problem 3 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad

grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 284 284 319 498 0 671 0 0 0

N.S. 1 1.00 1.12 1.75 0.00 2.36 0.00 0.00 0.00

time (sec) N/A 0.124 19.292 2.578 0.000 0.123  0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 313 313 245 478 0 0 0 0 0
N.S. 1 1.00 0.78 1.53 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.503 22.947 2.962 0.000  0.000 0.000 0.000 0.000
Problem 5 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-1) F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 678 678 3412 1208 0 0 0 0 0
N.S. 1 1.00  5.03 1.78 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.000 34.128 3.956 0.000  0.000 0.000 0.000 0.000
Problem 6 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F(-1) F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 981 976 21961 1814 0 0 0 0 0
N.S. 1 099 2239 1.85 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.301 36.590 5.178 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 736 735 8030 1544 0 0 0 0 0
N.S. 1 1.00 1091 2.10 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.499 42.322 5.146 0.000  0.000 0.000 0.000 0.000
Problem 8 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 442 442 586 848 0 0 0 0 0
N.S. 1 1.00 1.33 1.92 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.316 24.657 6.528 0.000  0.000 0.000 0.000 0.000
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Problem 9 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 606 606 333 2250 0 0 0 0 0
N.S. 1 1.00  0.55 3.71 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.727 26.023 7.694 0.000  0.000 0.000 0.000 0.000
Problem 10 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F F(-1) F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 1081 1080 10828 3389 0 0 0 0 0
N.S. 1 1.00 10.02 3.14 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.252 39.612 10.176  0.000  0.000 0.000 0.000 0.000
Problem 11 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F(-1) F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 898 897 15131 1809 0 0 0 0 0
N.S. 1 1.00 16.85 2.01 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.717 35.437 5.174 0.000  0.000 0.000 0.000 0.000
Problem 12 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 472 472 443 1560 0 0 0 0 0
N.S. 1 1.00 0.94 3.31 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.410 36.156 5.172 0.000  0.000 0.000 0.000 0.000
Problem 13 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 449 449 723 855 0 0 0 0 0
N.S. 1 1.00 1.61 1.90 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.318 25.235 6.278 0.000  0.000 0.000 0.000 0.000
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Problem 14 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 625 625 341 2298 0 0 0 0 0
N.S. 1 1.00  0.55 3.68 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.727 25.784 7.746 0.000  0.000 0.000 0.000 0.000
Problem 15 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1090 1090 10790 3571 0 0 0 0 0
N.S. 1 1.00  9.90 3.28 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.018 38.038 9.421 0.000  0.000 0.000 0.000 0.000
Problem 16 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 721 720 825 880 0 1267 0 0 0
N.S. 1 1.00 1.14 1.22 0.00 1.76 0.00 0.00 0.00
time (sec) N/A 1.203 28.445 2.498 0.000  0.159 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 410 410 442 637 0 859 0 0 0
N.S. 1 1.00  1.08 1.55 0.00 2.10 0.00 0.00 0.00
time (sec) N/A 0.397 25.003 2.336 0.000  0.123 0.000 0.000 0.000
Problem 18 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 291 291 326 506 0 682 0 0 0
N.S. 1 1.00 1.12 1.74 0.00 2.34 0.00 0.00 0.00
time (sec) N/A 0.178 21.099 2.342 0.000  0.125 0.000 0.000 0.000
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Problem 19 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-1) F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 309 309 249 475 0 0 0 0 0
N.S. 1 1.00 0.81 1.54 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.519 22.056 3.028 0.000  0.000 0.000 0.000 0.000
Problem 20 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-1) F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 680 680 3419 1211 0 0 0 0 0
N.S. 1 1.00  5.03 1.78 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.128 34.657 3.928 0.000  0.000 0.000 0.000 0.000
Problem 21 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F(-1) F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 980 976 21961 1834 0 0 0 0 0
N.S. 1 1.00 2241  1.87 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.893 36.913 5.277 0.000  0.000 0.000 0.000 0.000
Problem 22 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F(-1) F F F(-1)
verified N/A Yes No Yes TBD TBD TBD TBD TBD
size 734 732 8107 1552 0 0 0 0 0
N.S. 1 1.00 11.04 2.11 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.483 42.832 4.901 0.000  0.000 0.000 0.000 0.000
Problem 23 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 436 436 583 856 0 0 0 0 0
N.S. 1 1.00 1.34 1.96 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.370 25.181 6.313 0.000  0.000 0.000 0.000 0.000
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Problem 24 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 616 616 340 2249 0 0 0 0 0
N.S. 1 1.00  0.55 3.65 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.813 26.043 7.511 0.000  0.000 0.000 0.000 0.000
Problem 25 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F F(-1) F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 1128 1119 10836 3425 0 0 0 0 0
N.S. 1 099 9.61 3.04 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.987 40.007 10.267 0.000  0.000 0.000 0.000 0.000
Problem 26 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 1097 1083 1291 1238 0 1665 0 0 0
N.S. 1 099 1.18 1.13 0.00 1.52 0.00 0.00 0.00
time (sec) N/A 2.128 32.538 3.368 0.000 0.174 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 611 608 686 824 0 1068 0 0 0
N.S. 1 1.00 1.12 1.35 0.00 1.75 0.00 0.00 0.00
time (sec) N/A 0.843 26.261 2.808 0.000  0.149 0.000 0.000 0.000
Problem 28 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F C F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 368 367 390 611 0 775 0 0 0
N.S. 1 1.00 1.06 1.66 0.00 2.11 0.00 0.00 0.00
time (sec) N/A 0.321 23.770 2.322 0.000  0.146 0.000 0.000 0.000
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Problem 29 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 465 465 1036 750 0 0 0 0 0
N.S. 1 1.00 2.23 1.61 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.505 26.549 3.018 0.000  0.000 0.000 0.000 0.000
Problem 30 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A C A F F(-1) F(-1) F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 738 738 3935 1269 0 0 0 0 0
N.S. 1 1.00 5.33 1.72 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.225 35.647 3.939 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F F(-1) F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 1395 1376 39032 2228 0 0 0 0 0
N.S. 1 099 2798 1.60 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 3.978 40.077 6.740 0.000  0.000 0.000 0.000 0.000
Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F(-1) F F F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 937 936 16972 1794 0 0 0 0 0
N.S. 1 1.00 18.11 1.91 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.556 36.207 5.232 0.000  0.000 0.000 0.000 0.000
Problem 33 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B A F F(-1) F F F(-1)
verified N/A Yes Yes Yes TBD TBD TBD TBD TBD
size 757 757 6321 1065 0 0 0 0 0
N.S. 1 1.00 8.35 1.41 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 0.741 34.840 6.366 0.000  0.000 0.000 0.000 0.000
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Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A A B F F(-1) F F(-2) F(-1)
verified N/A No No Yes TBD TBD TBD TBD TBD
size 867 867 721 2286 0 0 0 0 0
N.S. 1 1.00 0.83 2.64 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 1.229 31.921 7.834 0.000 0.000  0.000 0.000 0.000
Problem 35 Optimal | Rubi MMA Maple Maxima Fricas Sympy Giac Mupad
grade N/A A B B F F F(-1) F F(-1)
verified N/A No Yes Yes TBD TBD TBD TBD TBD
size 1070 1070 11363 3342 0 0 0 0 0
N.S. 1 1.00 10.62  3.12 0.00 0.00 0.00 0.00 0.00
time (sec) N/A 2.319 40.542 10.352  0.000 0.000 0.000 0.000 0.000
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2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi only. It gives additional statistics for each integral.
the column steps is the number of steps used by Rubi to obtain the antiderivative. The
rules column is the number of unique rules used. The integrand size column is the leaf
number of rules
integrand size
is, the harder the integral is to solve. In this test file, problem number [5] had the largest

ratio of [.250000000000000000]

size of the integrand. Finally the ratio is also given. The larger this ratio

Table 2.1: Rubi specific breakdown of results for each integral

number of num.ber of n(?rma?lize.d integrand nwmber of rules
# | grade i“:é); uzﬁ;e antlfa(}r:i/jzlve leaf size integrand leaf size
1 A 9 8 1.00 40 0.200
2 A 8 7 1.00 38 0.184
3 A 6 5 1.00 33 0.152
4 A 9 7 1.00 40 0.175
5! A 12 10 1.00 40 0.250
6 | A 10 10 0.99 42 0.238
7 A 7 7 1.00 42 0.167
3 A ) ) 1.00 42 0.119
9 A 7 7 1.00 42 0.167
10 A 7 1.00 42 0.167
11 A 10 10 1.00 49 0.204
12 A 5 ) 1.00 49 0.102
13 A ) 5 1.00 49 0.102
14 A 7 7 1.00 49 0.143
15 A 8 7 1.00 49 0.143
16 A 8 7 1.00 58 0.121
17 A 7 6 1.00 93 0.113
18 A 7 6 1.00 60 0.100
19 A 10 8 1.00 60 0.133
20 A 13 11 1.00 60 0.183
21 A 9 9 1.00 62 0.145
22 A 8 8 1.00 62 0.129
23 A 6 6 1.00 62 0.097
24] A 8 8 1.00 62 0.129
Continued on next page
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number of

number of

normalized

# | gade| s | i | ancerimive | CEO | R,
25[| A 9 8 0.99 62 0.129
260 A 9 8 0.99 42 0.190
27 A 8 7 1.00 40 0.175
28 | A 7 6 1.00 35 0.171
29| A 11 9 1.00 42 0.214
30| A 12 10 1.00 42 0.238
31| A 10 10 0.99 44 0.227
32| A 9 9 1.00 44 0.204
33| A 8 8 1.00 44 0.182
34| A 9 9 1.00 44 0.204
35 A 8 8 1.00 44 0.182
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3.34
3.35
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3.1 j‘ (a+bz)?(A+Bx)
) m Vet fry/gt+hz

Optimal result . . . . . . . . . . e 37
Rubi [A] (verified) . . . . . . . .. .
Mathematica [C] (verified) . . . . . . . . ... . 42
Maple [A] (verified) . . . . . . . . . 43l
Fricas [C] (verification not implemented) . . . . . . . ... ... . ... .. ..... 43l
Sympy [F] . . o o 44
Maxima [F] . . . . . . e 45
Giac [F] . . . o o 45
Mupad [F(-1)] . .« 45

Optimal result

Integrand size = 40, antiderivative size = 700

(a+ bx)*(A+ Bz)
Ve +dzye+ fx/g+ hx
_ 2b(7aBdfh + b(5Adfh — 4B(dfg + deh + cfh)))vc + da/e + fz\/g + ha
N 15d2 f2h?
20B(a + bz)vc+ dzv/e + fx /g + hz
+ 5dfh

2v/—de + cf (15a2Bd?f2h? + 10abdf h(3Adfh — 2B(df g + deh + cfh)) — b*(10Adfh(dfg + deh + cfh

+

1543 f5/-
2/—de + cf(15a%d? f2h*(Bg — Ah) + 10abdf h(3Adf gh — B(ch(fg — eh) + dg(2fg + eh))) — b*(5Adj

[Out] 2/15%bx (7*a*Bxd*f*h+b* (5xAxd*f*h-4*Bx (cxf*h+d*exh+d*f*g)))* (d*xx+c) ~(1/2)*(f
xx+e) " (1/2) * (h*x+g) ~(1/2)/d~2/£72/h~2+2/5*b*B* (b*x+a) * (d*x+c) ~(1/2) * (f*x+e)
~(1/2) % (h*x+g) ~(1/2) /d/£/h+2/15% (15*%a~2xB*xd~2*f ~"2xh~2+10*a*xb*d*f*xh* (3kxAxd*f
xh-2%B* (c*f*h+d*exh+d*f*g) ) —b~2% (10kAxd*f*h* (c*f*h+d*exh+d*f*g) -B* (8*c~2*f~
2xh~2+7*ckd*fxh* (exh+f*g) +d~2% (8*e~2¥h~2+7*exf*gxh+8*f~2%g~2))) ) *E1lipticE(
£7(1/2)*(d*x+c) " (1/2) / (c*f-d*e) ~(1/2) , ((-cxf+d*e) *h/f/ (-cxh+d*g) ) ~(1/2))*(c
*f-dxe) " (1/2) *(d* (fxx+e) / (-cxf+d*e) )~ (1/2) * (h*x+g) ~(1/2)/d~3/£7(5/2) /h~3/ (£
xx+e) " (1/2) / (d* (h*x+g) / (—c*h+d*g)) ~(1/2)-2/15% (16%a~2%d~2*f ~"2xh~2* (~A*h+B*g
) +10*a*xb*d*f*xh* (3*xAxd*f*g*h—B* (ckh* (—exh+f*g) +d*gk (exh+2xfxg) ) ) —b~ 2% (5xA*d*
fxh* (c¥h* (—exh+f*g) +d*g* (exh+2xf*g) ) -B* (4*c~2*%f*xh~2% (—~exh+f*g) +ckxd*h* (—4*e”
2¥h~2+e*xf*gkh+3%f ~2%g~2) +d"2xg* (4*e~2*¥h~2+3*e*f*g*h+8%f ~2%g~2))) ) *E1llipticF
(£7(1/2) % (d*x+c) " (1/2) / (cxf-d*e) " (1/2) , ((-cxf+d*e) *h/f/ (-cxh+d*g) )~ (1/2) ) *(
cxf-dxe) " (1/2) *(dx (fxx+e)/ (-cxf+d*e)) " (1/2) * (d* (h*x+g) / (-c*h+d*g))~(1/2)/d~
3/£7(5/2) /h~3/ (f*x+e)~(1/2) / (h*x+g)~(1/2)
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Rubi [A] (verified)

Time = 1.65 (sec) , antiderivative size = 699, normalized size of antiderivative = 1.00,
number of steps used = 9, number of rules used = 8§, number of rules _ () 200, Rules used

integrand size
= {1611, 1614, 1629, 164, 115, 114, 122, 121}

(a + bx)?(A + Bz)
Ve+dzye+ fry/g+ hr
2\/ cf — de\/ dl(ieeﬂcc ;" \/ g+hx EllipticF (arcsm (‘ggf_ﬁf) , ;‘Z;{: 33) (15a2d? f?h*(Bg — Ah) + 10abdf h

20G T hav/ef —de,/ d@*{jf)E(arcsin (\/jjfitl?) e 31’;) (15a2Bd? f2h? + 10abdfh(3Adfh — 2B(cfh
15d3 f5/2}

+

20v/c + dz/e + fx/g + hx(TaBdfh + 5Abdfh — 4bB(cfh + deh + df g))
+
1502 f2h2
N 2bB(a + bz)vc+ dzv/e + fx\/g + hx
5dfh

[In] Int[((a + b*x)~2*(A + B*x))/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]),x]

[Out] (2%b*(5*Axbxd*f*h + 7*xa*Bkd*fxh - 4*b*B*(dxfxg + dxexh + cxfxh))*Sqrtlc + d
*xx] *Sqrt[e + f*x]*Sqrt[g + h*x])/(15%d"2*f~2xh~2) + (2xbxBx(a + b*x)*Sqrt[c
+ dxx]*Sqrt[e + f*x]*Sqrt[g + h*x])/(5xd*xfxh) + (2xSqrt[-(d*e) + c*f]*(15%
a~2*¥B*d~2*f"2*%h"2 + 10*axbxd*fxh* (3*%A*d*fxh - 2%Bx(d*f*g + d*exh + c*f*h))
- b"2x(10*%A*d*fxh* (d*xf*g + d*exh + c*fxh) — Bx(8*c™2xf72+%h~2 + 7xc*xd*f*xh*(f
xg + exh) + d72x(8*f"2xg~2 + T*xexfxgxh + 8*e~2xh~2))))*Sqrt[(d*(e + f*xx))/(
d*e - cxf)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d
xe) + c*xf]], ((dxe - c*f)*h)/(fx(d*g - c*h))])/(15%d"3*f~(5/2)*h~3*Sqrt[e +
fxx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) - (2xSqrt[-(d*e) + c*f]l*(15%a~2xd~2%
£72xh~2%(Bxg — A*h) + 10*axbkxdxfxh*(3xA*xd*f*xgxh — Bkcxh*(f*g - exh) - Bxd*g
*x(2xfxg + exh)) - b~ 2% (5xA*xd*fxhx(cxhx(f*g - exh) + d*g*(2+f*g + exh)) - Bx
(4xc™2*f*h~2x (f*g - exh) + ckd*h*x(3*f72xg~2 + exfxgxh - 4*%e”2xh~2) + d~2*gx*
(8xf~2xg~2 + 3kexfkxgkh + 4*%e"2¥h~2))))*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt
[(d*(g + h#*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-
(dxe) + cxf]], ((d*e - cxf)xh)/(f*(d*g - c*h))])/(15%d"3*x£f~(5/2)*h~3*Sqrt [e
+ fxx]*Sqrt[g + hx*x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a
+ bxx] /Rt [-(b*xc - axd)/d, 2]], f*((b*c - a*d)/(d*(bxe - a*f)))], x] /; Free
Ql{a, b, ¢, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*xe - axf), 0]
&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c
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- axd), 0] && GtQ[d/(dxe - c*xf), 0] && !'LtQ[(b*c - a*d)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(bxc - a*d))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
xfx(x/(bxe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(bxe - axf), 0]) && !LtQ[-(b*c - axd)/d, O]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[2*(Rt[-b/d, 2]/(b*Sqrt[(b*e - a*f)/b]l))*EllipticF[A
rcSin[Sqrt[a + bxx]/(Rt[-b/d, 2]*Sqrt[(b*c - axd)/bl)], £*((b*c - a*xd)/(d*(
bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - a*xd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x1, x] /; FreeQ[{a, b, c, 4, e, f}, x] && !'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl[(c_) + (d_.)*(x_)]1*
Sqrtl(e ) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]1), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*xx] && SimplerQ[c + d*x, e + fx*x]

Rule 1611

Int[((Ca_.) + (b_.)*(x_))"(m_.)*x((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(
x_)]1*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[
1/(d*f*h*(2*m + 3)), Int[((a + b*x)"(m - 1)/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sq
rt[g + hx*x]))*Simp[a*xA*d*fxh*(2*m + 3) + (Axb + a*B)*d*f*h*(2*m + 3)*x + bx
Bxd*f*h*(2*m + 3)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B},
x] &% IntegerQ[2*m] && GtQ[m, O]

Rule 1614
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Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)1), x_S
ymbol] :> Simp[2+Cx(a + b*x) “m*xSqrt[c + d*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(
dxf*h*(2*%m + 3))), x] + Dist[1/(d*fxh*x(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
qrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*xA*d*fxh*(2*m + 3) - Cx(ax
(dxexg + cxfxg + ckexh) + 2xbxcxexg*m) + ((Axb + a*B)*d*f*xh*(2*m + 3) - Cx(
2xax(dxfxg + d*exh + c*xf*h) + b*(2#m + 1)*(d*e*xg + cxfxg + cxexh)))*x + (bx
Bxdxfxh* (2+m + 3) + 2%Ck(axd*fxh*m - bx(m + 1)*x(d*f*g + d*exh + c*f*h)))*x"
2, x], x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] && IntegerQ[2*
m] && GtQ[m, O]

Rule 1629

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x))"(n_)*((e_.) + (f
_-)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]]1}, Simp[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + D*((e + £*x)"(p +

1)/(a*f%b~(q - 1D*(m + n + p + g + 1))), x] + Dist[1/(d*f*b q*(m + n + p +

q + 1)), Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)%Px - d*fxkx(m + n + p + q + 1)*(a + bxx)"q + kx(a + b*x)~(q -
2)*(a"2%dxf*(m + n + p + q + 1) - bx(b*cxex(m + q - 1) + a*(d*e*x(n + 1) +

ckfx(p + 1))) + bk(a*xd*f*(2%x(m + q) + n + p) - bk(d*ex(m + q + n) + c*xf*(m

+q+p)N*x), x], x], x] /; NeQ[m + n + p + g + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] & PolyQ[Px, x]

Rubi steps

(a-+bz) (Ta Adfh+7(Ab+aB)df ho+TbBdfha?) dx

. Vet+dz/et+fx/g+hx
integral = 7dfh
_ 2bB(a+ bzx)vc+dzv/e+ fa/g+ ha
B 5dfh
i 7dfh(5a2 Adfh—bB(2bceg-+a(deg-+cfg+ceh)))+7dfh(5a(2Ab+aB)df h—bB(3b(deg-+cfg+ceh)+2a(df g+deh+cfh)))z+Tbdf h(5 A
+ Vetdzy/etfoy/gth
35d2 f2h?
_ 2b(5Abdfh + TaBdfh — 4bB(dfg + deh + cfh))Vc + dzv/e + fz/g + ha
N 15d2 f2h?
2bB(a + bx)vc+ dzv/e + fx\/g + hx
+ 5dfh

9 f %d2 fh(15a% Ad? f2h2—10abBdf h(deg+cfg+ceh)—b% (5Adfh(deg+cfg+ceh)—B(4d2eg( fg+eh)+4c? fh(fg+eh)+2cd(2f2 g%+

+
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_ 2b(5Abdfh + TaBdfh — 4bB(dfg + deh + cfh))Vc + dzv/e + fz /g + ha
N 15d2 f2h2
N 2bB(a + bx)v/c + dxv/e + fx\/g + hx
5dfh
(15a2d? f?h*(Bg — Ah) + 10abdf h(3Adf gh — Bch(fg — eh) — Bdg(2fg + eh)) — b*(5Adf h(ck

(15a2Bd?f2h? + 10abdfh(3Adfh — 2B(dfg + deh + cfh)) — b2(10Adfh(dfg + deh + cfh) — E
1542 f2h3

+

_ 2b(5Abdfh + TaBdfh — 4bB(dfg + deh + cfh))Vc + dzv/e + fz /g + ha
- 15d2 f2h2
N 2bB(a + bx)v/c + dzv/e + fx\/g + hx
5dfh

((15a2d2 f?h2(Bg — AR) + 10abdfh(3Adf gh — Bch(fg — eh) — Bdg(2fg + eh)) — b*(5Adf h(c

((15a23d2 F2h2 + 10abdf h(3Adfh — 2B(df g + deh + cfh)) — b*(10Adfh(dfg + deh + cfh) —
+

15d2 f2h

_ 2b(5Abdfh + TaBdfh — 4bB(dfg + deh + cfh))vc + dzv/e + fz/g + ha
N 15d2 f2h?
N 2bB(a + bz)vc+ dzv/e + fx/g + hx
5dfh

2/—de + cf (15a2Bd2f2h? + 10abdfh(3Adfh — 2B(dfg + deh + cfh)) — b2(10Adfh(dfg + del

+

1
((15a2d2f2h2(Bg — Ah) + 10abdf h(3Adf gh — Bch(fg — eh) — Bdg(2fg + eh)) — b*(5Adf h(

_ 2b(5Abdfh + TaBdfh — 4bB(dfg + deh + cfh))vc + dzv/e + fzv/g + ha
N 15d2 f2h?
2bB(a + bx)v/c + dz+/e + fx\/g + hx
+ 5dfh

2/—de + cf (15a2Bd2f2h? + 10abdfh(3Adfh — 2B(dfg + deh + cfh)) — b2(10Adfh(dfg + del

+

1
2v/—de + cf(15a%d? f2h*(Bg — Ah) + 10abdf h(3Adf gh — Bch(fg — eh) — Bdg(2fg + eh)) —
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 28.41 (sec) , antiderivative size = 806, normalized size of antiderivative = 1.15

(a+bx)*(A+ Bz)
Ve+dzye+ fx/g+ hx

2 (—dZ, /—c+ %(150° Bd? f*h? — 10abdf h(~3Adfh + 2B(df g + deh + cfh)) + b*(~10Adf h(df g + deh

[In] Integrate[((a + b*x)~2*(A + B*x))/(Sqrtl[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x
1),x]

[Out] (-2%(-(d"2*Sqrt[-c + (d*e)/f]*(15*%a~2*B*xd~2*f~2xh~2 - 10*a*b*d*fxh*(-3*%A*d*
fxh + 2*%Bk(d*xfxg + dxexh + cxfxh)) + b~2x(-10%A*xd*fxh*(d*f*g + d*exh + c*fx
h) + Bx(8xc™2%f~2*%h~2 + T*ckd*fxhx(fxg + exh) + d™2%x(8*f~2xg~2 + T*xexfxgxh
+ 8xe”2*¥h"2))))*(e + f*x)*(g + h*x)) + bxd~2*Sqrt[-c + (dxe)/f]l*fxhx(c + d*
x)*(e + fxx)*(g + h*x)*(-5xAxbxdxfxh - 10*a*B*xd*f*h + b*B*(4xcxfxh + d*(4xf
*xg + 4xexh - 3xfxh*x))) - I*(d*e - c*f)*hx(15%xa~2xBxd~2*xf~2xh~2 - 10*a*b*d*
fxh* (-3%A*d*f*h + 2*B*(d*xfxg + dxexh + cxfxh)) + b~2%(-10%Axd*fxhx(d*f*xg +
dxexh + cxfxh) + Bx(8%c™2xf~2¥h~2 + Txckd*fxhx(fxg + exh) + d~2*%(8*f~2xg~2
+ Txexf*gxh + 8%e~2*¥h~2))))*(c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/(fx(c + d*x)
)1*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]
/Sartlc + d*x]], (d*f*xg - cxfxh)/(d*exh - c*xfxh)] - Ikdxh*(15%a~2%d~2*f~2x*(
-(Bxe) + Axf)*h~2 + 10*a*b*d*fxh*(-3*%Axdxexf*h + Bxcxf*(-(f*g) + exh) + Bxd
xex (fxg + 2%exh)) - b 2% (-5xAxd*xf*h*(c*f*(-(f*g) + exh) + dxex(fxg + 2%ex*h)
) + Bk(4*c™2xf72xh* (- (f*g) + exh) + ckdxfx(-4*f~2%g~2 + e*xf*gxh + 3%e”2*%h~2
) + d"2xex(4*xf72xg”2 + 3xexfxgxh + 8xe~2+¥h~2))))*(c + d*x)~(3/2)*Sqrt[(d*(e
+ £*xx))/(fx(c + d*x))]*Sqrt[(d*x(g + h*x))/(h*(c + d*x))]*EllipticF[I*ArcSi
nh[Sqrt[-c + (dxe)/f]/Sqrtlc + d*x]], (d*f*g - c*fxh)/(d*exh - cxfxh)]))/(1
5xd~4xSqrt[-c + (d*e)/f]l*f~3*h~3*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])



43

Maple [A] (verified)

Time = 2.79 (sec) , antiderivative size = 866, normalized size of antiderivative = 1.24

method | result

2
2 2B b2 (2cfh+2deh+2dfg)
2<b A+2abB— Sk \/dfh

b2zy\/dfh a3 +cfh a2 +deh 2 24 ceh
\/(d:c—i-c)(fz—{—e)(h:c—i-g) 2B Z\/f z2+cfhx“+de zSd;-;lfgz +ce z+cfgz+degz+ceg+

elliptic

default | Expression too large to display

[In] int((b*x+a) " 2x(Bxx+A)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2) ,x,method=_R
ETURNVERBOSE)

[Out] ((d*x+c)*(£*x+e)* (h*x+g))~(1/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/ (h*x+g) ~(1/2) *(
2/5*Bxb~2/d/f /hxx* (d*f*h*x~3+c*fxh*x~2+d*exh*x~2+d*f*xgxx~2+ckexh*x+c*f*gkx+
dxexg*x+ckxexg) ™ (1/2)+2/3% (b~ 2*%A+2xaxb*B-2/5*Bxb~2/d/f /h* (2*cxfxh+2*d*exh+2x
d*f*g))/d/f/hx (d*fxh*x"3+ckfxh*x~2+d*exh*x™2+d*f*gxx~2+ckxexhkx+ckf*grx+d*ex
gxx+ckexg) ~(1/2)+2x(a"2xA-2/5*%B*b~2/d/f /h*cxexg-2/3% (b~2%A+2*axb*B-2/5%Bxb~
2/d/f/h* (2xcxf*h+2*xdxexh+2xd*xf*g) ) /d/f/h* (1/2xc*xexh+1/2xcxfxg+1/2xd*exg) ) *(
g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) /(-g/h+c/d)) " (1/2) % ((x+e/f)/(-g/
h+e/£) )~ (1/2) / (d*f*h*x~3+cxf*xh*x~2+d*exh*x~2+d*f xg*x~2+ckexh*x+ckf*gkx+d*ex*
gxx+ckexg) ~(1/2)*EllipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f) /(-g/h+c/d)
)~ (1/2) ) +2% (2*a*xbxA+a~2%B-2/5*Bxb~2/d/f /h* (3/2*c*xe*xh+3/2xcxf*xg+3/2xd*exg) -2
/3% (b~ 2%A+2%axbxB-2/5%B*xb~2/d/f /h* (2*c*xf*xh+2*d*exh+2xd*f*g)) /d/f/h* (c*f*h+d
*exh+d*f*g))*(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d))~(1/2)
*((x+e/f)/(-g/h+e/£))~(1/2) / (d*f*h*x~3+ckExh*x"2+d*exh*x~2+d*f*g*x™2+ckexhx
x+cxf*xgrx+drexgrx+ckexg) ~ (1/2) *((-g/h+c/d) *E1lipticE(((x+g/h)/(g/h-e/£))~ (1
/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*EllipticF (((x+g/h)/(g/h-e/£))~(1/2),
((-g/h+e/f)/(-g/h+c/d))~(1/2))))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.15 (sec) , antiderivative size = 1236, normalized size of antiderivative = 1.77

(a + bx)*(A+ Bz)
Ve+dzye+ fx/g+ hx

dxz = Too large to display

[In] integrate((b*x+a) 2% (B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="fricas")
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[Out] 2/45%(3*(3*Bxb~2*%d~3*f~3x¥h~3%x - 4*B*xb~2*d"3*xf~3%g*h~2 - (4*Bxb~2*d”~3*exf~2
+ (4*Bxb~2%c*d”"2 - 5%(2xBxa*b + Axb~2)*d~3)*£73)*h~3)*sqrt(d*x + c)*sqrt(f
*x + e)*sqrt(h*x + g) - (8%B¥b~2xd"3*f~3*%g~3 + (3*Bxb~2xd"3xexf~2 + (3*B*b~
2%c*kd™2 - 10%(2*Bka*xb + A*b~2)*d"3)*f"3)*g~2xh + (3*%B*b~2%d"3*e”2%f + (3*Bx
b~2%c*d"2 - 5% (2xBxa*xb + Axb~2)*d"3)*exf~2 + (3*%B*b~2xc”2*d - 5x(2*Bxaxb +
Axb~2)*xcxd"2 + 15%(B*a”2 + 2xAxa*b)*d~3)*f"3)*gxh~2 + (8*B*b~2xd"3*e”3 + (3
*Bxb~2%c*kd"2 - 10%(2*Bxaxb + A*b~2)*d"3)*e"2xf + (3*B*b~2kc"2xd - 5% (2*B*ax
b + Axb~2)*c*d”2 + 15%(B*a”2 + 2xAxaxb)*d~3)*exf~2 + (8*B*b~"2%c”3 - 45xA*a”
2%d"3 - 10*(2*Bxa*xb + A*b~2)*c”2xd + 15%(B*a~2 + 2%Axaxb)*c*d~2)*f~3)*h~3)*
sqrt (d*f*h) *weierstrassPInverse(4/3*(d"2*f~2%g~2 - (d"2xexf + cxd*f~2)*g+*h
+ (d72%e”2 - ckdxexf + c”2xf72)*h~2)/(d"2*f"2xh~2), -4/27*(2*xd"3*xf"3*g"~3 -
3% (d"3*%exf~2 + cxd"2xf73)xg~2+h - 3x(d"3*e"2+f - 4xcxd"2*e*xf"2 + c”2*d*f~3)
xgxh™2 + (2%d"3*e”3 - 3*kcxd"2xe”2*f - 3xc”2*d*exf"2 + 2%c~3*xf£73)*h~3)/(d"3%
£73%h~3), 1/3*(3*d*fxh*x + dxfxg + (d*xe + c*f)*h)/(d*fxh)) - 3% (8*Bxb~2*d~3
*f~3%g~2%h + (7*Bxb~2*%d"3*%exf~2 + (7*B*¥b~2*c*xd~2 - 10*(2*B*a*xb + Axb~2)*d~3
)*£73) *g*h~2 + (8*Bxb~2%d"3*%e"2xf + (7*B*b~2%c*xd~2 - 10*(2*B*a*b + Axb~2)*d
~3)*exf~2 + (8%B*¥b"2%c"2xd - 10%(2xB¥a*b + Axb~2)*cxd~2 + 15*%(B*a”2 + 2xAxa
*xb) *d~3) *£~3) *h~3) *sqrt (d*f*h) *weierstrassZeta(4/3*(d"2*f"2xg~2 - (d"2%e*f
+ cxd*f~2)*g¥h + (d"2*%e”2 - ckd*xexf + c~2xf72)*h~2)/(d"2*f"2xh~2), -4/27*(2
*d"3*%f"3%g"3 - 3% (d"3*e*f"2 + c*xd"2*f73)*g"2xh - 3*%(d"3*%e”2*xf - 4*ckd 2*xexf
"2 + c"2xd*f73)*gxh~2 + (2%d"3%e”3 - 3kckd"2xe"2*f - 3kcT2*d*ke*xf"2 + 2%c”3%
£73)*h~3)/(d"3*f"3*h"3), weierstrassPInverse(4/3*(d"~2*f"2xg~2 - (d"2%e*f +
ckd*f~2)kgxh + (d72%e”2 - cxdxexf + c”2xf72)*h~2)/(d"2*x£72+h"2), -4/27*(2xd
“3*f73%g"3 - 3%(d"3%e*xf"2 + c*xd"2+f"3)*g"2%h - 3*%(d"3xe"2xf - 4xcxd"2xexf"2
+ cT2xd*f"3) *gxh~2 + (2%d"3%e”3 - 3kc*kd"2%e”2+f - 3*c"2*d*e*f"2 + 2%c”3xf"
3)*h~3)/(d"3*£"3+%h"3), 1/3%(3*d*fxh*x + d*fxg + (d*e + c*f)*h)/(d*f*h))))/(
d~4xf~4%h"4)

Sympy [F]

(a + bx)*(A + Bz) dp — (A + Bz) (a + bz)®
Vet doye+ fag+hzr ) Vetdzet fz/g + hr

[In] integrate((b*x+a)**2*(Bxx+A)/(d*x+c)**(1/2)/(f*xx+e)**(1/2)/(h*xx+g)**(1/2),x
)

[Out] Integral((A + B*x)*(a + b*x)**2/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x))
, X)
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Maxima [F]

(a + bz)?(A + Bz) dp — (Bz + A)(bz + a)?
Vet dave+ favgthe  J Vdr+o/fr+evhz +g

[In] integrate((b*x+a) 2% (B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="maxima")

[Out] integrate((B*x + A)*(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
» X)

Giac [F]

(a + bx)*(A + Bz) dp — (Bz + A)(bz + a)’
Vet doyert favgthe ) Vdr+o/fr+e/hz g

[In] integrate((b*x+a) 2% (B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="giac")

[Out] integrate((Bxx + A)*(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
» X)

Mupad [F(-1)]

Timed out.

/ (a + bx)*(A + Bz) I :/ (A+ Bz) (a+bzx)?
Ve+dzy/e+ fx/g+ hx Ve+ fz/g+hrve+dzx

[In] int(((A + B*x)*(a + b*x)"2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2
)),x)
[Out] int(((A + B*x)*(a + b*x)~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2
)), x)
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Optimal result

Integrand size = 38, antiderivative size = 405

(a + bzx)(A + Bz) dp — 20B+/c + dz+/e + fx\/g + hx
Vet dz/e+ fa/g+he 3dfh

2y/=de F cf (30Bdfh + b(3Adfh — 2B(dfg + deh + cfh)))\ | %L /g T o (avesin (YL ) | e
3d2 f3/2h2 /e + fx\/ A

2v/—de + cf (3adfh(Bg — Ah) + b(3Adf gh — B(ch(fg — eh) + dg(2fg + eh))))\/ detlz) |/ 24the) Bllip
3d2f3/2h2\/e + fx\/g + hz

_|_

[Out] 2/3*%b*B*(d*x+c)”(1/2)*(fxx+e)”(1/2)* (h*x+g)~(1/2)/d/f/h+2/3%(3*a*B*xd*f*h+bx
(3*A*d*fxh—-2*%B* (c*f*h+d*exh+d*f*g)) ) *E11lipticE(£~(1/2)*(d*x+c)~(1/2)/(cxf-d
*e)~(1/2) , ((-cxf+d*e) *h/f/(-cxh+d*g) )~ (1/2)) *(cxf-d*e) ~(1/2) * (d* (f*x+e) / (-c
*f+dxe) )~ (1/2) * (h*x+g) ~(1/2) /d"2/£7(3/2) /h~2/ (f*x+e) ~(1/2) / (d* (h*x+g) / (-c*h

+d*g) )~ (1/2)-2/3* (3kaxd*f*h* (—Axh+B*g) +b* (3xAxd*f*gkxh—B* (cxh* (—~exh+f*g)+d*g

* (exh+2xf*g))) )*E1lipticF (£~ (1/2)*(d*x+c) ~(1/2)/(c*xf-dxe)~(1/2), ((-c*f+dx*e)
*h/f/(-cxh+d*g) )~ (1/2) ) *(c*f-dxe) " (1/2) ¥ (d* (£*x+e) / (-c*xf+dxe) )~ (1/2) * (d* (hx

x+g) / (-c*h+d*g))~(1/2) /d~2/£~(3/2) /h~2/ (f*x+e) ~(1/2) / (h*x+g) ~(1/2)
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Rubi [A] (verified)

Time = 0.57 (sec) , antiderivative size = 404, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 7 number of rules _ () 184, Rules used

' integrand size
= {1611, 1629, 164, 115, 114, 122, 121}

(a + bx)(A + Bx)
Ve+dzye+ fx/g+ hx
2\/0 f— de\/ dl(;’f: jf \/ g+hx) EllipticF (arcsm (x/jgﬁ:f) , %Z;fﬁ 3:;) (3adfh(Bg — Ah) + b(3Adfgh —

3d2f3/2h2\/e + fx\/g + hx
2v/g + hz+/cf — de,/ dzﬂccjf)E(arcsin (‘/jc”fc_i””) |%Z;fgg> (3aBdfh + 3Abdfh — 2bB(cfh + deh + df

d(g+hx)
3d2f3/2h2\/6 + fl' df(]]fch

_|_

+ 2bBV/c + dz+/e + fr\/g + hx
3dfh

[In] Int[((a + b*x)*(A + B*x))/(Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x]

[Out] (2#b*B*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])/(3xdxfxh) + (2xSqrt[-(d*e
) + cxf]x(3xAxbxdxf*h + 3%axBxdxf*h — 2%bxBk(d*f*g + dxexh + c*fxh))*Sqrt[(

dx(e + fxx))/(d*e - cxf)]*Sqrtlg + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c +
d*x])/Sqrt[-(d*e) + cxf]], ((d*e - c*f)*h)/(£*(d*g - c*h))])/(3*d"2*£~(3/2)
xh~2+Sqrt[e + fxx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) - (2+Sqrt[-(d*e) + cx*f]

* (3xa*xd*xf*h*x (Bxg — Axh) + bx(3xA*xd*xfxg*h - Bkcxh*(f*g - exh) - Bkdxg*(2*xf*g

+ exh)))*Sqrt[(dx(e + fxx))/(d*¥e - cxf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*E
1lipticF[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - c*f)*h

)/ (£x(d*g - c*h))])/(3*d"2x£~(3/2)*h~2+Sqrt[e + f*x]*Sqrt[g + h*x])

Rule 114

Int[Sqrtl(e_.) + (£f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x] /Rt [-(b*xc - a*d)/d, 2]], f*x((bxc - axd)/(d*(bxe - a*f)))], x] /; Free
Ql{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c
- a*d), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(bxc - a*d)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(bxc - a*d))]/(Sqrt
[c + d*x]*Sqrt[b*((e + f*x)/(bxe - axf))])), Int[Sqrt[b*(e/(b*e - a*f)) + b
*f*x(x/(bxe - a*f))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !'(GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-(b*c - axd)/d, 0]
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Rule 121

Int[1/(Sqrt[(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[2*x(Rt[-b/d, 2]1/(b*Sqrt[(b*e - axf)/bl))*EllipticF[A

rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(b*xc - a*d)/bl)], £*x((b*c - axd)/(d*(

bxe - axf)))], x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*d), O]

&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(b*c - axd))]1/Sqrtlc + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - a*xd)) + bxdx(x/(b*c - axd))]x*Sqrtle + f*x
1), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)]1*

Sqrtl(e ) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla

+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq

rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*xx] && SimplerQ[c + d*x, e + f*x]

Rule 1611

Int[((C(a_.) + (b_)*(x_)) " (m_.)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(
x_)1*Sqrtl(e_.) + (f_.)*x(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[
1/(d*fxh*(2*m + 3)), Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sq
rt[g + h*x]))*Simp[a*xA*d*f*xh*(2*m + 3) + (A*b + a*B)*d*f*h*(2*m + 3)*x + bx
Bxd*f*h*(2*m + 3)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B},
x] &% IntegerQ[2*m] && GtQ[m, O]

Rule 1629

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*(x_))"(n_)*((e_.) + (£
_)*x(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simpl[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1)*((e + £xx)~(p +

1)/(d*f*b"(q - 1)*(m + n + p + q + 1))), x] + Dist[1/(d*f*b"q*(m + n + p +

q + 1)), Int[(a + b*x)"m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)%Px - d*fxkx(m + n + p + q + 1)*(a + bxx)"q + kx(a + b*x)~(q -

2)*(a"2xd*f*x(m + n + p + g + 1) - b*(b*ckxex(m + q - 1) + a*x(d*ex(n + 1) +

ckfx(p + 1))) + bx(axd*xf*x(2x(m + q) + n + p) - b*x(d*ex(m + q + n) + cxfx(m

+q+p)))*x), x], x], x] /; NeQ[m + n + p + q + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x]
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Rubi steps
5aAdf h+5(Ab+aB)df hx+5bBdf ha? dz
. Vetdzy/e+fx/g+hx
1=
integra, 5dfh
_ 2bBvc+dxve+ fry/g+ ha
N 3dfh
9 5d? fh(3aAdf h—bB(deg+cfg+ceh))+3d? fh(3Abdf h+3aBdfh—2bB(df g+deh+cfh))z d
f Vetdoy/e+ fx/g+hx z
15d3 f2h?
_ 2bBVc+dzv/e+ fay/g+ hx
- 3dfh
N (3Abdfh + 3aBdfh — 2bB(dfg + deh + cfh)) [ =LL7e— % dx
3dfh?
(3adfh(Bg — Ah) + b(3Adf gh — Bch(fg — eh) — Bdg(2fg + €h))) [ \/C+dm\/ej_fz\/g+hz dx
3dfh?
_ 2bBVc+dzv/e+ fry/g+ hx
N 3dfh
_ _ _ _ d(e+fz) 1
((3adfh(Bg — Ah) + b(8Adfgh — Beh(fg — eh) — Bdg(2fg + eh)))y/ "2 ) [ —— =
3dfh?\e + [z
_ d(e+fz) dg— ch+d;lhaf:h
. ((3Abdfh + 3aBdfh — 26B(dfg + deh + cfh)), | 42 /g —l-_hm) =L e do
3dfh*/e + fx,/ 4t
_ 2bBVc+dzv/e+ fy/g+ hx
N 3dfh
. 2y/~de + cJ (3Abdfh + 3aBdfh — 20B(dfg + deh + cfh)),/ U /g T haE (sm—l ({{7 yord
3d2 f3/2h2 /e + fx\/ AL
3adfh(Bg — AR) + b(3Adf gh — Bch(fg — eh) — Bdg(2 h))),/Yetfe) Jdlotha) ) [
(3adfh(Bg — Ah) + b(8Adfgh — Bch(fg — eh) — Bdg(2fg + eh))\/ =/ Sigan ) | 75
B 3dfh?\/e + fz\/g + he
_ 2bBVc+dzv/e+ fry/g+ hx
N 3dfh
. 2y/~de + cJ (3Abdfh + 3aBdfh — 20B(dfg + deh + cfh)),/ %D /g T Rz E <sin—1 ({{: veid

d(g+hz
32 f3/°h2/e + [/ At

9v/—de ¥ cf (3adfh(Bg — AR) + b(3Adf gh — Beh(fg — eh) — Bdg(2fg + eh))) /%@\/%
3d2f3/2h2\/e + fx\/g + hx
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 24.19 (sec) , antiderivative size = 450, normalized size of antiderivative = 1.11

(a + bx)(A+ Bz) .
Ve+dzy/e+ fry/g+ hx

2i(de—cf)h(3Abdf h+3al

m 2bBd> fh( et f x) ( g+h x) _ 2d2(—3Abdfh—3aBdfh+2b12J(rd£g+deh+cfh))(e+fx)(g+hx) +

[In] Integrate[((a + b*x)*(A + B*x))/(Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])
»x]

[Out] (Sqrtlc + d*x]*(2¥b*Bxd~2*xfxh*(e + f*x)*(g + h*x) - (2%xd"2*(-3*Axb*d*f*h -
3*xaxBxd*xfxh + 2*%b*Bkx (d*f*g + dxexh + c*xfxh))*(e + f*x)*(g + h*x))/(c + d*x)
+ ((2%I)*(d*e - c*f)x*h*(3xA*xb*d*fxh + 3*a*Bxdxfxh - 2%b*Bx(d*fxg + d*exh +
cxf*h))*Sqrt[c + d*x]*Sqrt[(dx(e + fx*x))/(f*(c + d*x))]1*Sqrt[(d*(g + h*x))
/(h*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (dx*f
xg — cxfxh)/(d*exh - cxf*h)])/Sqrt[-c + (d*e)/f] + ((2*I)*dxh*(3*a*xd*f*(-(B
xe) + Axf)*h + bx(-3*A*xd*exfxh + Bxcxfx(-(fxg) + exh) + Bkdxex(fxg + 2%exh)
))*Sqrt[c + d*x]*Sqrt[(d*x(e + fxx))/(f*x(c + d*x))]*Sqrt[(d*x(g + hx*x))/(hx*(c
+ d*x))]*EllipticF [I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - c
*xfxh)/(d*exh - cxfxh)])/Sqrt[-c + (d*e)/f]))/(3*d"3*xf"2xh~2xSqrt[e + f*x]*S
qrtlg + h*x])

Maple [A] (verified)

Time = 2.61 (sec) , antiderivative size = 625, normalized size of antiderivative = 1.54

method | result

2Bb(%ceh+%cfg+%deg) ) (g
2-

z+%
3dfh )

g_e
hf

o

2| Aa—
2Bby\/dfh :v3+cfh z2+deh z2+dfg w2+ceh:v+cfgw+degw+ceg (
V(dz+c)(fz+e) (ha+g) V SaFh +

\/dfh o3 +cfho?+deh o2 +dfga

elliptic

default | Expression too large to display
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[In] int((b*x+a)*(B*x+A)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2),x,method=_RET
URNVERBOSE)

[Out] ((d*x+c)*(f*x+e)* (h*x+g))~(1/2)/(d*x+c)~(1/2)/ (fxx+e)~(1/2)/ (hxx+g) ~(1/2) *(
2/3*Bxb/d/f /h* (d*fxh*x~3+c*kf*xh*x~2+d*exh*x~2+d*f*gxx~2+ckexhkx+ckxf*gkx+drex
gxx+cxexg) ~(1/2)+2% (A*a-2/3*B*b/d/f/h* (1/2*ckexh+1/2xcxf*g+1/2xd*e*g) ) * (g/h
-e/f)*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d) )~ (1/2) *((x+e/f) / (-g/h+e
/£))7(1/2) / (d*fxh*x~3+c*fxh*x~2+d*exh*xx~2+d*f*gxx~2+ckexh*x+ckxf*gkx+drexg*x
+ckxexg) ~(1/2)*EllipticF(((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d)) " (
1/2) ) +2*% (A*b+B*a-2/3*B*b/d/f /h* (cxf*h+d*exh+d*f*g) ) * (g/h-e/f) * ((x+g/h) /(g/h
-e/£))~(1/2)*((x+c/d)/(-g/h+c/d)) ~(1/2) *((x+e/f) / (-g/h+e/£)) " (1/2) / (d*f*h*x
~3+ckf¥hkx"2+d*exhkx"2+d*f*g*kx~2+ckexh*kx+cxfxgrx+d*kexgrx+ckxexg) ~(1/2)*x((-g/
h+c/d)*E1lipticE(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))-c
/d*EllipticF(((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))~(1/2))))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.13 (sec) , antiderivative size = 842, normalized size of antiderivative = 2.08

(a + bx)(A+ Bz)
Ve +dzye+ fx\/g+ hx
2 (3 Vdz + c/fx + e/hx + gBbd? f2h? + (2 Bbd? f2g? + (Bbd?ef + (Bbcd — 3 (Ba + Ab)d?) f2)gh + (2

[In] integrate((b*x+a)* (B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algo
rithm="fricas")

[Out] 2/9%(3*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)*B*bxd~2+f~2*h~2 + (2%Bxbx*d
~2xf"2%g"2 + (Bxbxd"2%exf + (Bxbxcxd - 3*%(B*a + Axb)*d~2)*f~2)*gxh + (2xBx*b
*d"2%e"2 + (B*b*c*d - 3*(B*a + A*b)*d~2)*e*xf + (2xBxbxc~2 + 9xAxaxd~2 - 3*(
Bxa + Axb)*c*d)*f~2)*h~2)*sqrt(d*f*h)*weierstrassPInverse(4/3*(d"2*f 2xg"~2
- (d™2*xexf + cxd*f"2)*gxh + (d"2*%e”2 - cxd*exf + c”2*f~2)xh~2)/(d"2*f"2*h"2
), —4/27%(2%d"3*%f"3*g~3 - 3% (d"3*%exf~2 + c*d"2*xf73)*g~2xh - 3*(d"3*%e"2xf -
4xcxd"2%exf"2 + c"2xd*f73)*gxh~2 + (2+%d”"3%e”3 - 3kckd"2xe"2*f - 3xc"2*d*exf
"2 + 2xc"3*f£73)*h"3)/(d"3*%£"3%h"3), 1/3*(3*d*f*h*x + d*f*g + (dxe + cxf)*h)
/(d*f*h)) + 3%(2xBxbxd~2xf~2xgxh + (2*#B*b*d~2%e*f + (2*B*bk*ckd - 3*%(Bxa + A
*b) *d~2) *£~2) *h~2) *sqrt (d*f*h) *weierstrassZeta(4/3*(d"2*xf"2xg"2 - (d"2*exf
+ cxd*f"2)*g*xh + (d"2*%e”2 - ckd*xexf + c~2xf72)*h~2)/(d"2*f"2xh~2), -4/27%(2
*d"3*%f"3%g"3 - 3%(d"3%e*f"2 + c*xd"2*f73)*g"2xh - 3*%(d"3*%e”2*f - 4*ckd 2xexf
"2 + c”2xd*f73)*gxh~2 + (2%d"3*%e”3 - 3kckd"2xe"2+f - 3xcT2*d*ke*xf"2 + 2%c” 3%
£73)*h~3)/(d"3*x£"3%xh"3), weierstrassPInverse(4/3*(d~2*xf"2xg~2 - (d"2%e*f +
ckd*f~2)*xgxh + (d"2%e”2 - c*d¥exf + c”2xf72)*h"2)/(d"2*f"2*%h~2), -4/27*(2*d
“3xf"3%g”~3 - 3%(d"3xe*f"2 + cxd"2*f"3)*g"2xh - 3% (d"3%e”2*f - 4xckd 2xexf"2
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+ c72xd*f"3) #g*h~2 + (2%xd"3%e”3 - 3xcxd"2*%e”"2xf - 3*kc"2xdxexf"2 + 2xc”3xf"
3)*h~3)/(d"3%£"3*%h"3), 1/3*%(3*d*f*xh*x + d*f*g + (d*e + c*f)xh)/(d*fxh))))/(
d~3*f~3%h~3)

Sympy [F]

(a+bz)(A+ Bz) dp — (A+ Bz) (a+ bx)
Ve +dzye+ fx/g+ hx Ve+dzye+ fx/g+ hx

[In] integrate((b*x+a)*(B*x+A)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h*xx+g)**(1/2),x)

[Out] Integral((A + B*x)*(a + b*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x
)

Maxima [F]

(a +bx)(A+ Bz) dr — (Bz + A)(bz + a)
Ve +dzye+ fx/g+ hx Vdz +cv/fr+evhz +g

[In] integrate((b*x+a)*(B*x+A)/(d*x+c)”~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algo
rithm="maxima")

[Out] integrate((Bxx + A)*(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)

Giac [F]

(a + bz)(A + Bz) dp — (Bz + A)(bz + a)
Ve+drye+ fxy/g+ hx Vdz +cv/fr+evhr +g

[In] integrate((b*x+a)*(B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algo
rithm="giac")

[Out] integrate((Bxx + A)*(bxx + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)
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Mupad [F(-1)]

Timed out.

(a + bx)(A + Bz) dp — (A+Bz) (a+bx)
Vet doyet favgthe ) Vet Fr gt hrvetdz

[In] int(((A + Bxx)*(a + b*x))/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2))
,X)

[Out] int(((A + Bxx)*(a + b*x))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2))
» X)
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3.3 f A+Bx T
) Vetdzy/et+ fx/g+hz

Optimal result . . . . . . . . . . . e B!
Rubi [A] (verified) . . . . . . . Y!
Mathematica [C] (verified) . . . . . . . . . .. L BT
Maple [A] (verified) . . . . . . . . . . by
Fricas [C] (verification not implemented) . . . . . . .. ... ... ... ....... bY
Sympy [F] . . o 5y
Maxima [F] . . . . . . 59
Giac [F] . . . o o bY¢)
Mupad [F(-1)] . . . . 59

Optimal result
Integrand size = 33, antiderivative size = 284
A+ Bx
dz
Ve+dzye+ fx/g+ hx
B 2B+\/—de + cf —dc(lfiﬁjf) Vg + hzE (arcsin <‘\/Zvdgif;f> |§f2§;ﬁ’; Z;)
dv/fhy/e+ fz,)4ete)
2y/—de + cf(Bg — Ah) \/ dletfz) | [dlathe) pjintick (arcsin (‘/7” c+dx> (de—cf )h>

de—cf dg—ch v/—de+cf ) 7 f(dg—ch)

dv/fhv/e + fr\/g + hx

[Out] 2#B*EllipticE(£~(1/2)*(d*x+c)~(1/2)/(cxf-d*e)~(1/2), ((-cxf+d*e)*h/f/(-cxh+d
*xg))~(1/2) ) *(cxf-d*xe) ~(1/2) *(d* (f*x+e) / (-cxf+d*e) )~ (1/2) * (h*xx+g) ~(1/2)/d/h/
£7(1/2) / (£xx+e) ~(1/2) / (d* (h*x+g) / (—~c*h+d*g) ) ~(1/2) -2x (-~A*h+B*g) *E11lipticF (£
~(1/2)*(d*x+c)~(1/2) / (c*f-d*e) " (1/2) , ((-c*f+d*e) *h/f/ (-cxh+d*g) )~ (1/2)) *x(c*
f-d*e) ~(1/2) x(d* (fxx+e) / (-c*f+d*e) ) ~(1/2) *(d* (h*x+g) / (-cxh+d*g) )~ (1/2) /d/h/
£7(1/2)/ (fxx+e)~(1/2) / (h*x+g) ~(1/2)

Rubi [A] (verified)

Time = 0.12 (sec) , antiderivative size = 284, normalized size of antiderivative = 1.00,

_ _ = number of rules _
number of steps used = 6, number of rules used = 5, integrand size 0.152, Rules used
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= {164, 115, 114, 122, 121}

/ A+ Bz i
Ve+dzy/e+ fx/g+ hx
2B+\/g + hz+/cf — dey/ %?E(arcsin <‘/jﬁ> |;‘é§;ﬁ’;)
. AVFhy/eF o,/ Tt
2(Bg — Ah)\/m\/ dc(lzfi ]”f) dl(if;’;}f) EllipticF (arcsin (‘{Z@) : ;‘z;;f’; 3:;)
dvVfhv/e+ fr\/g+ hx

[In] Int[(A + B*x)/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + hxx]),x]

[Out] (2*B*Sqrt[-(d*e) + cxf]*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[g + h*x]*Ellip
ticE[ArcSin[(Sqrt [f]1*Sqrtlc + dxx])/Sqrt[-(d*e) + c*xfl]l, ((d*e - cxf)*h)/(f
*x(d*g - cx*h))])/(d*Sqrt [f]*h*Sqrt[e + f*xx]*Sqrt[(d*(g + h*x))/(d*g - c*h)])
- (2#Sqrt[-(d*e) + cxf]*(B*g - Axh)*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[(
dx(g + hx*x))/(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(d
xe) + cxf]], ((dxe - c*f)*h)/(f*(d*g - c*h))])/(d*Sqrt[f]*h*Sqrt[e + f*x]*S
qrt[g + h*x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x]/Rt[-(bxc - a*xd)/d, 211, f*((b*c - axd)/(d*(bxe - a*xf)))], x] /; Free
Ql{a, b, c, d, e, f}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(b*xe - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] && !'(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(bxc - a*d)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrtl[e + f*x]*(Sqrt[bx((c + d*x)/(b*c - axd))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*xf))])), Int[Sqrt[bx(e/(b*e - axf)) + b
*xfx(x/(bxe - a*xf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(bxc - a*d)) + bxd*(x/(bxc - a
x*d))]), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] && !'(GtQ[b/(bxc - ax*xd), 0]
&& GtQ[b/(b*e - axf), 0]) && !LtQ[-(b*c - axd)/d, 0]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[2*x(Rt[-b/d, 2]1/(b*Sqrt[(b*e - axf)/bl))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/bl)], £*x((b*c - axd)/(d*(
bxe - axf)))], x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*d), O]

&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
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e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sartl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - a*xd)) + bxdx(x/(b*c - axd))]*Sqrtle + f*x
1), x1, x]1 /; FreeQ[{a, b, c, d, e, £}, x] & 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrtl(e_) + (f_.)*(x_)]), x_Symbol]l :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtl[a
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rubi steps
__Vgthz .. (—Bg + Ah 1
Jotdoy/etfs g+ Ah) dx
integra,l = ctdzvetfz + f Vetdoyet fo/gth
h h
—Ba+ Ah)./ d(e+fz)> 1 d
B (( g + ) de—cf f m\/de Cf_'_djfng GTha Xz
a hve+ fz

dhz
< e+fz)\/m> f \ dg— ch+dg ch dx

de—cf Verde | 32t gl
hm\/%
2By=de ¥ of | Vo F R (sin (VEES ) 1553 )
B dV/FhveT fz,/ dothe)
(Ba+ a0 ERVER) | vy T
hve+ fz/g+ hx
2By/=de+cf \/ L) /g + haB (sin ! (VR4S ) 1Snlh )
- dVThy/eT o,/ Gt
2y/—de + cf(Bg — Ah)\/ et \/ el F (Sm_l <£ﬁ> e CQ‘}Q
dv/fh/e+ fz\/g+ ha

dz

+
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 19.29 (sec) , antiderivative size = 319, normalized size of antiderivative = 1.12

A+ Bz
dx
Ve+dzye+ fx\/g+ hx

i 7 ) 3/2 [dletfz) [dg+he) pf ;oo \/—e+?
2( —Bd \/;(e + fz)(g + hx) — iB(de — c¢f)h(c + dx) \/f(chdx) herdn B | tarcsinh | —2

d?,/—c+ %fh\/c+

[In] Integrate[(A + B*x)/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]),x]

[Out] (-2%(-(B*d~2xSqrt[-c + (d*e)/fl*(e + f*x)*(g + h*x)) - IxBx(dxe - c*f)*hx*(c
+ dxx)~(3/2)*#Sqrt[(d*(e + f*x))/(f*(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*x(c +
d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (dxfxg - cxfx*
h)/(d*exh - c*fxh)] + I*d*x(Bxe - Axf)*h*x(c + d*x)~(3/2)*Sqrt[(d*(e + f*x))/

(fx(c + d*x))]x*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-

c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - cxfxh)/(d*exh - c*fxh)]))/(d"2*Sqrt[-

c + (d*e)/f]xf*h*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])

Maple [A] (verified)

Time = 2.58 (sec) , antiderivative size = 498, normalized size of antiderivative = 1.75

method | result

z+ 4 z+S =+
) -\ |

\/dfh z3+cfh x2+

g £ g _9

24(f-5) ety | _@tg S A B s h
RTF)\T_e\ gy _—Zre e\ _—4g
AT Rtd YT ATF R

\/dfh a:3+cfh z2+deh 12+dfg z2+ceha:+cfgz+dega:+ceg

V/(dz+c)(fz+e)(ha+g)

elliptic Vdz+c+/fz+e/hz+g

(hz+g) f (eh—fg)d (hz+g) f (eh—fg)d (hz+g) f (eh—fg)d
2(ar (=Gl S ) den—ar (=Gl S8 ) aron—Br (=G TR e P (-

default

[In] int((B*x+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x,method=_RETURNVERBO
SE)

[Out] ((d*x+c)*(fxx+e)* (hxx+g))~(1/2)/(d*x+c)”~(1/2)/(fxx+e)”(1/2)/ (h*x+g) ~(1/2) *(
2xA* (g/h-e/f)*((x+g/h) /(g/h-e/£))~(1/2) *((x+c/d) / (-g/h+c/d) )~ (1/2) * ((x+e/f)
/(~g/h+e/£))~(1/2) / (d*f*xh*x~3+c*kf*xh*x~2+d*exh*x~2+d*f*gkx~2+ckexhkx+cxf*g*x
+d*xexgxx+cke*xg) ~(1/2)*EllipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h
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+c/d))~(1/2))+2*B*(g/h-e/£) *((x+g/h) /(g/h-e/£)) " (1/2) *((x+c/d) / (-g/h+c/d))~
(1/2)*((x+e/f) /(~g/h+e/£)) ~(1/2) / (d*Efxh*x~3+c*kf*xh*x~2+d*exh*x~2+d*f*gxx~2+C
xexh*x+cxfxgxx+d*rexgrx+cxexg) ~(1/2)*((-g/h+c/d)*E1llipticE(((x+g/h)/(g/h-e/f
))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*E1llipticF (((x+g/h)/(g/h-e/£f))~(
1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.12 (sec) , antiderivative size = 671, normalized size of antiderivative = 2.36

A+ Bz

dr =
Ve+dzye+ fry/g + ho
2 (3 V/dfh Bdf hweierstrassZeta (4 — (dQeHCd];?g ;;;zngCQ_CdeHCsz)hz) ,—LCaTg 3 (el hed ) h-3(d

[In] integrate((B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algorithm="f
ricas")

[Out] -2/3%(3*sqrt(d*fx*h)*Bxd*f*h*weierstrassZeta(4/3*(d"2xf"2xg"2 - (d"2%exf + c
xd*f~2)*xgxh + (d"2*%e”2 - cxd¥exf + c”2*%£72)*h~2)/(d"2*£"2*h~2), -4/27*(2xd"
3%f"3xg~3 - 3%(d"3%exf"2 + c*d"2*xf73)*g"2%h - 3% (d"3*%e”2*f - 4kckd"2xexf”2
+ c"2xd*f73)*g*xh~2 + (2%d"3%e”3 - 3kckd"2%e”2*f - 3kc"2*d*e*f"2 + 2%c~3*f"3
)*h~3)/(d"3*%f"3*%h"3), weierstrassPInverse(4/3*(d"2*f"2xg~2 - (d"2%e*f + cxd
*£72)xgxh + (d"2%e”2 - cxd*e*xf + c”2+%£72)*h"2)/(d"2*£72*%h"2), -4/27*(2*d"3%
£73%g~3 - 3% (d"3*%exf"2 + ckd"2*xf73)*g"2xh - 3% (d"3*%e"2xf - 4kckxd"2xe*xf"2 +
c"2xd*f73)*gxh~2 + (2%d"3%e”3 - 3kckd 2xe”2*f - 3kcT2*d*e*xf"2 + 2%c”3*f73)*
h~3)/(d"3*£"3xh"3), 1/3*(3*d*f*h*x + dxfxg + (d*e + c*f)xh)/(dxfxh))) + (B*
dxfxg + (B*d*e + (Bkc - 3%A*d)*f)*h)*sqrt(d*fxh)*weierstrassPInverse(4/3*(d
“2xf72%g"2 - (d"2xexf + ckxd*f~2)*gxh + (d"2%e”2 - cxdxe*xf + c”2xf72)*h~2)/(
d"2x£72%h"2), -4/27*%(2%d"3*f"3xg~3 - 3x(d"3*e*f"2 + c*d"2*f"3)*g"2xh - 3*(d
“3xe"2xf - 4xckxd"2xexf"2 + cT2xd*f"3)xgxh~2 + (2%d"3%e”3 - 3kc*kd"2%e”2xf -
3*%c"2xdxe*xf"2 + 2xc”"3%f73)*h"3)/(d"3*%f"3*h"3), 1/3*(3xdxfxh*x + dxf*g + (d*
e + c*xf)xh)/(dxfxh)))/(d"2*xf"2%h~2)
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Sympy [F]

A+ Bz A+ Bx

dr = x
Vve+dzye+ fx/g+ hx Ve +dzye+ fx/g+ hx

[In] integrate((B*x+A)/(d*x+c)**(1/2)/(f*x+e)**(1/2)/(h*xx+g)**(1/2),x)
[Out] Integral((A + B*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x)

Maxima [F]

A+ Bz do — Bx+ A .
Ve+dzye+ fx/g+ hx Vdz +cv/fzr+evhr +g

[In] integrate((B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algorithm="m

axima")
[Out] integrate((B*x + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Giac [F]

A+ Bz dr — Bxr+ A .
Ve+dzye+ fx/g+ hx Vdz +cv/fr+evhz +g

[In] integrate((B*x+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algorithm="g
iac")

[Out] integrate((Bxx + A)/(sqrt(d*x + c)*sqrt(f*x + e)#*sqrt(h*x + g)), x)
Mupad [F(-1)]

Timed out.

/ A+ Bx / A+ Bz
dz = dz
Ve+dzve+ fry/g+ hx Ve+ frz\/g+hzve+dzx

[In] int((A + B*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2)),x)
[Out] int((A + B*x)/((e + fxx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2)), x)
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A+Bz

3.4 f (a+bx)vct+dz/e+ fr\/g+hz dz

Optimal result . . . . . . . . . . . . e 60]
Rubi [A] (verified) . . . . . . ... . 60
Mathematica [C] (verified) . . . . . . . . ... L 63
Maple [A] (verified) . . . . . . . . . 64
Fricas [F(-1)] . . . . o 64
Sympy [F] . . . 65]
Maxima [F] . . . . . . 65
Giac [F] . . . o o 65
Mupad [F(-1)] . . o 65

Optimal result

Integrand size = 40, antiderivative size = 313

/ A+ Bzx de
(a + bx)Ve+ dzv/e+ fr/g+ hx
d(e+fz d(g+hz - . VVctdz (de—cf)h
B 2B+/—de + cf\/ ée_cf) éi_ch) EllipticF <arcsm (\/_deicf> , f(dg_ch)>
bd\/fv/e+ fx/g+ hx
aB d(e+fz) /d(g+hz) s L D b(de—cf) : VIVetdz (de—cf)h
2(A — T) v/ —de + cf\/ c(le_cf éi];—ch EllipticPi <—(bc_ad)f, arcsin (\/_de+cf) , f(dg_ch))
(bc — ad)v/fve+ fav/g+ha

[Out] 2#B*EllipticF(£~(1/2)*(d*x+c)~(1/2)/(c*xf-d*e)~(1/2), ((-c*xf+d*e)*h/f/(-c*h+d
*xg)) ~(1/2) ) *(cxf-d*xe) ~(1/2) * (d* (f*x+e) / (-cxf+dxe) )~ (1/2) * (d* (h*x+g) / (-cxh+d
xg))~(1/2)/b/d/£~(1/2) / (£xx+e) = (1/2) / (h*x+g) ~(1/2)-2* (A-a*B/b) *E1lipticPi (f
~(1/2)*(d*x+c)~(1/2) / (cxf-d*e) " (1/2) ,-bx (-c*f+d*e) / (-a*d+b*c) /f, ((-c*f+d*e)
*xh/f/(-cxh+d*g))~(1/2) ) *(cxf-d*xe) ~(1/2) *(d* (fxx+e) / (-cxf+d*e) )~ (1/2) * (d* (h*

x+g)/ (-cxh+d*g) )~ (1/2) / (-a*d+bxc) /£~ (1/2) / (f*x+e) ~(1/2) / (h*xx+g) ~(1/2)

Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 313, normalized size of antiderivative = 1.00,

number of steps used = 9, number of rules used = 7, nllxllrtrgé?zrn?é Silzlgs = 0.175, Rules used
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= {1621, 175, 552, 551, 12, 122, 121}

/ A+ Bz p
x
(a + bx)vc+dz/e + fr\/g+ hx
d(e+fzx) d(g+hzx e . . Verdzs de—cf)h
ZB\/cf de\/ o \/ dz_ch) EllipticF <arcsm <‘/jc e ) , E‘( dg_%)
bd\/f/e + fx\/g+ hx
(A=) VT = e (- roin () 450)
vr¢6+fz¢g+hx(c—a@

[In] Int[(A + B*x)/((a + b*x)*Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x]),x]

[Out] (2*B*Sqrt[-(d*e) + cxf]l*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[(d*(g + h*x))/
(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]1*Sqrtlc + d*x])/Sqrt[-(d*e) + cxfl],

((d*e - cxf)xh)/(f*(d*g - cx*h))])/(b*d*Sqrt[f]*Sqrt[e + f*x]*Sqrt[g + h*x])

- (2%(A - (axB)/b)*Sqrt[-(dxe) + c*f]*Sqrt[(d*(e + f*x))/(dxe - c*f)]*Sqrt
[(d*(g + h*x))/(d*g - c*h)]*EllipticPi[-((b*(d*e - c*f))/((b*c - a*xd)*f)),
ArcSin[(Sqrt[f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]l], ((d*e - c*f)*h)/(f*x(d*g

- ¢*h))])/((b*c - a*d)*Sqrt[f]1*Sqrt[e + f*x]*Sqrt[g + hx*x])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x

_)1), x_Symbol] :> Simp[2x(Rt[-b/d, 2]1/(b*Sqrt[(b*e - axf)/bl))*EllipticF[A

rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/bl)], £*x((b*c - axd)/(d*(

bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*d), O]

&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x], x]1 /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 175

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_
)1*Sqrtl(g_.) + (b_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
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a*d - b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*(x"2/d), x]]1*Sqrt[Simp[(d*g -

cxh)/d + h*x(x"2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 551

Int[1/(((a ) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"21*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQl{a, b, c, d, e,
£}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQl[e, 0] && !'( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 552

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d/c)*x~2]/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & 'GtQ[c, 0]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x(x_))"(n_.)*((e_.) + (£
_Ox(x)))"(p_I)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder[Px, a + b*x, x], Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*(g + h*x)~q
, x]J, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + dx*
x)"nx(e + f*xx)“px(g + h*x)~q, x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rubi steps

. aB 1
integral = (A — —) / dz
b (a + bx)vc+ dz/e + fr\/g + hx

B
+ d
/b\/c+dx\/e+fa:\/g+hx v

1
_ Bf Vetdz/e+fx/g+hx dx _ (2 (A
b

aB 1

—— Subst /
b>) (bc—ad—be)\/e—%-i-%\/g_%_Fh_wz

d

dx,x,\c+ dzx
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/d(e-l—fx)) 1
(B de—cf fm\/ 4+ 4= \/mdx

de cf de—cf

bve+ fx

(2(A —oB) déifi?) Subst | [ 1 - —dz,z,V/c+dx
(bc—ad—bw2)\/1+ fmgt g—<h 4 has
. a(e=f)
ve+ fz
B\/d(e-l—fx) d(g—i—hx)) 1 dx
( de=ef dg=ch f m\/de cf+dgfa::f dg— ch+dgh:zh
bve + fx\/g + hx
(2(A — ¢B) \/dc(lf_”;f) dg:’;,?) Subst | [ L — dx,z,V/c+dzx
(bc—ad—bx?), [1+ fmcf 1+ ’””ch
da(e-<) d(g-<f)
ve+ fr\/g+ hz
d(e+fz) [d(g+hz) . —1 (VfVetds ) | (de—cf)h
_ 2By/—de + Cf\/ decf \/ “dg—ch F<Sm ' <\/f—de+cf> | Fdg—ehy )
B bdv/fv/e+ fz/g+ hz
(e+fz) [d(g+hz) bde—cf) . o —1 [ V/fVctdz \ | (de—cf)h
( ) V—de+c \/ de—cf dZ—ch H<_(bc—ad)f’snl ' (\/—de+cf> |f(dg ch )

(bc — ad)v/fv/e + fx\/g+ hx

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 22.95 (sec) , antiderivative size = 245, normalized size of antiderivative = 0.78

A+ Bx
dx
(a + bx)Ve+ dzv/e+ fr/g + hx

/oy de
2iv/e+ fx,/ dothe) ( (—Bc + Ad) EllipticF (iarcsinh< R ) 4g=cf h) + (—Ab + aB)d EllipticPi (

h(c+dzx) Vetdz ' deh—cfh

b(—bc + ad) \/—c + %f\/‘;((iigg Vg + hz

[In] Integrate[(A + B*x)/((a + bxx)*Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x]),x
]

[Out] ((2xI)*Sqrtle + f*x]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]1*(b*(-(B*c) + Axd)=*El
lipticF[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*xg - cxf*h)/(d*exh

- cxfxh)] + (-(A*b) + a*B)*d*EllipticPi[-((b*c*f - axdxf)/(b*d*e - b*c*f))

, I*ArcSinh[Sqrt[-c + (dxe)/f]l/Sqrtlc + dxx]], (dxfxg - c*xfxh)/(d*exh - cxf
*h)]1))/(b*(-(bxc) + axd)*Sqrt[-c + (dxe)/flxf*Sqrt[(d*(e + f*xx))/(f*x(c + d*
x))1*Sqrt[g + h*x])
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Maple [A] (verified)

Time = 2.96 (sec) , antiderivative size = 478, normalized size of antiderivative = 1.53

method | result

+9 z+ < z+ & z+ 9 — 9., z+ 9 z+ <

B(2_¢ TTh d f h_ h™f Ab—Ba)(9_¢ h d

(k 7)$%-%J—%+%\J—%+% (J %—”—%ﬁ s (BE\ g5\ S
_l_

V(dz+c)(fz+e) (ha+g)

b\/dfhz3+cfhw2+dehw2+dfgw2+cehz+cfgw+degz+ceg b2\/dfhx3+cfh:c2+dehw2+dfg:v2+ceh
elhptlc Vdz+c+/fz+e/hz+g
(hz+g)f [(dztc)h [(fzte)h (hzt+g)f (eh—fg)b [(eh—fg)d
default 2v/dz+c+/fr+evhz+g \/— ehifcg ch—dg h—Fg (AH(«/— ehﬂg@g 7f(ah7§b)’\/ f(chigg))behz—AH(,/—
erau —

[In] int((B*x+A)/(b*x+a)/(d*x+c)~(1/2)/(f*xx+e)”(1/2)/(h*x+g)~(1/2),x,method=_RET
URNVERBOSE)

[Out] ((d*x+c)*(f*x+e)* (h*x+g))~(1/2)/(d*x+c)~(1/2)/ (fxx+e)~(1/2) / (hxx+g) ~(1/2) *(
2xB/b*(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2) *((x+c/d) / (-g/h+c/d) )~ (1/2) * ((x+e/
£)/(-g/h+e/£))~(1/2) / (d*fxh*x~3+c*f*xh*xx~2+d*exh*xx~2+d*f*gxx~2+ckexh*x+c*xf*g
xx+d*xe*xgkx+cxexg) ~(1/2)*EllipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g
/h+c/d))~(1/2))+2x (A*b-B*a) /b~2x(g/h-e/f) * ((x+g/h) / (g/h-e/£)) ~(1/2) * ((x+c/d
)/ (-g/h+c/d))~(1/2)*((x+e/f)/(-g/h+e/£) )~ (1/2) / (d*f*h*x~3+c*kf*h*x~2+d*e*xh*x
~2+d*f*gkx~2+ckexhkx+cxfxgrx+drexgxx+ckexg) ~(1/2) /(-g/h+a/b) *E1lipticPi (((x
+g/h)/(g/h-e/£))~(1/2),(-g/h+e/f)/(-g/h+a/b) , ((-g/h+e/f) /(-g/h+c/d))~(1/2))
)

Fricas [F(-1)]

Timed out.

A+ Bx .
dr = Timed out
(a + bx)vc+dz/e+ fr\/g+ hx

[In] integrate((B*x+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algo
rithm="fricas")

[Out] Timed out
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Sympy [F]

A+ Bz A+ Bz
/ d:p:/ dr
(a + bzx)vc+ dzv/e + fr\/g+ hr (a + bzx) Ve + dzv/e + fr/g+ hx

[In] integrate((B*x+A)/(b*x+a)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h*xx+g)**(1/2),x)

[Out] Integral((A + B*xx)/((a + bxx)*sqrt(c + dxx)*sqrt(e + f*x)*sqrt(g + h*x)), x
)

Maxima [F]

A+ Bz Bx+ A
/ dx=/ dz
(a + bx)vc+ dz/e + fr\/g+ hx (bx + a)Vdz + c/fr+evhz + g

[In] integrate((B*x+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algo
rithm="maxima")

[Out] integrate((Bxx + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)

Giac [F]

A+ Bz Bx+ A
/ dac:/ dz
(a + bx)vc+dz/e + fr\/g+ hx (bx + a)Vdz + c/fr+evhz + g

[In] integrate((B*x+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algo
rithm="giac")

[Out] integrate((Bxx + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)),
x)

Mupad [F(-1)]

Timed out.

/ A+ Bx dx—/ A+ Bz iz
(a + bzx)vc+ dz/e + fr\/g + hz vVe+ fzvg+hzr(a+bz)Vet+dx

[In] int((A + Bxx)/((e + £*xx)~(1/2)*(g + h*x)~(1/2)*(a + bxx)*(c + d*x)~(1/2)),x
)
[Out] int((A + B*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*xx)*(c + d*x)~(1/2)),
X)
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A+ Bz

3.5 f (a+bx)2v/c+dz/e+ fr\/g+hx dz

Optimal result . . . . . . . . . . 66!
Rubi [A] (verified) . . . . . . . . . . 67
Mathematica [C] (verified) . . . . . . . . . .. L [Tl
Maple [A] (verified) . . . . . . . . . . 73
Fricas [F(-1)] . . . . o 74
Sympy [F(-1)] . . o o re!
Maxima [F] . . . . . . [74]
Giac [F] . . . o o [74]
Mupad [F(-1)] . . o 75

Optimal result

Integrand size = 40, antiderivative size = 678

/ A+ Bz x:_b(Ab—aB)\/c+dx\/e+f:v\/g+hw
(a + bx)2v/c+ dz/e + fr\/g+ hz (bc — ad)(be — af)(bg — ah)(a + bzx)

L - aB)YTv/=de + of \/ /g F o (aresin ( YI4E ) | (et )
(bc — ad)(be — of)(bg — ah)VeF F7 /L]
(Ab —aB)Vfv/—de+cf \/ d((fri jf) d(g+hz) EllipticF (arcsm (ﬁ%) , ;‘Z;’; 3{;)
b(bc — ad)(be — af)\/e + fz/g + hz
V/—de + cf(3a>Abdfh — a® Bdfh — b*(2Bceg — A(deg + cfg + ceh)) + ab?(B(deg + cfg + ceh) — 2A(a
b(bc — ad)?\/f(be — af)(bg — ah)

+

[Out] -bx(A*b-B*a)*(d*x+c)~(1/2)*(fxx+e) ~(1/2)* (h*x+g) ~(1/2)/ (—axd+bxc) / (-axf+b*e
)/ (~a*h+bxg) / (b*x+a)+(A*b-B*a) *E11lipticE (£~ (1/2) * (d*x+c) ~(1/2) / (c*f-d*e) " (1
/2), ((-cxf+d*e) *h/f/(-cxh+d*g) )~ (1/2) ) *£~ (1/2) * (cxf-d*e) ~ (1/2) * (d* (f*x+e) / (
—c*f+d*e)) ~(1/2)* (h*x+g) ~(1/2) / (—a*d+b*c) / (-axf+b*e) / (~a*h+bxg) / (f*x+e) ~(1/
2) / (d* (h*x+g) / (-c*h+d*g) ) = (1/2) +(3*a~2*Axb*xd*f*h—a~3*B*xd*f*h-b~3% (2%xB*xcke*xg
-Ax (cxexh+c*fxg+dxexg) ) +axb™ 2% (Bx (cxexh+c*f*xg+dre*g) —2%A* (c*fxh+d*exh+d*f*g
)))*E1lipticPi(£7(1/2)*(d*x+c) ~(1/2) / (cxf-d*e) " (1/2) ,~b* (—cxf+d*e) / (-a*d+b*
c)/f, ((—cxf+d*e) *h/f/(-cxh+d*g)) ~(1/2)) *(cxf-d*e) ~(1/2) * (d* (fxx+e) / (—c*f+d*
e))~(1/2) *(d* (h*x+g) / (-cxh+d*g) ) " (1/2) /b/ (—a*d+b*c) "2/ (-a*f+bxe) / (-a*h+b*g)
/£7(1/2) / (£xx+e) = (1/2) / (hxx+g) ~(1/2) - (A*b-B*a) *E1lipticF (£~ (1/2) * (d*x+c)~ (1
/2)/(cxf-dxe)~(1/2), ((-cxf+d*e)*h/f/(-c*xh+d*g) )~ (1/2))*£~(1/2) *(cxf-d*e)~(1
/2)*(d* (fxx+e) / (-cxf+d*e) )~ (1/2) * (d* (h*x+g) / (-cxh+d*g) ) ~(1/2) /b/ (-a*xd+bxc) /
(—axf+bxe) / (f*x+e) ~(1/2) / (h*xx+g)~(1/2)
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Rubi [A] (verified)

Time = 1.00 (sec) , antiderivative size = 678, normalized size of antiderivative = 1.00,

number of rules _ 0.250, Rules

number of steps used = 12, number of rules used = 10, integrand size

used = {1613, 1621, 175, 552, 551, 164, 115, 114, 122, 121}

/ A+ Bz d
(a + bx)2v/c+ dz/e + fr\/g + hx
Vef —de de\/ Aetl2) | /2419 (63(—B)df h + 3a® Abdf h + ab*(B(ceh + cf g + deg) — 2A(cfh + deh + dfg)
B bV fve+ fx/g+ hx(bc — ad)?(t
Vf(Ab— aB)+/cf — de\/ dc(lii jf) dgﬂ;) EllipticF (arcsin (\/jgfc:;‘?) , %Z;f’; ;3)
bve + fry/g + hx(bc — ad)(be — af)
Vg + hx(Ab— aB)+/cf — de %E(arcsin (‘/jc"fc_gi’”) |;‘f§;ﬁg’;>
ve+ fx(bc — ad)(be — af)(bg — ah) %

_ bWe+dzye+ fz/g+ ha(Ab— aB)
(a + bx)(bc — ad)(be — af)(bg — ah)

+

[In] Int[(A + Bxx)/((a + b*x)~2*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]),x]

[Out] -((b*(Axb - a*B)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])/((b*c - axd)*(b
xe — a*f)*(bxg - a*h)*(a + b*x))) + ((Axb - a*B)*Sqrt[f]*Sqrt[-(d*e) + cx*f]
*Sqrt [(d*x(e + f*x))/(d*e - c*f)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sq
rt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - c*f)*h)/(fx(d*g - c*h))])/((b*c -
a*d) *(bxe - axf)*(b*xg - axh)*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - c*h)]
) - ((Axb - a*B)*Sqrt[f]*Sqrt[-(d*e) + c*f]*Sqrt[(dx(e + fx*x))/(d*xe - cx*f)]
*xSqrt [(d* (g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrtlc + d*x])/S
qrt[-(d*e) + c*f]], ((d*e - c*f)*h)/(£fx(d*g - cxh))])/(b*(b*xc - axd)*(b*e -
axf)*Sqrt[e + fxx]*Sqrtlg + h*x]) + (Sqrt[-(d*e) + cxf]*(3*%a~2xAxb*d*f*xh -
a”3xBxd*xf*h — b~3%(2*Bkckexg — Ax(dxexg + cxfxg + cxexh)) + axb~2%(Bx(dxex
g + cxfxg + ckexh) - 2xAx(dxf*g + dxexh + c*fxh)))*Sqrt[(d*(e + fx*x))/(d*e
- cxf)]*Sqrt [(d*(g + h*x))/(d*g - cxh)]*EllipticPi[-((b*(d*e - cx*f))/((bxc
- axd)*f)), ArcSin[(Sqrt[f]l*Sqrtlc + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - cxf
)*h) /(£x(d*g - c*h))])/(b*(b*c - axd) ~2*xSqrt[f]*(b*e - axf)*(b*g - axh)*Sqr
tle + f*x]*Sqrt[g + h*x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl[(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a
+ b*x]/Rt[-(bxc - a*xd)/d, 211, f*((b*c - a*xd)/(d*(b*e - axf)))], x] /; Free
Qf{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
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- axd), 0] && GtQ[d/(dxe - c*xf), 0] && !'LtQ[(b*xc - a*d)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*x((c + d*x)/(bxc - a*d))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
xfx(x/(b*e - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(bxe - axf), 0]) && !LtQ[-(b*c - axd)/d, O]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[2*(Rt[-b/d, 2]/(b*Sqrt[(b*e - a*f)/b]l))*EllipticF[A
rcSin[Sqrt[a + bxx]/(Rt[-b/d, 2]*Sqrt[(b*c - axd)/b])], £*x((b*c - a*xd)/(d*(
bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtlc + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - a*d)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x1, x] /; FreeQ[{a, b, c, 4, e, f}, x] && !'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, ¢ + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrtl(e ) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + fx*x]

Rule 175

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)IxSqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
a*d - b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*(x72/d), x]]1*Sqrt[Simp[(d*g -
cxh)/d + hx(x~2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 551
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Int[1/(((a ) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"21*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQl{a, b, c, d, e,
£}, x] && 'GtQ[d/c, 0] && GtQ[c, 0] && GtQl[e, 0] && !'( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 552

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d/c)*x~2]/Sqrtl[c + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & 'GtQ[c, 0]

Rule 1613

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1xSqgrtl(e_.) + (£_.)*(x_)I1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*xx]*(Sqrt[g + h*x]
/(@ + 1)*(bxc - axd)*(b*e - axf)*(b*g - a*h))), x] - Dist[1/(2x(m + 1)*(b*
c - axd)*(b*e - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrtg + h#*x]))*Simp [A*(2*a~2*d*fxh*x(m + 1) - 2%a*bx(m + 1)*(d*
fxg + d*exh + cxfxh) + b™2*%(2#m + 3)*(d*e*xg + cxf*g + ckxexh)) - b*Bx(ax(d*e
xg + cxf*xg + ckexh) + 2xb*ckxexgk(m + 1)) - 2%x((A*b - a*B)*(axd*fxhx(m + 1)
- bx(m + 2)*(d*f*g + d*exh + cxfxh)))*x + d*xfxh*x(2*m + 5)*(A*b~2 - a*b*B)*x
~2, x1, x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+m]
&% LtQ[m, -1]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£
_x(x)))"(p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder[Px, a + b*x, x], Int[(a + b*x) m*x(c + d*x) n*(e + f*x) p*x(g + h*x)~q
, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*xx)"(m + 1)*(c + dx*
x)"n*(e + f*x) p*(g + h*x)"q, x] /; FreeQ[{a, b, c, d, e, f, g, h, m, n, p,
q}, x] & PolyQ[Px, x] && EqQ[m, -1]

Rubi steps

b(Ab — aB)vc+ dzv/e + fx\/g + hx

(bc — ad)(be — af)(bg — ah)(a + bx)

f —2a2 Adf h+b%(2Bceg— A(deg+cfg+ceh))—ab(B(deg+cfg+ceh) —2A(df g+deh+cfh))+2a(Ab—aB)df hx+b(Ab—aB)df hz? dr
(a+bz)Vct+dz/e+ fx/g+hx

integral = —

_|_

2(bc — ad)(be — af)(bg — ah)
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2
aAdfh— B | (Abdfh—aBdfh)x
b(Ab — aB)vc+ dzv/e + fz\/g + hx / \/C+§z\/e+fz\/g+hz dz

~ (bc — ad)(be — af)(bg — ah)(a + bz) 2(bc — ad)(be — af)(bg — ah)
(3a?Abdfh — a®Bdfh — b3(2Bceg — A(deg + cfg + ceh)) + ab®*(B(deg + cfg + ceh) — 2A(df g -

2b(bc — ad)(be — af)(bg — ah)

b(Ab — aB)Vc+ dz/e + fx\/g+ hx
~ (bc — ad)(be — af)(bg — ah)(a + bx)

(A4b = aB)f) [ Jmmramramde  (Ab—aB)df) [ JT;;"? dzx
- 2b(bc — ad)(be — af) 2(bc — ad)(be — af)(bg — ah)

(3a%Abdfh — a®Bdfh — b3(2Bceg — A(deg + cfg + ceh)) + ab*(B(deg + cfg + ceh) — 2A(df g -

+ b(bc — ad)(be — af)(bg — a

_b(Ab—aB)Vc+dzyve+ fz/g+h
(bc — ad)(be — af)(bg — ah)(a + bx)

Ab - aB)df /442 !
(( a ) f de—cf f m\/ded_ecf_,rd:{:if\/m

2b(bc — ad)(be — af)\/e + fx

dz

((3a2Abdfh — aBdfh — b*(2Bceg — A(deg + cfg + ceh)) + ab*(B(deg + cfg + ceh) — 2A(df g

T b(bc — ad)(be — af)(bg -

dg dhx
Ab— aB)df /%D fo T hg ) [ VB A AT gy
(( ) g

de—cf Nl —
2(bc — ad)(be — af)(bg — ah)v/e + fx/ %
_ b(Ab - aB)Vc+dzve+ fx\/g+ hx
(bc — ad)(be — af)(bg — ah)(a + bzx)
N (Ab— aB)\/fv/—de +cf,/ %WEGin‘l (ﬁ%) |§:Z;EQS>
(bc — ad)(be — af)(bg — ah)\/e + fx %

Ab _ aB df\/ e—i—f.’c) d(g+hx)) 1 dx
<( ) de—ef dg—ch f m\/de cf+dedf1;f dg— ch+d£t]ihaéh

2b(bc — ad)(be — af)v/e + fx\/g+ hx

_|_

((3a2Abdfh — a®Bdfh — b*(2Bceg — A(deg + cfg + ceh)) + ab*(B(deg + cfg + ceh) — 2A(df g

+ b(bc — ad)(be — af)(bg
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__b(Ab—aB)Vc+dzye+ fx/g+h
(bc — ad)(be — af)(bg — ah)(a + bx)

(4b — aB)VTv/=de ¥ of \/ 42 /g haE (sin~! (YI4E ) |Gl )
d hx
(bc — ad)(be — af)(bg — ah)\/e + fx,/ —éﬁtch)
dle+fzx d hx o Vetdr de—cf)h
(Ab— aB)\/f\/T—i-cf\/ (get’:f) é‘g"_'ch)F<sm ! (ﬁdeﬁf) |§c(dg_2L))
b(bc — ad)(be — af)ve+ fx\/g + hz
v/—de + cf(3a2Abdfh — a®Bdfh — b3(2Bceg — A(deg + cfg + ceh)) + ab?*(B(deg + cfg + cel
b(bc — ad)?\/f(be — af)(bg —

+

+

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 34.13 (sec) , antiderivative size = 3412, normalized size of antiderivative = 5.03

A+ B
/ +oT dx = Result too large to show
(a + bx)2v/c+ dz/e + fr\/g + hz

[In] Integrate[(A + B*x)/((a + b*x)~2%Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x])
4

[Out] -((b*(Axb - a*B)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x])/((b*c - axd)*(b
xe — a*xf)*(bxg - a*h)*(a + b*x))) - ((c + d*x)~(3/2)*(A*b~3*cxSqrt[-c + (d*
e)/f]xf*h - axb~2*B*c*Sqrt[-c + (d*e)/fl*fxh - a*A*b~2xd*Sqrt[-c + (dxe)/f]
xfxh + a~2xb*Bxd*Sqrt[-c + (dxe)/f]lxfxh + (A*b~3%c*d~2*e*Sqrt[-c + (d*e)/f]
xg)/(c + d*x)~2 - (a*b”2*Bxcxd"2*exSqrt[-c + (d*e)/fl*g)/(c + d*x)~2 - (a*A
*b~2%d"3*%exSqrt[-c + (d*e)/flxg)/(c + d*x)~2 + (a"2xb*B*d~3*exSqrt[-c + (d*
e)/f1xg)/(c + d*x)~2 - (Axb~3*c~2xd*Sqrt[-c + (d*e)/flxf*g)/(c + d*x)"2 + (
axb~2xB*xc~2xd*Sqrt [-c + (d*e)/f]lxf*g)/(c + d*x)~2 + (axA*b~2xcxd~2*Sqrt[-c
+ (dxe)/fl*fxg)/(c + d*x)~2 - (a~2xbxBxcxd~2xSqrt[-c + (d*e)/fl*f*g)/(c + d
*x) "2 - (Axb~3*c”2*d*exSqrt[-c + (d*e)/f]l*h)/(c + d*x)~2 + (axb~2*Bkc~2xd*e
*Sqrt[-c + (d*e)/f]l*h)/(c + d*x)~2 + (axA*b~2*cxd~2xe*xSqrt[-c + (dxe)/f]*h)
/(c + d*x)~2 - (a~2%b*Bxcxd~2*e*xSqrt[-c + (d*e)/fl*h)/(c + d*x)~2 + (A*b~3x
c~3*Sqrt[-c + (d*e)/f]l*fxh)/(c + d*x)~2 - (axb~2*B*c~3*Sqrt[-c + (d*e)/f]xf
*h)/(c + d*x)~2 - (axAxb~2xc~2xd*Sqrt[-c + (dxe)/f]lxfxh)/(c + d*x)"2 + (a2
*xbxBxc~2*d*Sqrt [-c + (d*e)/f]l*fxh)/(c + d*x)~2 + (Axb~3*c*kd*Sqrt[-c + (d*e)
/f1xfxg)/(c + dxx) - (axb~2*Bkc*dxSqrt[-c + (d*e)/fl*xf*g)/(c + d*x) - (axAx
b~2*%d"2*xSqrt [-c + (d*e)/f]l*fxg)/(c + d*x) + (a~2xb*B*d~2*Sqrt[-c + (d*e)/f]
xfxg)/(c + d*x) + (Axb~3xc*d*exSqrt[-c + (d*e)/flxh)/(c + d*x) - (a*b~2xBxc
xdxe*xSqrt[-c + (dxe)/fl*h)/(c + d*x) - (axA*b~2xd"2xe*Sqrt[-c + (dxe)/f]*h)
/(c + d*x) + (a~2*b*B*d~2xexSqrt[-c + (d*e)/fl*h)/(c + d*x) - (2%A*b~3*c~2x
Sqrt[-c + (d*e)/flxfxh)/(c + dxx) + (2*axb~2*B*c~2xSqrt[-c + (d*e)/f]x*fx*h)/
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(c + d*x) + (2xa*A*b~2xcxd*Sqrt[-c + (dxe)/fl*fxh)/(c + d*x) - (2%a~2xbxBxc
*xdxSqrt[-c + (d*xe)/fl*f*h)/(c + d*x) + (Ixb*(Axb - a*B)*(-(b*c) + a*xd)*(-(d
xe) + c*f)xh*Sqrt[l - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[1 - c/(c + d*
x) + (d*g)/(h*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d
*x]], (dxfxg - ckxfxh)/(dxexh - c*fxh)])/Sqrtlc + d*x] + (I*bxd*(2*%b*B*cxe -
Axbx(d*e + c*f) - ax(Bkd*e + Bxc*f - 2xAxdx*f))*(-(b*xg) + axh)*Sqrt[1 - c/(
c + dxx) + (d*e)/(fx(c + d*x))]1*Sqrt[l - c/(c + d*x) + (d*xg)/(h*(c + d*x))]
*E1lipticF [I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (d*xf*xg - c*fxh)/(dx*
exh - c*xf*h)])/Sqrtlc + d*x] + ((2*%I)*b~3*Bxc*d*exg*Sqrt[l - c/(c + d*x) +
(d*e)/(fx(c + d*x))]1*Sqrt[1 - c/(c + d*x) + (d*g)/(h*(c + d*x))]*EllipticPi
[-((b*c*f - axd*f)/(bxdxe - bkcxf)), IxArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc +
dxx]], (dxfxg - c*fxh)/(d*exh - cxfxh)])/Sqrtlc + d*x] - (I*A*b~3*d"2xe*g*S
qrtll - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[1 - c/(c + d*xx) + (d*g)/(h*
(c + d*x))]*EllipticPi[-((b*cxf - axd*f)/(b*d*e - bxc*f)), I*ArcSinh[Sqrt[-
c + (dxe)/f]l/Sqrtlc + dxx]], (dxfxg - c*fxh)/(d*exh - c*f*h)])/Sqrtlc + d*x
1 - (I*xaxb~2*B*d~2*exg*Sqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[1 -
c/(c + d*xx) + (d*g)/(hx(c + d*x))]*EllipticPi[-((b*c*f - a*d*f)/(bxd*e - b
xcxf)), I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - cxf*h)/(d*exh
- c*xf*h)])/Sqrt[c + d*x] - (I*A*b~3*c*d*f*g*Sqrt[l - c/(c + d*x) + (dxe)/(
f*(c + d*x))]*Sqrt[1 - c/(c + d*x) + (d*g)/(h*x(c + d*x))]*EllipticPi[-((b*c
*xf — a*xd*f)/(bxd*e - bxcxf)), I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]],
(dxfxg - cxfxh)/(d*exh - c*f*h)])/Sqrtlc + d*x] - (I*axb~2*B*ckd*fxgxSqrt[1
- c/(c + d*x) + (d*e)/(f*(c + d*x))]1*Sqrt[l - c/(c + d*x) + (d*xg)/(h*x(c +
d*x))]*E1llipticPi[-((b*cxf - axd*f)/(bxd*e - bxcxf)), I*ArcSinh[Sqrt[-c + (
d*e)/f]/Sqrtlc + d*x]], (dxf*xg - c*fxh)/(d*exh - c*fxh)])/Sqrtlc + d*x] + (
(2+I) *axAxb~2xd ~2xf*g*xSqrt[1 - c/(c + d*x) + (dxe)/(fx(c + d*x))]*Sqrt[1 -
c/(c + d*xx) + (d*g)/(hx(c + d*x))]*EllipticPi[-((b*c*f - a*xd*f)/(bxd*xe - bx*
c*f)), I*ArcSinh[Sqrt[-c + (dxe)/f]l/Sqrtlc + dxx]], (dxfxg - c*xfxh)/(d*e*h
- cxfxh)])/Sqrtlc + d*x] - (I*A*b~3*ckd*exhxSqrt[1 - c/(c + d*x) + (d*e)/(f
x(c + d*x))]*Sqrt[1 - c/(c + d*x) + (d*g)/(h*x(c + d*x))]*EllipticPi[-((b*cx*
f - axd*f)/(bxdxe - bxcxf)), IxArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (
dxfxg - cxfxh)/(d*exh - c*xf*h)])/Sqrtlc + d*x] - (I*axb~2*B*ckd*exh*Sqrt[1
- c/(c + d*x) + (d*e)/(f*(c + d*x))]1*Sqrt[l - c/(c + d*x) + (d*g)/(h*(c + d
*x))]*E11lipticPi[-((b*c*f - axd*f)/(b*dxe - b*cxf)), I*ArcSinh[Sqrt[-c + (d
xe) /f]1/Sqrt[c + d*x]], (d*fxg - cxfxh)/(d*exh - c*fxh)])/Sqrtlc + dxx] + ((
2xI)*a*Axb~2%d~2*%exh*xSqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[l - ¢
/(c + d*x) + (d*g)/(h*x(c + d*x))]*EllipticPi[-((b*c*f - axd*f)/(b*d*e - b*c
xf)), IxArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - cxfxh)/(d*exh -
cxf*h)])/Sqrtlc + dxx] + ((2*I)*a*A*b~2xcxd*f*h*Sqrt[1l - c/(c + d*x) + (d*
e)/(fx(c + d*x))]1*Sqrt[1l - c/(c + d*x) + (d*g)/(h*(c + d*x))]*EllipticPi[-(
(bxc*xf - axdxf)/(b*d*e - bxc*f)), I*ArcSinh[Sqrt[-c + (dxe)/f]l/Sqrtlc + d*x
11, (dxfxg - c*fxh)/(d*exh - cxfxh)])/Sqrtlc + d*x] - ((3*I)*a~2xA*xb*xd 2xf*
h*Sqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[l - c/(c + d*x) + (d*g)/
(hx(c + d*x))]*EllipticPi[-((b*c*f - a*d*f)/(bxd*e - bxcxf)), IxArcSinh[Sqr
t[-c + (d*e)/f]l/Sqrtlc + d*x]], (d*f*g - cxf*h)/(dxexh - cxfxh)])/Sqrtlc +
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dxx] + (I*a~3*xBxd~2*xfxhxSqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[1

- c/(c + d*x) + (d*g)/(h*(c + d*x))]*EllipticPi[-((bxc*f - axdxf)/(b*d*e -

bxcxf)), I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxfxg - cxfxh)/(d*ex
h - cxfxh)])/Sqrtlc + d*x]))/(b*d*(b*xc - axd)*(-(bxc) + a*d)*Sqrt[-c + (d*e
)/£1*(-(b*xe) + axf)*(-(bkxg) + axh)*Sqrtle + ((c + d*x)*(f - (c*xf)/(c + d*x)
))/dl*Sqrt[g + ((c + d*x)*(h - (c*h)/(c + d*x)))/d]l)

Maple [A] (verified)

Time = 3.96 (sec) , antiderivative size = 1208, normalized size of antiderivative = 1.78

method | result size

elliptic | Expression too large to display | 1208
default | Expression too large to display | 13344

[In] int((B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2) ,x,method=_R
ETURNVERBOSE)

[Out] ((d*x+c)*(f*x+e)* (h*x+g))~(1/2)/(d*x+c)~(1/2)/ (fxx+e)~(1/2)/ (hxx+g) ~(1/2) *(
b/ (a~3*d*f*h-a~2xbkc*f*h-a~2*¥b*d*exh-a~2*b*xd*f*g+a*xb~2xckexh+axb™2kckf*g+ak
b~2*d*e*xg-b~3*cke*xg) * (Axb-B*a) * (d*f*h*x~3+c*f*h*x~2+d*exh*x~2+d*f*xg*x~2+c*e
xhxx+c*kfxgrx+d*e*xgkx+ckexg) ~(1/2) / (b*x+a)-a*d*f*xh* (Axb-Bxa) / (a~3*d*f*h-a~2x%
bxcxfxh-a~2*b*d*exh-a~2xbxd*xf*xg+axb~2xckxexh+a*b™2xckxf*xg+axb~2xd*xexg-b~3*c*e
*xg) /bx(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) /(-g/h+c/d) )~ (1/2)*((x+e/
£)/(-g/h+e/£))~(1/2) / (d*fxh*x~3+c*fxhkx~2+d*exh*x~2+d*f*xgkx~2+ckexhkx+ckf*g
xx+dxexgxx+cxexg) ~(1/2)*E1lipticF (((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g
/h+c/d))~(1/2))-d*f*h* (Axb-B*a) / (a~3*d*f*h-a~2*¥bkc*xf*h-a~2¥bkd*exh—a~2¥b*dx*
fxg+axb~2*ckexh+axb~2kcxfxg+a*xb~2xd*xexg-b~3*kcxexg) * (g/h-e/f)* ((x+g/h) /(g/h-
e/£))~(1/2)*((x+c/d) /(-g/h+c/d)) = (1/2)*((x+e/f) / (-g/h+e/£)) ~(1/2) / (d*fxh*x~
3+ckfxhkx”2+d*exh*x~2+d*f*g*x~2+ckexh*x+ckxf*g*x+d*xexgxx+ckxexg) ~(1/2) *((-g/h
+c/d)*EllipticE(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/
d*EllipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2)))+(3*A*
a"2xbxd*xfxh-2xAxaxb~2xcxf*xh-2*¢A*axb~2xd*exh-2xAxaxb~2xd*f*g+A*b~3*c*exh+A*xb
“3xcxfxg+A*b"3kd*exg-B*a~3xd*xf*xh+B*xaxb~2xckexh+Bxaxb~2kckf*g+Braxb"2*xd*exg-
2¥B*b~3*c*e*xg) / (a~3*d*f*h-a~2*b*c*f*h-a~2*b*d*e*xh-a~2*b*d*f*g+axb~2*cxexh+a
*b~2*c*f*kgt+axb~2*xd*exg-b~3*cke*xg) /b"2%(g/h-e/f)* ((x+g/h) /(g/h-e/£) )~ (1/2)*(
(xt+c/d)/(-g/h+c/d))~(1/2)*((x+e/f)/(-g/h+e/£f) )~ (1/2) / (d*f*xh*x~3+cxfxh*x~2+d
xexh*x~2+d*fxg*x~2+ckexh*x+cxf*xgxx+d*e*xgkx+cxexg) ~(1/2)/(-g/h+a/b)*Elliptic
Pi(((x+g/h)/(g/h-e/£))~(1/2),(-g/h+e/f)/(-g/h+a/b), ((-g/hte/f)/(-g/h+c/d))"
(1/2)))
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Fricas [F(-1)]

Timed out.

A+ Bx .
dx = Timed out
(a + bx)2\/c+ dz/e + fr\/g + hx

[In] integrate((B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="fricas")

[Out] Timed out

Sympy [F(-1)]

Timed out.

A+ Bx .
dx = Timed out
(a + bx)2\/c+ dz/e + fr\/g+ hx

[In] integrate((B*x+A)/(b*x+a)**2/(d*x+c)**(1/2)/(f*xx+e)**(1/2)/(h*xx+g)**(1/2),x

)
[Out] Timed out

Maxima [F]

/ A+ Bx / Bx+ A
dr = 5 dz
(a + bx)2\/c+ dz/e + fr\/g + hx (bx + a)*Vdz + c/fr+evhz + g

[In] integrate((B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, al
gorithm="maxima")

[Out] integrate((Bxx + A)/((b*x + a)~2*xsqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
, X)

Giac [F]

/ A+ Bx / Bx+ A
dr = 5 dx
(a + bx)2\/c+ dz/e + fr\/g + hx (bx + a)*Vdz + c/fr+evhz + g

[In] integrate((B*x+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, al
gorithm="giac")

[Out] integrate((Bxx + A)/((b*x + a)~2*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
» X)
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Mupad [F(-1)]

Timed out.

/ A+ Bz A+ Bz
dr = 5 dz
(a+bz)?Vc+dzv/e+ fz/g+ hz Vet fz/g+hz(a+bz) Ve+dzx

[In] int((A + B*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)"2x(c + d*x)~(1/2))
,X)
[Out] int((A + B*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~"2x(c + d*x)~(1/2))

, X)
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3.6 f 5 (a+bz)3/2(A+Bx)

ct+dzv/e+fr\/g+hx
Optimal result . . . . . . . . . . . e 7061
Rubi [A] (warning: unable to verify) . . . . ... ... .. ... . ... ... e
Mathematica [B] (warning: unable to verify) . . . . . . ... .. ... ... .. ... 1]
Maple [B] (verified) . . . . . . . . . 82
Fricas [F(-1)] . . . . . o 83
Sympy [F] . . o 83
Maxima [F] . . . . . . B3l
Giac [F] . . . o o 83
Mupad [F(-1)] . . . o R

Optimal result

Integrand size = 42, antiderivative size = 981

(a + bx)%?(A + Bz) o — (5aBdfh + b(4Adfh — 3B(df g + deh + cfh)))Va + bxv/e + fz\/g + hx

Vetdo/e+ fag+ha 4df?h?+/c + dz
N bBva + bx/c+ dz\/e + fr\/g + hx
2dfh

Vg = chy/Fg — eh(5aBdfh + b(4Adfh~ 3B(dfg + deh + cfh)))va+ bz, /—%E@mm (%
de—cf)(a+bx) /1=
4d2f2h2 Ebe af)(cidxg g+ hzx
(be — af)v/bg — ah(3aBdfh + b(4Adfh — B(cfh + 3d(fg + eh))))+/ %vg + hz EllipticF (arcsil
(be—af)(g+hz)
4bdf2h2\/fg — eh\/c +dz T (fg—eh)(atba)

v —dg + ch(4dfh(2a(2Ab + aB)dfh — bB(b(deg + cfg + ceh) + a(dfg + deh + cfh))) — (adfh + b(df g +

+

[Out] 1/4%(4*d*xfxh*(2*ax(2*xAxb+B*a)*d*f*h-b*B* (b* (ckexh+cxf*g+d*kexg)+a* (cxf*xh+dxe
xh+d*f*g)) ) - (a*xd*f*h+b* (cxfxh+d*xexh+d*f*xg) ) * (5xa*xBkd*f*xh+b* (4xA*xd*f*h—-3*B* (
cxfxh+dxexh+d*f*xg))) ) * (bxx+a) *E11lipticPi ((-axd+b*c) ~(1/2)* (h*x+g) ~(1/2) /(c*
h-d*g) ~(1/2)/ (b*x+a) ~(1/2) ,-b* (-cxh+d*g) / (-a*d+bxc) /h, ((-axf+b*e) * (~c*h+d*g
)/ (—axd+bxc) / (-exh+f*g) )~ (1/2) ) * (c*h-d*g) ~ (1/2) * ((-a*h+b*g) * (d*x+c) / (-c*h+d
*g) / (bxx+a)) ~(1/2) * ((—axh+bxg) *x (fxx+e) / (—exh+f*g) / (b*x+a)) ~(1/2) /b/d~2/£72/
h~3/(-a*xd+bxc) ~(1/2)/(d*x+c) ~(1/2) / (f*x+e) = (1/2) +1/4* (5*a*B*xd*f*xh+b* (4xA*xd*
fxh-3*B* (cxf*xh+d*exh+d*xf*g)) ) * (bxx+a) ~(1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /d/f
~2/h~2/ (d*x+c) = (1/2) +1/2xb*B* (bxx+a) ~ (1/2) * (d*x+c) ~ (1/2) * (£*x+e) ~(1/2) * (h*x
+g)~(1/2)/d/£f/h-1/4*% (—a*f+b*e) * (3*a*B*xd*f*h+b* (4*xA*xd*f*xh-B* (cxf*h+3*d* (e*xh+
f*g))))*EllipticF ((-a*h+b*g) ~(1/2)*(f*x+e) ~(1/2)/(—exh+fxg)~(1/2) / (b*x+a)~(



(s

1/2), (-(-a*d+b*c) * (—exh+f*g) / (-c*f+d*e) / (—axh+b*g) )~ (1/2) ) * (—a*xh+b*g) ~(1/2)
*((-a*xf+bxe) * (d*x+c) / (-cxf+dxe) / (bxx+a)) ~(1/2) * (h*x+g) ~(1/2) /b/d/£72/h~2/ (-
exh+fxg) ~(1/2)/(d*x+c) ~(1/2) /(- (—a*xf+b*e) * (h*x+g) / (-exh+f*xg) / (b*x+a)) ~(1/2)
-1/4* (5%a*B*d*f*h+b* (4*xAxd*f*h-3*B* (c*f*h+d*exh+d*f*g)))*E1lipticE((-c*h+d*
g)~(1/2)*(f*x+e)~(1/2) / (-exh+f*g) ~(1/2) / (d*x+c) ~(1/2) , ((—a*d+b*c) * (-exh+f*g
)/ (maxf+bxe) / (—cxh+d*g)) ~(1/2) ) * (—~c*h+d*g) ~ (1/2) * (~exh+f*xg) ~ (1/2) * (bxx+a) ~(
1/2) * (- (—c*f+d*e) * (h*x+g) / (-exh+f*xg) / (d*x+c)) ~(1/2)/d~2/£"2/h"2/ ((-cxf+dx*e)
* (bxx+a) / (—axf+b*e) / (d*x+c) )~ (1/2) / (hxx+g) ~(1/2)

Rubi [A] (warning: unable to verify)

Time = 2.30 (sec) , antiderivative size = 976, normalized size of antiderivative = 0.99,

number of steps used = 10, number of rules used = 10, number of rules _ 238, Rules
integrand size

used = {1611, 1614, 1616, 1612, 176, 430, 171, 551, 182, 435}

(a+ bx)%2(A + Bz) dr — bva + bxv/c+ dxv/e + fx\/g+ hzB
Ve+dzy/e+ fry/g+ hx 2dfh
Vg = chy/Tg — eh(4Abdfh + 5aBdfh — 3bB(dfg + deh + cf))v/a+ bz — {e—elllathe) ce’,cl))((iiZgE'@rcsm (ﬁ
4d2f2h2, [ Gemelte it /g + ho
be — af)v/bg — ah(4Abdfh + 3aBdfh — bB(cfh + 3d(fg + eh))),/ Le=al)letdn) /o 7 BllipticF ( arcsi
(de—cf)(a+bx)

272 — _ (be—af)(g+hz)
4bdf?h2\/fg — eh"/c + dx oo (ot be)

Vel = dg((adfh + b(dfg + deh + cfh))(4Abdf b + 5aBdfh — 3bB(df g + deh + cfh)) — 4dfh(2a(2Ab + ¢

(4Abdfh + 5aBdfh — 3bB(df g + deh + cfh))Va + bz+/e + fz\/g + hz
4df?h2+/c + dx

[In] Int[((a + b*x)~(3/2)*(A + B*x))/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])
»x]

[Out] ((4*Axbxd*f*h + 5xa*xBkd*fxh - 3*b*Bx(d*f*g + d*exh + cxfxh))*Sqrt[a + bxx]*
Sqrt[e + fxx]*Sqrt[g + h*x])/(4*d*f~2xh~2*Sqrt[c + d*x]) + (b*B*Sqrt[a + bx
x]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])/(2xd*xfxh) - (Sqrt[d*g - c*h]=*
Sqrt [fxg - exh]*(4xAxbxdxfxh + 5*xa*Bxd*fxh - 3*%b*Bk(d*f*g + dxexh + cxfxh))
xSqrt[a + b*x]*Sqrt[-(((d*e - c*f)*(g + h*x))/((f*xg - exh)*(c + d*x)))]*Ell
ipticE[ArcSin[(Sqrt[d*g - c*h]l*Sqrtle + f*x])/(Sqrt[f*g - exh]l*Sqrt[c + d*x
11, ((bxc - a*d)*(fxg - exh))/((b*xe - axf)*(d*g - cxh))])/(4*d"2*xf~2xh~2*S
qrt[((d*e - c*f)*(a + b*x))/((b*e - a*xf)*(c + d*x))]*Sqrtlg + hxx]) - ((bxe
- a*xf)*Sqrt [b*g - a*h]*(4*A*xb*d*f*h + 3*a*Bkd*fxh - b*Bx(ckfxh + 3*d*(f*xg
+ exh)))*Sqrt[((b*e - axf)*(c + d*x))/((d*e - cxf)*x(a + bxx))]*Sqrt[g + h*x
1*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrt[a
+ bxx])], -(((bxc - a*xd)*(f*g - exh))/((d*e - c*f)*(b*xg - axh)))])/(4xb*d*f
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~2xh~2*Sqrt [f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe - a*f)*(g + h*x))/((fxg -
exh)*(a + b*x)))]) - (Sqrt[-(d*g) + cxh]l*((axd*f*h + bx(dxfxg + d*exh + c*
f*h) ) * (4xAxbxdxfxh + 5xaxBxdxfxh - 3*%b*Bkx(d*fxg + dxexh + cxfxh)) - 4xdxfxh
*x(2%ax (2xAxb + a*B)*d*fxh - b*Bx(bx(d*exg + ckxfxg + ckexh) + ax(d*f*xg + dxe
*h + cxfxh))))*(a + bxx)*Sqrt[((bxg - axh)*(c + d*x))/((d*g - c*h)*(a + b*x
))1*Sqrt [((bxg - a*h)*(e + f*x))/((f*xg - exh)*(a + b*x))]*EllipticPi[-((b*(
dxg - c*h))/((b*c - a*d)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrt[g + h*x])/(Sqrt(
-(d*g) + cxh]*Sqrt[a + bxx])], ((bxe - axf)*(d*g - cxh))/((b*c - axd)*(f*g
- exh))])/(4xb*d~2*Sqrt [bxc - a*d]*f~2¥h~3*Sqrt[c + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*#Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, 4, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*xg - e*h)*Sqrt[c + d*x]*
Sqrt [(-(b*e - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - a*xd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - a*h)*(x"2/(f*g - ex*h)
)1), x], x, Sqrtle + f*x]/Sqrtl[a + bxx]], x] /; FreeQl[{a, b, c, d, e, £, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2xSqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((f*xg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx]*Sqrt [(bxe - a*xf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*x(x_)~"2]*Sqrtl[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*d))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])
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Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]#*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]*x], cx(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & !'GtQ[d/c, 0] && GtQ[c, 0] && GtQle, 0] && !'( !'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1611

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(
x_)1*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[
1/(d*f*h*(2*m + 3)), Int[((a + b*x)"(m - 1)/(Sqrtl[c + d*x]*Sqrt[e + f*x]*Sq
rt[g + h*x]))*Simp [a*A*d*fxh*(2*m + 3) + (A*b + a*B)*dxfxh*(2*m + 3)*x + bx*
Bkd*fxhx(2*m + 3)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B},
x] &% IntegerQ[2*m] && GtQ[m, O]

Rule 1612

Int[(C(A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]

*Sqrt[(e_.) + (f_.)*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(Ax*Db
- a*B)/b, Int[1/(Sqrt[a + b*xx]*Sqrt[c + d*x]*Sqrtle + f*xx]*Sqrt[g + h*x]),
x], x] + Dist[B/b, Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrt[e + fxx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rule 1614

Int [((Ca_.) + (b_)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_.)*(x_)]*Sqrt[(e_.) + (£f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*x(x_)]), x_S
ymbol] :> Simp[2*Cx(a + b*x) “m*Sqrt[c + d*x]*Sqrtle + fxx]*(Sqrt[g + h*x]/(
dxfxhx(2xm + 3))), x] + Dist[1/(d*fxh*x(2xm + 3)), Int[((a + b*x)"(m - 1)/(S
qrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*A*d*fxh*(2*m + 3) - Cx(ax
(d*exg + cxfxg + ckexh) + 2%bxckexgxm) + ((A*b + a*B)*d*xf*h*(2*m + 3) - Cx*(
2¥ax(d*f*g + d*exh + cxfxh) + b*x(2*m + 1)*(d*exg + c*xf*g + ckexh)))*x + (b*
Bxdxf*h*(2+m + 3) + 2*Cx(axd*fxh*m - bx(m + 1)*(d*f*g + dxexh + cxfxh)))*x~
2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] & IntegerQ[2x
m] && GtQ[m, O]

Rule 1616
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Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + fxx]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*¥A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
xh - Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
c*f)*((d*g - cxh)/(2*bxd*xf*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]
Rubi steps
Va+bz (6aAdfh+6(Ab+aB)df hz+6bBdfha?) da
. _ Vetdzy/e+ fx/g+hx
integral = 6dfh
_ bBva+bzvc+dxe+ fry/g+ ha
N 2dfh
i 6df h(4a2 Adfh—bB(bceg-+a(deg+cfg+ceh)))+12dfh(2a(2Ab+aB)df h—bB(b(deg-+cfg-+ceh)+a(df g+deh+cfh)))a-+6bdf h(4Abe
+ Va+bz/c+dx+/e+ fr\/g+hx
24d2 f2h?
_ (4Abdfh + 5aBdfh — 3bB(dfg + deh + cfh))va + bxv/e + fz\/g + hz
4df?h?v/c + dz
bB\/a + bxv/c+ dz/e + fx\/g + hx
2dfh
f —6bdf h((bdeg-+acfh)(4Abdf h+5aBdf h—3bB(df g+deh+cfh))—2df h(4a® Adf h—bB(bceg+a(deg+cfg+ceh)))) —6bdf h((adf h+b(
+ Va+bz/ct+dzx
48bd°
N ((de — cf)(dg — ch)(4Abdfh + 5aBdfh — 3bB(df g + deh + cfh))) [ (C+dz)3/;\‘}:ffcz\/g+hz dz
8d2 f2h2
_ (4Abdfh + 5aBdfh — 3bB(df g + deh + cfh))Va + bzv/e + fz\/g+ hx
4df?h2v/c + dz
bB\/a + bxv/c+ dz/e + fx\/g+ hx
2dfh
1
- ((be — af)(bg — ah)(4Abdf h + 3aBdfh — bB(cfh + 3d(fg + eh)))) [ TG T v e
8bdf2h?
((adfh + b(dfg + deh + cfh))(4Abdf h + 5aBdfh — 3bB(df g + deh + cfh)) — 4df h(2a(2Ab + a
B 8bd2 f2h?

1-
((dg — ch)(4Abdfh + 5aBdfh — 3bB(dfg + deh + cfh))Va + bz %) Subst ( I \L/
1

(de—cf)(atbx) /7~
4d2f2h2 (be—af)(c+dzx) g+ hx



81

_ (4Abdfh + 5aBdfh — 3bB(dfg + deh + cfh))va+ bzv/e + fr\/g + ha
B 4df2h2\/c + dx
bB\/a + bzv/c+ dz/e + fx /g + hx
2dfh

Vg — ch\/fg — eh(4Abdf h + 5aBdfh — 3bB(dfg + deh + cfh))va + bz %E(

i o1 G Vo T

(((adfh +b(dfg + deh + cfh))(4Abdfh + 5aBdfh — 3bB(df g + deh + cfh)) — 4df h(2a(2Ab -

((be — af)(bg — ah)(4Abdfh + 3aBdfh — bB(cfh + 3d(fg + eh))) |/ Lezeletdn /g +_hx> Su

4bdf?h*(fg — eh)Ve+ d | (FeDletie)
_ (4Abdfh + 5aBdfh — 3bB(dfg + deh + cfh))va + bxy/e + fz\/g + hz
4df?h?v/c + dz
bB\/a + bxvc+ dz/e + fx\/g + hx
2dfh

Vg — ch\/fg — eh(4Abdf h + 5aBdfh — 3bB(dfg + deh + cfh))va + bz —%E(s
sz pone, [ oot g
(be — af)v/bg — ah(4Abdfh + 3aBdfh — bB(cfh + 3d(fg + eh))), / emel et fg + ha F (su
be—a hx
4bdf?h*/Fg — eh/c + du | — Nt

v —dg + ch((adfh + b(df g + deh + cfh))(4Abdf h + 5aBdfh — 3bB(df g + deh + cfh)) — 4df

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 21961 vs. 2(981) = 1962.

Time = 36.59 (sec) , antiderivative size = 21961, normalized size of antiderivative = 22.39

(a + bx)%?(A + Bz)
Ve+dzye+ fx/g+ hx

dx = Result too large to show

[In] Integrate[((a + b*x)~(3/2)*(A + Bxx))/(Sqrtlc + d*x]*Sqrt[e + f*xx]*Sqrtlg +
h*x]) ,x]

[Out] Result too large to show
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1813 vs. 2(898) = 1796.

Time = 5.18 (sec) , antiderivative size = 1814, normalized size of antiderivative = 1.85

method | result size

elliptic | Expression too large to display | 1814

default | Expression too large to display | 55936

[In] int((b*x+a)~(3/2)*(B*x+A)/(d*x+c)”~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,metho
d=_RETURNVERBOSE)

[Out] ((bxx+a)*(d*x+c)*(fxx+e)*(h*x+g))~(1/2)/(bxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)
~(1/2) / (h*x+g) = (1/2) * (1/2+B*b/d/f /h* (bxd*f*xh*kx~4+a*xd*f*xh*x~3+b*c*f*h*x~3+b*
dxexhxx~3+bxd*f*g*x~3+akxckfxhxx™2+axdxexh*xx™2+a*xd*f*gxx~2+b*cxexhxx™2+bxcxf
*xgxX " 2+bkd*exg*x~2+axckexh*x+akcxfxgrx+akdrexgrxtbkcrexgxxtakrckexg) ™ (1/2)+2
*x (a"2xA-1/2%B*b/d/f/h* (1/2*a*ckexh+1/2*%a*xcxfxg+1/2%a*dxexg+1l/2*bxcxexg) ) * (g
/h-a/b)*((-g/h+c/d)*(x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) “2*((-c/d+a/b)
*(x+e/f)/(-e/f+a/b) /(x+c/d)) " (1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~
(1/2)/(-g/h+c/d) / (-c/d+a/b) / (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) ) ~(1/2)
*E1lipticF (((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d) *(g/h-a/
b)/(-a/b+e/f)/(-c/d+g/h) )~ (1/2) ) +2* (2*a*xbxA+a~2%B-1/2xB*b/d/f /h* (a*cxfxh+a*
d*exh+a*xd*xf*xg+b*ckexhtbxcxf*g+bxdxexg))*(g/h-a/b)*((-g/h+c/d)*(x+a/b)/(-g/h
+a/b)/(x+c/d))~(1/2) *(x+c/d) "2*((-c/d+a/b) * (x+e/f) / (-e/f+a/b) / (x+c/d) )~ (1/2
)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~(1/2) / (-g/h+c/d) / (-c/d+a/b) / (bkxdx*
fxhx(x+a/b)* (x+c/d) * (x+e/f) *(x+g/h) )~ (1/2) *(-c/d*E1llipticF (((-g/h+c/d) * (x+a
/b)/(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f)/(-c/d+g/h))~(
1/2))+(c/d-a/b)*EllipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), (-
g/h+a/b)/(-g/h+c/d) , ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))+(b”
2xA+2xa*xb*B-1/2*B*b/d/f /h* (3/2*a*xd*f*h+3/2xb*c*f*h+3/2*b*d*exh+3/2*b*d*f*g)
)*((x+a/b) * (x+e/f) * (x+g/h) +(g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/d)
)~ (1/2) *(x+c/d) "2% ((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d) )~ (1/2) *((-c/d+a/b)
*x(x+g/h)/(-g/h+a/b) / (x+c/d) )~ (1/2)*((a*c/b/d-g/h*a/b+g/h*c/d+c~2/d"2) /(-g/h
+c/d)/(-c/d+a/b)*E1lipticF (((-g/h+c/d)* (x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), ((
e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(-a/b+e/f)*E1l1lipticE(((-g/
h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-
c/d+g/h))~(1/2))/(-c/d+a/b)+(a*d*fxh+b*c*f*h+bxd*e*h+bxd*xf*g) /b/d/f/h/(-g/h
+c/d)*E1lipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2),(g/h-a/b) /(-
c/d+g/h), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))))/ (b*d*fxh*(x+a
/b)*(x+c/d) *(x+e/f) * (x+g/h) )~ (1/2))
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Fricas [F(-1)]

Timed out.
(a+ bx)%?(A + Bz)

Ve+dzye+ fx/g+ hx

dz = Timed out

[In] integrate((b*x+a)~(3/2)*(Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="fricas")

[Out] Timed out
Sympy [F]

(a+b2)*(A+Br) . _ (A+ Bz) (a+ bz)?
Vet doyert favgthe ) Vetdze+ frv/g+ ko

[In] integrate((bxx+a)**(3/2)* (Bxx+A)/(d*xx+c)**(1/2)/(fxx+e)**(1/2)/(h*x+g)**(1/
2),x)

[Out] Integral((A + B*x)*(a + b*x)**x(3/2)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h
*x)), X)

Maxima [F]

(a+b2)"%(A+Bx) [ (Be+A)(bw+a)
Vetdo/et fag+he ) Vdr+e/fr+evhz g

[In] integrate((b*x+a)~(3/2)*(Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="maxima")

[Out] integrate((B*x + A)*(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Giac [F]

(a+b2)"*(A+Br) . _ (Bz + A)(bz + a)?
Vet doyve+ favg+hr  J Vdztevfz fevhz +g

[In] integrate((b*x+a)~(3/2)*(Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="giac")

[Out] integrate((Bxx + A)*(bxx + a)~(3/2)/(sqrt(d*x + c)*sqrt(fxx + e)*sqrt(h*x +
g)), x)
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Mupad [F(-1)]

Timed out.

/ (a+ bx)%?(A + Bz) i — (A+Bz) (a+bz)*?
Ve+dove+ fry/g + ho Vet fr\g+hzve+dzx

[In] int(((A + B*x)*(a + b*x)~(3/2))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~
(1/2)),%)
[Out] int(((A + B*x)*(a + b*x)~(3/2))/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~
(1/2)), x)
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3.7 f‘ v a+bzr(A+Bx) dx
Vetdoy/e¥ fry/grha

Optimal result . . . . . . . . . . 851
Rubi [A] (verified) . . . . . . ... .
Mathematica [B] (warning: unable to verify) . . . . . ... .. ... ... ... .. ]9
Maple [B] (verified) . . . . . . . . . . ]9
Fricas [F(-1)] . . . . o 90
Sympy [F] . . . 90
Maxima [F] . . . . . . o OT]
Giac [F] . . . o o OT]
Mupad [F(-1)] . . . o o 1]

Optimal result

Integrand size = 42, antiderivative size = 736

Va +bz(A + Bz) dp — BvVa + bx\/e + fr\/g+ hx
Ve+dzye+ fx/g+ hx fh/c+ dz
By/dg = chy/Jg— eh/a+ bz, |- YD B (arcsin ((VIZvete ) | (eed(fa=e)
N = N
B(be — af)+/bg — ah —Zee ‘Zgg;i‘zz) v/g + hz EllipticF (arcsm (@%) ,— EZZ‘_Z%E{;’:ZZ;)
B bfh\/fg—eh\/c-l-dx\/—— %
v/—dg + ch(2Abdfh + B(adfh — b(dfg + deh + cfh)))(a + bx) \/ ) \/ (el (Hie) BllipticPi

(fg—eh)(a+bzx)

bdv/bc — adfh?vc + dz\/e + fz

+

[Out] (2xA*bxd*fxh+B* (a*d*f*h-b* (c*f*h+d*exh+d*f*g)))*(b*x+a)*ELllipticPi((-a*d+b*
c) " (1/2)* (h*x+g) ~(1/2) / (cxh-d*g) " (1/2) / (b*x+a) ~(1/2) ,-b* (-c*h+d*g) / (-a*d+b*
c)/h, ((—axf+b*e) * (-cxh+d*g) / (—a*xd+b*c) / (-exh+fxg) )~ (1/2) ) * (c¥h-d*g) = (1/2) *(
(—axh+bxg) * (d*x+c) / (-cxh+d*g) / (bxx+a) )~ (1/2) * ((-axh+b*g) * (f*xx+e) / (—exh+f*g)
/ (bxx+a))~(1/2)/b/d/£/h~2/ (-axd+bxc) ~(1/2) / (d*x+c) " (1/2) / (f*x+e) " (1/2) +B* (b
xx+a) = (1/2) % (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /£/h/ (d*x+c) ~(1/2) -B* (—axf+b*e) *E11i
pticF ((-axh+bxg)~(1/2)*(f*x+e)~(1/2)/(~exh+f*g)~(1/2)/(b*x+a)~(1/2), (-(-a*d
+b*c) * (~exh+f*xg) / (—cxf+d*e) / (maxh+bxg) ) ~(1/2) ) * (—axh+b*g) ~(1/2) * ((—a*f+bxe)
*(dxx+c) / (-cxf+d*e) / (bkx+a)) ~(1/2) * (h*x+g) ~ (1/2) /b/£/h/ (-exh+f*g) = (1/2) / (d*
x+c)~(1/2) / (- (—a*f+b*e) * (h*x+g) / (~exh+f*g) / (b*x+a) ) ~(1/2)-B*E1llipticE((-c*h
+dxg) " (1/2) % (f*x+e) ~(1/2) / (-exh+f*g) ~(1/2) / (d*x+c) ~(1/2) , ((-a*d+b*c) * (-exh+
f*xg) /(—axf+bxe) /(-c*h+d*g) ) ~(1/2))* (-cxh+d*g) ~(1/2) * (~exh+f*g) = (1/2) * (bxx+a
)7 (1/2) % (- (-cxf+d*e) * (h*x+g) / (-exh+fxg) / (d*x+c) ) ~(1/2) /d/£/h/ ((-cxf+d*e)* (b
xx+a) / (—axf+b*e) / (d*x+c) )~ (1/2) / (h*xx+g) ~(1/2)
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Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 735, normalized size of antiderivative = 1.00,

number of steps used = 7, number of rules used = 7, number of rules _ 0.167, Rules used
integrand size

= {1610, 176, 430, 182, 435, 171, 551}

Vva + bx(A+ Bz)
Ve +dzye+ fx/g+ hx

(a + bz)\/ch — dg dg\/ o=\ [ eI (aBdfh + 2Abdf h — bB(cfh + deh + dfg)) EllipticPi (—g—,ﬁ
bdf h2v/c + dz+/e + fx\/bc — ad
c+dz)(be—af o s . Vbg—ah+/e+fz bc—ad)(fg—eh
B+v/g+ hx(be - af) Vbg — ah \/ W EllipticF (arcsm <\/f£;—eh\/a-—'-|-€w> a Ede—cf))((bg—ahg>

— _ (gt+hz)(be—af)
bfh\/c + dx\/fg eh (a+bx)(fg—eh)

(gha)(de—cf) - ( JAg=ch/eE]z | | (be—ad)(fg—eh)
~ Bva + bx+/dg — ch\/fg — ehy _(‘z—i—dx)(Teh)E<a’rCSIH <\/ff;—eh\/c+dm> |(be—af)(dZ—ch)>
(a+bzx)(de—cf)
dfh Vg + hz (c+dz)(be—af)
Bva + bx\/e + fr\/g+ hx
fhvc+dx

[In] Int[(Sqrtla + b*x]*(A + B*x))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x
]

[Out] (B*Sqrt[a + b*x]*Sqrt[e + fxx]*Sqrtl[g + h*x])/(f*h*Sqrt[c + d*x]) - (B*Sqrt
[d¥g - c*h]*Sqrt[f*g - exh]*Sqrt[a + bxx]*Sqrt[-(((d*xe - cxf)*(g + h*x))/((
fxg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrt[e + f*x])/(S
qrt [fxg - exh]l*Sqrtlc + d*x])], ((bxc - a*d)*(fxg - exh))/((bxe - axf)*(d*g
- cxh))])/(d*f*h*Sqrt [((d*e - c*f)*(a + b*x))/((bxe - a*f)*(c + d*x))]*Sqr
tlg + h*xx]) - (Bx(b*e - a*xf)xSqrt[b*g - a*h]*Sqrt[((b*e - a*f)*(c + d*x))/(
(d*xe - c*f)*(a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqr
tle + f*x])/(Sqrt[f*g - exh]*Sqrt[a + b*x])], -(((bxc - a*d)*(f*g - exh))/(
(dxe - c*f)*(bxg — a*h)))])/(b*fxh*Sqrt[f*xg - exh]*Sqrtl[c + d*x]*Sqrt[-(((b
xe — a*f)*(g + h*x))/((fxg - exh)*(a + b*x)))]) + (Sqrt[-(dxg) + cxh]*(2*xAx
bxdxfxh + axBxdxfxh - b*Bx(d*f*g + dxexh + cxfxh))*(a + b*x)*Sqrt[((b*g - a
*xh)*(c + d*x))/((d*g - cxh)*(a + bxx))]*Sqrt[((b*g - axh)*(e + f*xx))/((f*g
- exh)*(a + b*x))]*EllipticPi[-((b*(d*g - c*h))/((b*c - a*d)*h)), ArcSin[(S
qrt [bxc - a*d]l*Sqrt[g + h*x])/(Sqrt[-(d*g) + c*h]*Sqrtla + b*x])], ((b*xe -
axf)*(d*g - cxh))/((b*c - axd)*(fxg - exh))])/(b*d*Sqrt [bxc - a*xd]*f*h~2xSq
rt[c + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(b*g - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
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- exh)*(a + b*x)))]/(Sqrt[c + d*x]*Sqrt[e + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (bxc - a*d)*(x~2/(d*g - c*h))]*Sqrt[1 + (b¥e - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,

f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]1), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*x(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]*
Sqrt[(-(bkxe - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (bxc - axd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - a*h)*(x"2/(f*g - exh)
)1), x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g,
h}, x]

Rule 182

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*x(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(b*e - axf))*((g + h*x)/((f*xg - exh)*(a + b*x)))]1/((b*e - axf)*Sqrt[g + h
*xx]*Sqrt [(bxe - a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (bxc - a*xd)*(x"2/(d*e - c*£))1/Sqrt[1 - (bxg - axh)*(x"2/(f*g - e¥h))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» ]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrtl[(c_) + (d_.)*(x_)"2]), x_Symbol]l :> S
imp[(1/(Sqrt [al*Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*xd))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrtlcl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*xd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQl[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 551

Int[1/(((a ) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"21*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrt[e]l*Rt[-d/c, 2]))*EllipticPi [b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], c*(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] && 'GtQ[d/c, 0] && GtQ[c, 0] && GtQle, O] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)
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Rule 1610

Int[(Sqrtl(a_.) + (b_)*(x_)]1*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_
)1*xSqrtl(e_.) + (£_.)*(x_)I1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[B*
Sqrt[a + bxx]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(fxh*Sqrt[c + d*x])), x] + (-Dis
t [Bx(bxe - a*f)*((b*g - axh)/(2¥bxfxh)), Int[1/(Sqrtla + b*x]*Sqrt[c + d*x]
xSqrt[e + f*x]*Sqrtlg + h*x]), x], x] + Dist[Bx(d*e - c*f)*((d*g - cx*h)/(2x%
dxfxh)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrtle + f*x]*Sqrtl[g + h*x]), x
1, x] + Dist[(2xAxbkd*fxh + B*(axd*f*h - bx(dxfxg + dxexh + c*fxh)))/(2%bxd
xfxh), Int[Sqrtla + b*x]/(Sqrtl[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x]), x], x
1) /; FreeQ[{a, b, c, 4, e, f, g, h, A, B}, x] && NeQ[2*Axd*f - B*(d*e + c*
£), 0]

Rubi steps
) BvVa + bzv/e+ fz\/g+ hz
integral =
fhve+dx
1
+_(2A+B(2_E_f_2>) vatls dz
2 b d f h Ve +dz/e+ fz\/g+ hx
_ (B(be — af)(bg — ah)) [ \/a,+bm\/c+dx1\/e+fzx/g+hz dzx
2bfh
n (B(de - Cf) (dg - Ch)) f (c+dw)3/2j:—tfcz\/g+hz dr
2dfh
_ BvVa+bzve+ fr/g+hx
B fhy/c+ dz
a__c_e__ g (bg—ah)(c+dx) (bg—ah)(e+fx)
(<2A +B (b i~ f )) (@ + b2)\/ (Gg=ch)(a+ba) (fg—eh)(a+bw)> SubSt( — \/1+ o ad)mz
z dg—ch
_'_
Ve+dzye+ fr
_ _ (be—af)(ct+dz) 1 Vetfz
(B(be af)(bg ah) (de—cf)(a+bz) V g+ hiL’) Subst (f \/H—(bfi ad}z \/1 (bs} ah;f dz, z, m)

bfh(fg — eh)Vec+dx %)xg::))

1— (dg—ch)z?2
fg—eh

(—bctad)z?
(—de+cf)(g+hz) et Vetfz
<B(dg—ch)\/a—|—ba: m) Subst (f \/ dx,ac, \/c—i-da:)

(de—cf)(atbz) /7
dfh (be—af)(ct+dz) g+hz
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_ BvVa+bzve+ fr/g+hx
B fhy/c+ dz

~ BVdg = chV/Fg—ehva+ba, -Gl (it (VEEDYEETz ) | Geedifoelt)
A Ge=eierag Vo T I
B(be - of Vg = ah/ G Vo Rer (st (FERVEE) - el
B bfh/Fg — ehv/c+ du, |- Leletha)

0 e e (bg—ah)(c+dz) [(bg—ah)(e+fz) b(dg—ch) ., i, —
<2A + B (g —iT h)) V—dg + ch(a + bz)\/ Gi=cmytarsn) \/ ¢ fZ—eh)(a+bx)H(_(bciGd)h’ St

+

Vbe — adhv/c + dzv/e + fx

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 8030 vs. 2(736) = 1472.

Time = 42.32 (sec) , antiderivative size = 8030, normalized size of antiderivative = 10.91

va + bx(A + Bx)
Ve+doe+ fx/g + ha

dzr = Result too large to show

[In] Integrate[(Sqrt[a + b*x]*(A + B*x))/(Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h
*x]) ,x]

[Out] Result too large to show

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1543 vs. 2(671) = 1342.

Time = 5.15 (sec) , antiderivative size = 1544, normalized size of antiderivative = 2.10

method | result size
elliptic | Expression too large to display | 1544

default | Expression too large to display | 21369

[In] int((b*x+a)~(1/2)*(B*x+A)/(d*x+c)”~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,metho
d=_RETURNVERBOSE)

[Out] ((bxx+a)*(d*x+c)*(f*x+e)* (hxx+g))~(1/2)/(bkx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)
~(1/2) / (h*x+g) = (1/2) * (2xA*a* (g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/d
)7 (1/2) ¥ (x+c/d) "2x((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d)) = (1/2) ¥ ((-c/d+a/b
)*(x+g/h)/ (-g/h+a/b) / (x+c/d))~(1/2)/ (-g/h+c/d) / (-c/d+a/b) / (bxd*fxh* (x+a/b) *
(x+c/d) *(x+e/f) *(x+g/h) )~ (1/2) *E1lipticF (((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+
c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f) /(-c/d+g/h))~(1/2) ) +2* (Axb+B*a) *
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(g/h-a/b) *((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d)) ~(1/2) * (x+c/d) ~2* ((-c/d+a/
b)*(x+e/f)/(-e/f+a/b) /(x+c/d) )~ (1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d)
)~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (b*d*f*xh* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) )~ (1/
2)*(-c/d*EllipticF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2),((e/f-c/d)
*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b)*E1lipticPi (((-g/h+c/d) *(
x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), (-g/h+a/b) /(-g/h+c/d) , ((e/f-c/d) *(g/h-a/b)
/(-a/b+e/f)/(-c/d+g/h))~(1/2)) ) +B*b*x ((x+a/b) * (x+e/f) *(x+g/h)+(g/h-a/b) *((-g
/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d)) ~(1/2) * (x+c/d) ~2* ((-c/d+a/b) * (x+e/£f) / (-e
/f+a/b) / (x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d) )~ (1/2) * ((a*xc/
b/d-g/h*a/b+g/hxc/d+c~2/d"2)/(-g/h+c/d) /(-c/d+a/b) *E11lipticF (((-g/h+c/d) *(x
+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d) *(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h))
~(1/2))+(-a/b+e/f)*E1lipticE(((-g/h+c/d) * (x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2),
((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))/(-c/d+a/b)+(a*d*f*h+b*cx*
fxh+b*d*exh+b*xd*xf*g) /b/d/f/h/(-g/h+c/d) *E1lipticPi(((-g/h+c/d)*(x+a/b)/(-g/
h+a/b)/(x+c/d))~(1/2), (g/h-a/b)/(-c/d+g/h), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f)/
(-c/d+g/h))~(1/2)))) / (bxd*f*xh* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) ) ~(1/2))

Fricas [F(-1)]

Timed out.

va + bx(A+ Bz)
Ve +dzye+ fx/g+ hx

dz = Timed out

[In] integrate((b*x+a)~(1/2)*(Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="fricas")

[Out] Timed out

Sympy [F]

Vva+ bx(A+ Bzx) dr — (A+ Bz)va+ bz
Vet doye+ favg+hzr ) Vetdzet fzvg + hr

[In] integrate((b*x+a)**(1/2)*(B*x+A)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h*xx+g)**(1/
2),x)

[Out] Integral((A + Bxx)*sqrt(a + bxx)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)
), X)
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Maxima [F]

va + bx(A+ Bz) dp — (Bzx + A)Vbx +a i
Ve +dzye+ fx/g+ hx Vdz +cv/fr+evhr + g

[In] integrate((b*x+a)~(1/2)*(Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x

, algorithm="maxima")

[Out] integrate((B*x + A)*sqrt(bxx + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), %)

Giac [F]

Vva + bx(A+ Bz) dp — (Bx + A)Vbx +a .
Ve+dzye+ fx/g+ hx Vdz +cv/fr+evhr +g

[In] integrate((b*x+a)~(1/2)*(Bxx+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="giac")

[Out] integrate((Bxx + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), x)

Mupad [F(-1)]
Timed out.

Vva+ bx(A+ Bzx) dp — (A+ Bzx) Va+bz
Vet doye+ favg+hr ) Vet Frz gt hrvetdz

[In] int(((A + Bxx)*(a + b*x)~(1/2))/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~
(1/2)) ,x%)
[Out] int(((A + Bxx)*(a + b*x)~(1/2))/((e + £xx)7(1/2)*(g + h*x)~(1/2)*(c + d*x)~
(1/2)), x)
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A+Bx

3.8 f Va+bz/c+dz/e+ fx/g+hz dz

Optimal result . . . . . . . . . . . . e 92]
Rubi [A] (verified) . . . . . . . . . 93
Mathematica [A] (verified) . . . . . . . . . .. . 95
Maple [B] (verified) . . . . . . . .. 951
Fricas [F(-1)] . . . . . o 96
Sympy [F] . . o 96]
Maxima [F] . . . . . o o 97
Giac [F] . . o 97
Mupad [F(-1)] . . . . 97

Optimal result

Integrand size = 42, antiderivative size = 442

A+ Bx
dx
va+bxvec+dxy/e+ fz/g+ hx

(be—af)(ct+dz) sk ; Vbg—ahvet+fz (be—ad)(fg—eh)
2(Ab —aB) (@e=cf)(a+be) VY + ha EllipticF (arcsm (in]—eh\/a+bm> ' (de—cf)(bg—ah)>

— — _ (be—af)(g+hz)
b\/bg ah\/fg eh\/c + dz (fg—eh)(a+bzx)

2B+/—dg + ch(a + bw)\/ EZZ:ZZ;EZiZi; \/ (bg—ah)(e+fz) EllipticPi ( bldg—ch) 4 rcsin ( vbe—ady/gthe > (be—af

(fg—eh)(a+bx) ~ (be—ad)h’ v—dg+chvatbz ) (be—ad]

+
bvbc — adhv/c + dxz\/e + fx

[Out] 2*B*(b*x+a)*EllipticPi((-a*d+b*c)~(1/2)*(h*x+g)~(1/2)/(cxh-d*g)~(1/2)/(b*x+
a)~(1/2) ,-b*(-cxh+d*g) / (~a*d+bxc) /h, ((-axf+b*e) * (~c*h+d*g) / (-axd+b*c) / (—e*h
+f*g)) " (1/2)) *(cxh-d*g) ~ (1/2) * ((—a*h+b*g) * (d*x+c) / (-cxh+d*g) / (b*x+a)) ~(1/2)

* ((-axh+b*g) * (f*x+e) / (-exh+f*g) / (bxx+a)) ~(1/2) /b/h/ (-axd+b*c) ~(1/2) / (d*x+c)
~(1/2)/ (f*x+e) ~(1/2) +2x (A¥b-B*a) *E11ipticF ((-axh+b*g) ~(1/2) * (f*x+e) ~(1/2) /(
—exh+f*xg) ~(1/2) / (bxx+a)~(1/2), (- (-axd+b*c) * (—~exh+f*g) / (—cxf+d*e) / (~a*h+b*g)

)~ (1/2)) *((-a*xf+bxe) * (d*x+c) / (-cxf+d*e) / (bkx+a) )~ (1/2) * (h*x+g) ~(1/2) /b/ (-a*
h+bxg) = (1/2) / (—exh+f*g) ~(1/2) / (d*x+c) ~(1/2) / (- (-axf+bke) * (h*xx+g) / (~exh+f*g)

/ (bxx+a))~(1/2)
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Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 442, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 5 number of rules _ 0.119, Rules used

' integrand size
= {1612, 176, 430, 171, 551}

A+ Bx
dx
Vva+bzvec+dzy/e+ fz/g+ hx
(c+dz)(be—af) sogs ; Vbg—ahvetfx (be—ad)(fg—eh)
_ 2o+ ha(Ab— aB) [ Gihaeer) EUPICH (amsm <¢fgg_eh¢a+bz> ~ (de—cf)(bg—ah)>
bvc + dz+/bg — ah+/fg — eh _%

(ct+dz)(bg—ah) [ (e+fz)(bg—ah) s D b(dg—ch) . Vbc—ad\/gthz (be—af)(c
2B(a + ba)v'ch — dg\/ (o 4 dg—chy \/ (otb0) (Jo—er) EALPtiCP (‘ Go—adh 2TCS1D <¢CZ_‘ZW‘Z+£) ? (be—ad)({

bhy/c + dz+/e + fx\/bc — ad

_|_

[In] Int[(A + B*x)/(Sqrtla + b*x]*Sqrt[c + d*x]*Sqrt[e + fxx]*Sqrtlg + h*x]),x]

[Out] (2*(Axb - a*B)*Sqrt[((b*e - axf)*(c + d*x))/((d*xe - c*f)*(a + b*x))]*Sqrtlg
+ hxx]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrt[e + f*x])/(Sqrt[f*g - exh]*S

qrtla + b*x])], -(((b*c - axd)*(f*g - exh))/((dxe - c*f)*(bxg - a*h)))])/(b

*3qrt [bxg - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe - axf)*(g + h*x
))/((f*g - exh)*(a + b*x)))]) + (2%BxSqrt[-(d*g) + c*h]*(a + b*x)*Sqrt [((b*

g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*Sqrt[((b*g - a*h)*(e + f*x))/(

(fxg - exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h))/((bxc - a*d)*h)), ArcS
in[(Sqrt[b*c - axd]*Sqrt[g + h*x])/(Sqrt[-(d*g) + cxh]*Sqrt[a + b*x])], ((b

xe - axf)*(d*g - c*h))/((bxc - a*xd)*(f*g - exh))])/(bxSqrt[b*c - a*d]*h*Sqr

tlc + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]1*(Sqrt[(bxg - a*h)*((e + £*xx)/((f*g
- exh)*(a + bxx)))]1/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (b*c - axd)*(x"2/(d*g - c*h))]*Sqrt[1 + (b*e - axf)*(x"2/(f*xg -
exh))]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((fxg - e*h)*Sqrtlc + d*x]*
Sqrt[(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
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h}, x]

Rule 430

Int[1/(Sqrt[(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]l*Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*d))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 551

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrt[el*Rt[-d/c, 2]))*EllipticPi[b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQ[{a, b, c, 4, e,
£}, x] && 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && !'( 'GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (£f_.)*(x_)]1*Sartl(g_.) + (h_.)*(x_)1), x_Symbol] :> Dist[(Axb
- a*B)/b, Int[1/(Sqrtl[a + bxx]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rubi steps
Va+bx o 1
integral = */C+d’”‘/2+f N + (4b—aB) | x/a+bzl\)/c+dz\/e+ Fovathe 0%

(ZB(G + ba: (bg—ah)(c+dz) /(bg— ah)(e-i—fac)) Subst ( \/
(h—bx?)

Z, va-+bz

\/W)

(dg—ch)(a+ba) \/ (fg—eh)(atba) c—ad)e e—af)a?
st Y Ug=eeste e o
- bvc+ dzv/e + fx
(be—af)(ct+dn) /o—F— L vets
(Q(Ab - CLB) (dee Zf)(Zer: g+ h.’E) Subst (f \/1+ (bc—ad)z2 \/1 (bg—ah)z2 d.’L', T, Vz+b;
de—cf fg—eh

|

_|_
/=1 .. /(=betaf)(g+hz)
b(fg - eh) c+dx (fg—eh)(f+bx)
(be—af)(ct+dz) 1 [ Vbg—ah /et [z (be—ad)(fg—eh)
2(Ab — aB)\/ (Ge=cf)(atta) VI + haF (Sm <\/fgg—eh\/a+bw) - <de—cf><b§—ah>>

— — _ (be—af)(g+ha)
by/bg — ah\/fg — ehv/c + dx (Fo—ch) (atbo)

(be—af)(d

+

(bg—ah)(ct+dx) /(bg—ah)(e+fx) b(dg—ch) . : —1 [ vbc—ad\/g+h
2By/—dg + ch(a + bx)\/ (dg—ch)(a+be) \/ ( fgg—eh)(a+bm)ﬂ<_ (bo—adyh> S (\/—;g—?-chja+lfm

)|

(bc—ad)(f:

bvbc — adh+/c + dz+\/e + fz
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Mathematica [A] (verified)

Time = 24.66 (sec) , antiderivative size = 586, normalized size of antiderivative = 1.33

A+ Bz
dz
va+bzv/c+dzve+ fx\/g+ hx

) _

(bg—a
(fg—e

b9—ah)(ei] . . —betaf)(g+hz) ) (—betad)(—fg+eh)
2(a + bx)3/2, [ Lazah)(ctdz) _ Aby (e (o-he) Bliptick (arcsin (| GREHERS ), SheteRGess
@ OT (dg—ch)(a-+bz)

(by—ah)(+be) =S

[In] Integrate[(A + B*x)/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + hxx

1) ,x]

[Out] (2x(a + b*x)~(3/2)*Sqrt[((bxg - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x))]I*(-

((Axb*Sqrt [((bxg - ax*h)*(e + f*x))/((f*g - exh)*(a + b*x))]*(g + h*x)*Ellip
ticF[ArcSin[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*g - exh)*(a + b*x))]1], ((-(
bxc) + a*xd)*(-(fxg) + exh))/((bxe - axf)*(d*g - c*h))])/((b*g - axh)*(a + b
*x) *Sqrt [((-(b*e) + axf)*(g + h*x))/((fxg - exh)*(a + b*x))])) - (axB*Sqrt[
((bxg - a*xh)*(e + f*x))/((f*g - exh)*(a + b*x))]*(g + h*x)*EllipticF[ArcSin
[Sqrt [((-(bxe) + axf)*(g + h*x))/((fxg - exh)*x(a + bxx))]], ((-(b*c) + axd)
x(—(fxg) + exh))/((bxe - axf)x(d*xg - c*h))]1)/((-(b*g) + a*h)*(a + b*x)*Sqrt
[((-(bxe) + axf)*(g + h*x))/((f*g - exh)*(a + b*x))]) + (Bkx(-(f*g) + exh)*S
qrt [-(((bxe - axf)*(bkg - axh)*(e + f*x)*(g + h*x))/((f*xg - e*h) 2%(a + b*x
)~2))]1*EllipticPi[(b*(-(f*g) + e*h))/((b*e - axf)*h), ArcSin[Sqrt[((-(b*e)
+ axf)*(g + hxx))/((f*g - exh)*(a + bxx))]], ((-(bxc) + a*d)*(-(fxg) + e*h)
)/ ((bxe - axf)x(d*g - c*h))])/((b*xe - axf)*h)))/(b*Sqrt[c + d*x]*Sqrtl[e + £
*xx]*Sqrt [g + h*x])

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 847 vs. 2(404) = 808.

Time = 6.53 (sec) , antiderivative size = 848, normalized size of antiderivative = 1.92

method | result

2A(%—

Sl

/(bz+a)(dz+c)(fz-+e) (ha+g)

elliptic

default | Expression too large to display
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[In] int((B*x+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,metho
d=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(f*x+e)* (h*x+g))~(1/2)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)
~(1/2) / (h*x+g) ~(1/2) * (2xA* (g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/d))
~(1/2) *(x+c/d) ~2*((-c/d+a/b) * (x+e/f) / (-e/f+a/b) / (x+c/d) )~ (1/2) *((-c/d+a/b) *
(x+g/h)/(-g/h+a/b) / (x+c/d))~(1/2) / (-g/h+c/d) / (-c/d+a/b) / (bxd*f*h* (x+a/b) *(x
+c/d) *(x+e/f) *(x+g/h)) ~(1/2) *E1lipticF (((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/
d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f)/ (-c/d+g/h)) ~(1/2) ) +2%B*(g/h-a/b) *
((-g/h+c/d)*(x+a/b) /(-g/h+a/b) / (x+c/d) )~ (1/2) * (x+c/d) “2* ((-c/d+a/b) * (x+e/f)
/(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) * (x+g/h) / (-g/h+a/b) / (x+c/d)) ~(1/2) /(-
g/h+c/d)/(-c/d+a/b) / (bxd*xf*h*(x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) ) ~(1/2) *(-c/d*E
1lipticF(((-g/h+c/d)*(x+a/b) /(-g/h+a/b) /(x+c/d))~(1/2),((e/f-c/d)*(g/h-a/b)
/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b)*E1llipticPi (((-g/h+c/d) *(x+a/b)/(-g
/h+a/b)/(x+c/d))~(1/2), (-g/h+a/b)/(-g/h+c/d), ((e/f-c/d) *(g/h-a/b) /(-a/b+e/f
)/ (=c/d+g/h))~(1/2))))

Fricas [F(-1)]

Timed out.
A+ Bz

Vva + bxvc+ drv/e + fx/g + hx

dz = Timed out

[In] integrate((B*x+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="fricas")

[Out] Timed out
Sympy [F]

A+ Bz A+ Bz
dx = dx
Va +bzvc+ dxv/e + fr\/g+ hx Va4 bxvc+ dx/e + fx\/g+ hx

[In] integrate((B*x+A)/(b*x+a)**(1/2)/(d*x+c)*x(1/2)/(f*x+e)**(1/2)/ (hxx+g)**(1/
2),x)

[Out] Integral((A + B*x)/(sqrt(a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)
), X)
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Maxima [F]

A+ Bx Bx+ A
dr = dz
Vva+ bxvc+ dzv/e + fr\/g+ hx Vbx + avdzx + c/fxr +ev/hz + g

[In] integrate((B*xx+A)/(b*xx+a)~(1/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2) ,x
, algorithm="maxima")
[Out] integrate((Bxx + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g

)), %)

Giac [F]

/ A+ Bx / Bx+ A
dr = dz
Vva+ bxvc+ dzv/e + fr\/g+ hx Vbx + avdzx + c/fxr +ev/hz + g

[In] integrate((Bxx+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x
, algorithm="giac")
[Out] integrate((Bxx + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g

)), %)

Mupad [F(-1)]
Timed out.
A+ Bz A+ Bz
dx=/ dx
va+brvec+ dzy/e + fx\/g+ hx Ve+ frg+hrva+bxe+dx

[In] int((A + B*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*(c + d*x)~(1

/2)) ,x%)
[Out] int((A + B*x)/((e + £*xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*(c + d*x)~(1

/2)), %)
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3.9 f A+Bx dx
) (a+bz)3/2\/c+dz/e+ fz/g+ha

Optimal result . . . . . . . . . . . . e O8]
Rubi [A] (verified) . . . . . . . . . 99
Mathematica [A] (verified) . . . . . . . . . .. . 102
Maple [B] (verified) . . . . . . . . .. 1021
Fricas [F] . . . . . . o 103
Sympy [F] . . o 104
Maxima [F] . . . . . . o 104
Giac [F] . . 104
Mupad [F(-1)] . . . . o 1051

Optimal result

Integrand size = 42, antiderivative size = 606

/ A+ Bzx gy — 2(Ab — aB)dva + bx\/e + fr\/g + hx
(a + bx)3/2\/c + dz/e + fx\/g + hx (bc — ad)(be — af)(bg — ah)Vc + dz
_ 2b(Ab—aB)Vc+dazve+ fr/g+hx

(bc — ad)(be — af)(bg — ah)va + bx

de—c hz s Vdg—ch/e+fz be—ad)(fg—eh
2(Ab — aB)+/dg — ch\/fg — ehv/a + bx\/— —Efg e’;l))((gcidzﬁE(arcsm (x/ff; eh«cigﬁ) |gbe af)(zg ch;)
(be — ad)(be — af)(bg — ah)/ =eet /o r Ry

2(Bc — Ad),/e=al)letds) /o EllipticF (arcsin ( Vog—ahy/et] “’) , — {be—ad)(f Q‘Eh))

(de—cf)(a+bz) vV fg—ehva+bx (de—cf)(bg—ah)
be—a hx
(be — ad)y/bg — ahy/Tg — ehv/e+ da [~ Ce=ehlati)

[Out] 2*(A*b-B*a)*d*(b*x+a)~(1/2)*(f*xx+e)~(1/2)*(h*x+g)~(1/2)/(-a*d+b*c)/(-a*xf+bx*
e)/ (—axh+bxg) / (d*x+c) ~(1/2) -2xb* (A*b-B*a) * (d*x+c) ~ (1/2) * (£*x+e) ~ (1/2) * (h*xx+
g)~(1/2) / (—a*d+bxc) / (—axf+b*e) / (~a*h+bxg) / (b*x+a) ~(1/2) +2* (-A*d+B*c) *E1lipt
icF((-axh+b*g) ~(1/2) * (f*x+e) ~(1/2) / (—exh+f*g) ~(1/2) / (b*x+a)~(1/2) , (- (-a*d+b
xC)* (—exh+f*g) / (-cxf+dxe)/ (—axh+b*g) )~ (1/2)) *((-axf+b*e) * (d*x+c)/ (—cxf+d*e)
/ (bxx+a) )~ (1/2) * (h*x+g) = (1/2) / (-axd+b*c) / (-a*h+bxg) = (1/2) / (-exh+f*xg) ~(1/2)/
(d*x+c) " (1/2) / (- (ma*f+b*e) * (h*x+g) / (—exh+f*g) / (b*x+a) ) ~(1/2) -2*% (A*b-B*a) *E1
lipticE((-cxh+d*g)~(1/2)*(fxx+e) " (1/2) /(-exh+f*g)~(1/2) /(d*x+c)~(1/2), ((-a*
d+bxc) * (—exh+f*g) / (-axf+bxe) / (—c*h+d*g)) ~(1/2) ) * (—~c*h+d*g) ~ (1/2) * (~exh+f*g)
~(1/2) *(b*x+a) ~(1/2) * (- (—c*f+d*e) * (h*x+g) / (~exh+f*xg) / (d*x+c)) ~(1/2) / (—axd+b
*c) / (-axf+bxe) / (-a*xh+b*g) / ((-cxf+dxe)* (bxx+a)/(—axf+bxe) /(d*x+c))~(1/2)/ (h*
x+g)~(1/2)

_|_
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Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 606, normalized size of antiderivative = 1.00,

number of steps used = 7, number of rules used = 7, number of rules _ 0.167, Rules used
integrand size

— {1613, 1616, 12, 176, 430, 182, 435}

c+dx)(be—a sy . bg—ah
/ A+ Bz e 2v/g + hx(Bc — Ad),/ m EllipticF <arcsm (ﬁ
(a + bx)3/2/c+ dz\/e + fx/g + hz Ve + dz(be — ad)+/bg — ah\/fg — eh —%

hz)(de—c . Vdg—che+fzx bc—ad —eh
2v/a + bx(Ab— aB)+/dg — ch\/fg — eh,/ —%E(awsm (va—eh¢ci£z> |§be_af))((£‘;_chg)
Vg + hz(bc — ad)(be — af)(bg — ah),/ %
_ 2bvVe+dzve+ fry/g+ha(Ab—aB)  2dva+bzye+ fry/g+ ha(Ab— aB)
va+ bx(bc — ad)(be — af)(bg — ah) Ve + dz(be — ad)(be — af)(bg — ah)

[In] Int[(A + B*x)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x]),x
]

[Out] (2*(Axb - a*B)*d*Sqrt[a + bxx]*Sqrt[e + f*x]*Sqrt[g + h*x])/((b*c - axd)*(b
xe — a*f)*(bxg - axh)*Sqrtl[c + d*x]) - (2%b*(A*b - a*B)*Sqrt[c + d*x]*Sqrt[
e + fxx]*Sqrt[g + h*x])/((bxc - axd)*(b*xe - axf)*(b*g - axh)*Sqrt[a + b*x])
- (2x(A*b - a*B)*Sqrt[d*g - c*h]*Sqrt[f*g - exh]*Sqrt[a + bxx]*Sqrt[-(((d*
e - cxf)*x(g + h*x))/((f*g - e*h)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g -
cxh]*Sqrt[e + f*x])/(Sqrtlfxg - exh]*Sqrtlc + d*x])], ((bxc - axd)*(fxg - e
xh))/((bxe - axf)x(d*g - c*h))])/((b*c - axd)*(b*e - axf)*(b*g - axh)*Sqrt[
((d*e - cxf)x(a + bxx))/((bxe - a*f)*(c + d*x))]*Sqrt[g + h*x]) + (2%(Bxc -
Axd)*Sqrt [((b*e - a*f)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt[g + hxx]*E
1lipticF[ArcSin[(Sqrt[b*g - axh]*Sqrt[e + f*x])/(Sqrt[f*g - exh]l*Sqrt[a + b
*x]1)], -(((b*c - a*d)*(f*xg - exh))/((d*e - c*f)*(b*g - a*h)))])/((bxc - a*d
)*Sqrt [b*g - axh]*Sqrt[f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((bxe - a*f)*(g + h*
x))/((f*g - exh)*(a + bxx)))])

Rule 12

Int[(a_)*(u_), x_Symbol]l :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((fxg - e*h)*Sqrt[c + d*x]*
Sqrt[(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (bxc - axd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - ex*h)
)1), x], x, Sqrtle + f*x]/Sqrtl[a + bxx]], x] /; FreeQl[{a, b, c, d, e, £, g,
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h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx]*Sqrt [(bxe - a*xf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (b*xg - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
> ]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1/(Sqrt [a]l*Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(axd))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] & !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 1613

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
JIxSqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*xx]*(Sqrt[g + h*x]
/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2*(m + 1)*(b*
c - axd)*(b*e - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + f*x]*Sqrtlg + hx*x]))*Simp[Ax(2*a~2*%d*f*h*(m + 1) - 2%a*b*x(m + 1)*(d*
fxg + dkexh + c*f*h) + b™2%x(2#m + 3)*(d*e*xg + c*f*g + cxexh)) - bxBx(ax(dxe
xg + ckfxg + cxexh) + 2xbkcxexgx(m + 1)) - 2+%((A*b - a*B)*(axd*fxhx(m + 1)
- bx(m + 2)*(d*f*g + dxexh + cxfxh)))*x + d*xfxh*x(2*m + 5)*(A*b~2 - a*b*B)*x
~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+*m]
&& LtQ[m, -1]

Rule 1616

Int[((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbo
1] :> Simp[CxSqrt[a + b*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
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xh — Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
cxf)*((d*g - c*h)/(2¥bxd*f*h)), Int[Sqrt[a + b*x]/((c + d*x)~(3/2)*Sqrt[e
+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rubi steps

tegral — _ 22(Ab— aB)Ve+ dzet frVg + ha
gral = (bc—ad)(be—af)(bg_ah)m

f b2 Bceg—a® Adfh—ab(B(deg+cfg+ceh)—A(df g+deh+cfh))+(Ab—aB)(adf h+b(df g+deh+cfh))z+2b(Ab—aB)df ha? dr
Va+bz/c+dz+/e+ fr\/g+hx

+ (bc — ad)(be — af)(bg — ah)
_ 2(Ab—aB)dva +bave+ frv/g + ha
N (bc — ad)(be — af)(bg — ah)vc + dx
f 2bd(Bc—Ad) f(be—af)h(bg—ah) dz

. 2b(Ab — aB)\/C +dzve+ fr\/g + hx 4 Vatbzy/ctdz/e+fo/g+ha
(be — ad)(be — af)(bg — ah)va + bz 2bd(oc — ad)f(be — af)h(bg — ah)
((Ab— aB)(de — cf)(dg — ch)) [ rgrbtle——rdo
(bc — ad)(be — af)(bg — ah)
_ 2(Ab—aB)dva+bzve+ frvg+hr  2b(Ab—aB)vVc+drve+ favg+ha
"~ (be— ad)(be — af)(bg — ah)\/c + dx (bc — ad)(be — af)(bg — ah)va + bz
dz

(BC - Ad f \/a—i—bx\/c—i—dx\/e—i-fx\/g-i—hx
bc — ad

be—af

(—bctad)x
S [(Cdetef)(g+ha) ! Jeifz
(2(Ab—aB)(dg—ch) a+bx m) Subst (IWCMI,IC,W)
fg—eh

(be — ad)(be — af)(bg — ah)/ e=eeb /o Ty

_ 2(Ab—aB)dva+bzve+ frvg+hr  2b(Ab—aB)vVc+drye+ fayg+ha
~ (bc— ad)(be — af)(bg — ah)Vc + dz (bc — ad)(be — af)(bg — ah)va + bx

(de—cf)(g+he) 1 ( win—1 [ Vdg—chy/exfz \ | (be—ad)(fg—eh)’
~ 2(Ab — aB)+/dg — ch\/fg — ehv/a + bx\/— (o eh)(gchdx)E'(sm ! (in—eh\/c—‘,—dx) |(be_af)(d§_ch)/

(be — ad)(be — af)(bg — ah)y/ e=eea) /Ty

_ (be—af)(c+dz) 1 Ve+fzx
(2(3 ¢ = Ad)\/Ge=charen VI + hx) Subst (f et i et e am)
de—cf fg—eh

+
/ l —be-l-ai g+h$
(bc a’d) (fg - eh) ¢ g <(./9—eh))((a+bw))
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_ 2(Ab—aB)dva+bzye+ fr\/g+hr  2b(Ab—aB)Vc+dzve+ fxvg+ha
(b — ad)(be — af)(bg — ah)Vc + dz (bc — ad)(be — af)(bg — ah)va + bz
de—cf hx PR vdg—ch/e+fz bc—ad)(fg—eh
2(Ab — aB)+/dg — ch\/fg — ehv/a + bx\/— —Efg eh))((gcidx;E(sm 1 (wﬁ-m@i&) |Ebe—af))((d3—ch;)
(bc — ad)(be — af)(bg — ah) EZ: 2;)(3133 Vg +hz

(be—af)(ctdx) vbg—ah\/et+fx (bc—ad)(fg—eh)
2(Bc — Ad) ({Ge—cf)(atba) VI T haF (sm < \/Jf;_eh\/a +bw> |_(de—cf)(bg—ah)>

(bc — ad)y/bg — ahy/fg — ehv/c+ dp |/ —Seaietss)

Mathematica [A] (verified)

Time = 26.02 (sec) , antiderivative size = 333, normalized size of antiderivative = 0.55

| A+ Bs 2(be — af)\ EEEE e+ f2)92(g + he)? (4 - aB)(d
(a+ bz

_|_

dz
)3/2y/c + dz/e + fx\/g + hx (be

[In] Integrate[(A + B*xx)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h
*x]) ,x]

[Out] (2x(bxe - a*f)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(e + f
*x)~(3/2)*(g + h*x)~(3/2)*((Axb - a*B)*(d*g - c*h)*EllipticE[ArcSin[Sqrt [((
-(bxe) + axf)*(g + h*x))/((f*g - exh)*(a + b*x))]], ((bxc - a*d)*(f*g - exh
))/((b*xe - axf)*x(dxg - cxh))] + (Bxc - A*xd)*(b*g - a*h)*EllipticF[ArcSin[Sq
rt[((-(bxe) + axf)*x(g + hx*x))/((fxg - exh)*(a + b*x))]], ((bxc - a*xd)*(f*xg
- exh))/((b*e - axf)x(dxg - c*h))]))/((b*xc - axd)*(fxg - e*h)~3*(a + b*x)~(
5/2)*Sqrt[c + d*x]*(-(((bxe - a*xf)*(bxg - a*h)*(e + f*x)*(g + h*x))/((f*g -
exh) “2x(a + b*x)~2)))~(3/2))

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 2249 vs. 2(552) = 1104.

Time = 7.69 (sec) , antiderivative size = 2250, normalized size of antiderivative = 3.71

method | result size

elliptic | Expression too large to display | 2250

default | Expression too large to display | 18724

[In] int((B*x+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,metho
d=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(f*x+e)* (h*x+g))~(1/2)/(bkxx+a)~(1/2)/(d*x+c)~(1/2)/ (f*x+e)
~(1/2) / (h*x+g) ~ (1/2) * (2% (bxd*f*xh*x~3+bkc*xf*xh*kx~2+b*d*kexh*kx~2+b*d*f*g*x~2+b*
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ckexhxx+b*xc*f*gxx+bxd*exgkx+bxckxe*g) /(a~3*d*f*h-a~2xb*c*f*h-a~2*b*d*exh-a~2
xbxd*f*g+axb~2*ckexh+axb~2*c*f*xg+axb~2*d*exg-b~3*ckexg) * (Axb-B*a) / ((x+a/b) *
(b*d*f*h*x~3+b*c*xfxh*x~2+b*xd*exh*x~2+bxd*f*g*x~2+b*ckexhxx+bkc*f*gxx+b*d*e*
gxx+b*ckexg)) ~(1/2)+2*% (B/b+1/b* (a~2*d*f*h-a*xbxc*f*h-a*xbxd*exh-a*xbxd*f*xg+b~2
kckexh+b ™2k ckf*g+b~2xd*e*g) * (Axb-B*a) / (a~3*d*f*h-a~2*b*cxf*h-a~2*bxd*exh-a"~
2xbxd*f*g+axb~2xcxexh+axb~2xc*f*g+axb~2xd*e*xg-b~3xcke*g) - (bxckxexh+bxcxf*g+b
xdxex*g) / (a~3xd*f*h-a”~2xbxc*f*h-a~2xb*d*exh-a~2*b*d*f*g+axb~2*ckexh+a*xb~2%cx*
fxg+axb~2xd*exg-b~3xckexg) * (Axb-B*a) ) *(g/h-a/b) * ((-g/h+c/d) *(x+a/b) /(-g/h+a
/0)/(x+c/d))~(1/2) *(x+c/d) "2x((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d) ) ~(1/2) *
((-c/d+a/b)*(x+g/h) / (-g/h+a/b) /(x+c/d))~(1/2) /(-g/h+c/d) / (-c/d+a/b) / (bxd*fx*
h*(x+a/b) *(x+c/d) * (x+e/f) *(x+g/h)) ~(1/2) *EllipticF (((-g/h+c/d) *(x+a/b) / (-g/
h+a/b) /(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h) ) ~(1/2) ) +2%
(- (axd*f*h-bxc*f*h-b*d*xexh-b*d*f*g)* (A*b-B*a) / (a~3*d*f*xh-a~2*bkcxfxh-a~2*b*
d*exh-a~2*xbxd*f*g+a*xb~2xckexh+axb~2*xc*f*gt+axb~2*d*e*xg-b~3*cke*xg) - (2*xb*c*xf*h
+2%b*d*exh+2xb*d*f*g) / (2~ 3*d*fxh-a~2xbxcxfxh-a~2xbxd*xexh-a~2xbxd*f*g+axb~2%
ckexh+axb~2*ckf*xg+axb~2kd*exg-b~3*c*xexg) * (A*b-B*a) ) *(g/h-a/b) * ((-g/h+c/d) *(
x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2) *(x+c/d) “2* ((-c/d+a/b) * (x+e/f) / (-e/f+a/b) /(
x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~(1/2) / (-g/h+c/d) / (-c/
d+a/b) / (bxd*f*h* (x+a/b) * (x+c/d) *(x+e/f) * (x+g/h) )~ (1/2) *(-c/d*E1llipticF (((-g
/h+c/d) *(x+a/b) /(-g/h+a/b) /(x+c/d))~(1/2) , ((e/f-c/d) *(g/h-a/b) /(-a/b+e/f) /(
-c/d+g/h))~(1/2))+(c/d-a/b)*EllipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/
d))~(1/2),(-g/h+a/b)/(-g/h+c/d), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h))
~(1/2)))-2xbxd*f*h* (A*b-B*a) / (2~ 3*d*f*h-a~2*b*c*xf*xh-a~2*b*d*exh-a~2*bxd*f*g
+axb~2xckexh+a*b~2xc*xfxg+axb 2*xd*exg-b~3*crexg) * ((x+a/b) * (x+e/f) * (x+g/h) +(g
/h-a/b)*((-g/h+c/d)*(x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) “2*((-c/d+a/b)
*(x+e/f)/(-e/f+a/b) /(x+c/d)) " (1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~
(1/2)*((a*xc/b/d-g/h*a/b+g/h*c/d+c~2/d"2) /(-g/h+c/d) / (-c/d+a/b) *E1lipticF (((
-g/h+c/d) *(x+a/v) /(-g/h+a/b) / (x+c/d))~(1/2),((e/f-c/d) *(g/h-a/b) / (-a/b+e/f)
/(-c/d+g/h))~(1/2))+(-a/b+e/f)*E1lipticE(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+
c/d))~(1/2),((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))/(-c/d+a/b)+(
axd*fxh+b*ckxfxh+b*xd*exh+bxd*xf*g) /b/d/f/h/(-g/h+c/d) *E1lipticPi(((-g/h+c/d)*
(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), (g/h-a/b)/(-c/d+g/h) , ((e/f-c/d)*(g/h-a/b)
/(-a/b+e/f)/(-c/d+g/h))~(1/2))) )/ (b*d*fxh* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h))~
(1/2))

Fricas [F|

dz

A+ Bx d _/ Bx+ A
(a4 bz)3/2\/c+ dzv/e + foy/g + ha (bx+a)%\/dx+c\/fx+e\/hx+g

[In] integrate((B*x+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="fricas")
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[Out] integral((B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)/
(b~2*d*f*h*x~5 + a~2*kcxexg + (b~2*d*f*xg + (b~2xd*e + (b~2%c + 2xa*b*d)*f)*h
)*¥x74 + ((b~2*d*e + (b"2xc + 2*a*xbxd)*f)*g + ((b~2%c + 2*axbxd)*e + (2xaxb*
c + a”2xd)*f)*h)*x"3 + (((b72%c + 2*axbxd)*e + (2%axb*c + a~2xd)*f)*g + (a~
2xc*xf + (2%a*xbxc + a~2*d)*e)*h)*x"2 + (a"2*cxexh + (a~2*cxf + (2xaxb*c + a~

2%d) xe) *g) *x) , Xx)

Sympy [F]

A+ Bz A+ Bz
dr = 5 dx
(a+bx)32/c+ dzv/e + fr/g + ha (a+bx)2 v/c+dz\/e + fr\/g+ hx

[In] integrate((B*x+A)/(b*x+a)**(3/2)/(d*x+c)**(1/2)/(f*x+e)**(1/2)/(h*x+g)**(1/
2),x)

[Out] Integral((A + B*xx)/((a + b*x)**(3/2)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h
*x)), X)

Maxima [F]

/ A+ Bx da / Bx+ A s
(a +b2)32V/c +dzve + fzv/g + h (bx-l—a)%\/dw—l-c\/fx—l-e\/hx-l-g

[In] integrate((Bxx+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2) ,x
, algorithm="maxima")

[Out] integrate((Bxx + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Giac [F]

A+ Bx d _/ Bx+ A s
(a +bz)3/2\/c+ dzv/e + foy/g + ha (bx—l—a)%\/dw—l—c\/fx—l—e\/hx—l—g

[In] integrate((Bxx+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*xx+g)~(1/2),x
, algorithm="giac")

[Out] integrate((Bxx + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)
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Mupad [F(-1)]

Timed out.

/ A+ Bx dx—/ A+ Bz de
(a+b2)32/c+ dzv/e + fa/g+ hx Vet fzg+hz(a+bz)**Verdz

[In] int((A + Bxx)/((e + £*x)~(1/2)*(g + hx*x)~(1/2)*(a + bxx)~(3/2)*(c + d*x)~(1
/2)) ,%x)

[Out] int((A + Bxx)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*(c + d*x)~(1
/2)), x)
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A+Bz

3.10 f (a+bz)5/2\/ct+dz/e+ fz/g+ha dz

Optimal result . . . . . . . . . . . . e
Rubi [A] (warning: unable to verify) . . . . . ... ... ... ... ... 107
Mathematica [B] (verified) . . . . . . . . ... L 111
Maple [B] (verified) . . . . . . . .. 111
Fricas [F] . . . . . . o 113
Sympy [F(-1)] . . o o o 113
Maxima [F] . . . . . . o 114
Giac [F] . . 114
Mupad [F(-1)] . . . . o 114

Optimal result

Integrand size = 42, antiderivative size = 1081

/ A+ Bx dpe 2d(3a®Bdfh + b3(3Bceg — 2A(deg + cfg + ceh)) — ab?(B(deg
(a + bx)5/2\/c + dz/e + fx\/g + hx
2b(Ab — aB)v/c + dz+v/e + fx\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
2b(3a®Bdfh + b*(3Bceg — 2A(deg + cf g + ceh)) — ab*(B(deg + cfg + ceh) — 4A(df g + deh + cfh)) —
- 3(bc — ad)2(be — af)2(bg — ah)2v/a + bz
2v/dg — chv/fg — eh(3a®Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cfg + ceh) — 4A(df g -

3(bc — ad)?(be — af)?
2(3a%d(Bc — Ad) fh + b*(3Bcdeg — A(2d%eg — 2 fh + cd(fg + eh))) + ab(3Ad?(fg + eh) — B(d?eg + ¢
3(bc — ad)?(be — af)(bg — ah)3/2\/fg —

[Out] 2/3*d*(3*a~3*B*d*f*h+b~3*(3*xB*xc*e*xg—2xA* (cxexh+c*xf*xg+dxexg))-axb~2* (Bx(ckxex
h+c*f*xgt+drexg) —4xA* (cxfxh+d*kexh+d*xf*g) ) —a~2xb* (6xA*xd*f*h+B* (cxf*h+d*exh+d*f
*g) ) ) * (bxx+a) = (1/2) * (£*x+e) ™ (1/2) * (h*x+g) ~(1/2) / (-a*xd+b*c) “2/ (-a*f+b*e) "2/ (
—axh+b*g) ~2/ (d*x+c) ~(1/2) -2/3*b* (A*xb-B*a) * (d*x+c) ~(1/2) * (f*x+e) ~(1/2) * (h*xx+
g)~(1/2) / (—a*d+b*c) / (-axf+b*e) / (~a*h+bxg) / (b*x+a) ~(3/2) -2/3*b* (3*a~3*B*xd*f*
h+b~3% (3*%B*ckexg-2%A* (cxexh+cxfxg+d*e*g) ) —axb~ 2% (B* (cxexh+cxfxg+dxexg) —4*A*
(cxfxh+d*exh+d*f*xg))—a~2%b* (6xAxd*f*h+B* (c*f*h+d*exh+d*f*g)))* (d*x+c)~(1/2)
*x (fxx+e) ~(1/2) * (h*x+g) ~(1/2) / (-axd+b*c) “2/ (-a*xf+b*xe) "2/ (-axh+b*g) ~2/ (b*x+a)
~(1/2)-2/3*(3*%a~2xd* (~A*d+B*c) *fxh+b~2% (3*B*ckd*exg—A* (2xd~2*e*xg—c~2*f*h+c*
dx (exh+fxg) ) ) +axb* (3xA*d~2* (exh+f*g) -Bx (d~2*exg+c~2*xf*xh+2xc*d* (exh+f*g)))) *
EllipticF((-axh+b*g) ~(1/2)*(f*x+e)~(1/2) /(—exh+f*xg)~(1/2) /(bxx+a)~(1/2), (-(
—a*d+b*c) * (—exh+f*g) / (—~c*f+d*e) / (-axh+b*g) )~ (1/2) ) * ((-axf+bxe) * (d*x+c)/(-c*
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f+dxe)/(b*x+a)) ~(1/2)* (h*x+g) ~(1/2) / (—a*d+b*c) "2/ (-axf+b*e) / (~a*h+bxg) ~ (3/2
)/ (—exh+fxg) = (1/2) / (d*x+c) ~(1/2) / (- (—a*xf+b*e) * (h*x+g) / (~exh+f*xg) / (b*x+a)) ~(
1/2)-2/3%(3*a”~3*Bxd*f*h+b~ 3% (3¥Bxckxexg—2xAx (ckexh+c*xf*g+d*e*g) ) —a*b~2* (B (c
xexh+ckxfxg+dxexg) —4*A* (cxf*h+d*exh+d*f*g))-a~2*b* (6*xA*d*f*h+B* (cxf*xh+d*exh+
d*fxg)))*EllipticE((-cxh+dxg) = (1/2) * (f*x+e) ~(1/2)/ (-exh+f*g) ~(1/2)/(d*x+c)”
(1/2), ((-a*d+bxc) * (—exh+f*g) / (-axf+bxe) / (—~c*h+d*g) ) ~(1/2)) * (-cxh+d*g) ~(1/2)
* (—exh+f*xg) ~(1/2) x (bxx+a) = (1/2) * (- (-cxf+dxe) x (h*xx+g) / (—exh+f*g) / (d*x+c) )~ (1
/2) / (—a*xd+b*c) ~2/ (-axf+b*e) “2/ (-axh+bxg) “2/ ((-cxf+d*e) * (bxx+a) / (—a*xf+b*e) / (
d*x+c))~(1/2) / (h*xx+g)~(1/2)

Rubi [A] (warning: unable to verify)

Time = 2.25 (sec) , antiderivative size = 1080, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 7, Bumber of rules _ 167 Ryles used

' integrand size
= {1613, 1616, 12, 176, 430, 182, 435}

/ A+ Bz g — — 2bv/c + dz\/e + fx/g + hz(Ab — aB)
(a4 bx)52\/c+ dzv/e+ Ja/g+ he ~ 3(bc— ad)(be — af)(bg — ah)(a + bx)3/?
2v/dg — ch\/fg — eh(3Bdfha® — b(6 Adfh + B(dfg + deh + cfh))a® — b*(B(deg + cfg + ceh) — 4A(df g

3(bc — ad)?(be — af
2(3d(Bc — Ad) fha® + b(3Ad?(fg + eh) — B(fhc? + 2d(fg + eh)c + d%eg)) a + b*(Afhc? + 3Bdegc — A

3(bc — ad)2(be — af)(bg — ah)3/2\/fg

_ 2b(3Bdfha® — b(6Adfh + B(dfg + deh + cfh))a® — b*(B(deg + cfg + ceh) — 4A(df g + deh + cfh))a +
3(bc — ad)?(be — af)?(bg — ah)?v/a + bz

N 2d(3Bdf ha® — b(6Adfh + B(dfg + deh + cfh))a? — b*(B(deg + cfg + ceh) — 4A(df g + deh + cfh))a +
3(bc — ad)?(be — af)?(bg — ah)?v/c+ dx

[In] Int[(A + B*x)/((a + b*x)~(5/2)*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x
]

[Out] (2xd*(3*a~3*B*d*fxh + b~3*%(3*Bkckexg — 2%Ax(d*exg + c*f*g + cxexh)) - axb~2
* (Bx(d*e*xg + cxf*g + ckxexh) - 4xAx(dxf*g + dxexh + ckxfxh)) - a~2%bx(6xAxdxf
xh + Bkx(d*f*g + dxexh + cxfxh)))*Sqrt[a + b*x]*Sqrtle + f*x]*Sqrt[g + h*x])
/(3x(b*c - axd) “2x(bxe - a*xf) 2*x(b*g - axh)~2xSqrt[c + d*x]) - (2%bx(A*b -
a*B)*Sqrt [c + dxx]*Sqrt[e + f*x]*Sqrtlg + h*x])/(3*(b*c - axd)*(bxe - ax*f)x*
(bxg - a*h)*(a + b*x)~(3/2)) - (2%b*(3*a"3*Bxdxf*xh + b~3x(3*Bxcxe*xg — 2xAx(
dxe*xg + cxfxg + ckexh)) - axb™2x(Bx(d*exg + cxfxg + ckexh) - 4*xAx(dxf*g + d
xexh + cxfxh)) - a"2%bx(6*A*xd*fxh + Bx(d*f*g + dkexh + c*fxh)))*Sqrtl[c + d*
x]*Sqrt[e + f*x]*Sqrtl[g + h*x])/(3*(bxc - a*d) ~2*(b*e - axf) 2x(bxg - a*h)~
2xSqrt[a + b*x]) - (2*Sqrt[d*g - c*h]*Sqrt[f*g - exh]*(3*a~3*Bxd*xf*h + b~3*
(3xBxc*e*xg — 2xAx(dxexg + cxfxg + ckexh)) - a*b~2x(Bkx(d*e*xg + cxf*g + ckxexh
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) — 4xAx(dxfxg + d*exh + cxfxh)) - a~2xb*(6xAxd*f*h + Bx(dxfxg + d*xexh + c*
fxh)))*Sqrt[a + b*x]*Sqrt[-(((d*e - cxf)*(g + h*x))/((f*xg - exh)*(c + d*x))
)1*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrtl[c
+ d*x])], ((bxc - a*xd)*(fxg - exh))/((b*e - axf)*(d*g - cxh))])/(3*(bxc -

axd) "2x(bxe - a*f) 2x(bxg - axh)~2+Sqrt[((dxe - cxf)*(a + bxx))/((b*xe - axf
)*(c + d*x))]1*Sqrt[g + h*x]) - (2%(3*xa~2*d*(B*c - Axd)*fxh + b~2%(3*B*c*d*e
xg — 2%A*d"2xexg + Axc"2xfxh - Axcxdx(fxg + exh)) + axb*(3*%A*d~2x(f*g + exh
) — Bx(d"2%e*xg + c"2*f*h + 2*ckd*(fxg + exh))))*Sqrt[((bxe - axf)*(c + d*x)
)/ ((d*e - c*f)*(a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*
Sqrtle + fxx])/(Sqrt[f*g - exh]*Sqrt[a + b*x])], -(((b*c - a*d)*(fxg - exh)
)/ ((d*e - c*xf)*x(bxg - axh)))])/(3*x(bxc - a*d) “2*(bxe - axf)*(b*g - axh)~(3/
2)*Sqrt [f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b*e - axf)*(g + hx*x))/((f*xg - e*h
)*(a + b*x)))])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)I1*Sqrtl(e_.) + (£_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]1/((f*xg - e*h)*Sqrtlc + d*x]x*
Sqrt[(-(bkxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (bxc - a*d)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x~2/(f*g - e*h)
1), x], x, Sqrtle + f*x]/Sqrt[a + b*x]]1, x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bke - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]1/((b*e - axf)*Sqrtlg + h
*x]*Sqrt [(bxe - a*f)*((c + d*x)/((d*e - c*f)*(a + b*x)))]1)), Subst[Int[Sqrt
[1 + (bxc - axd)*(x"2/(d*e - c*f))]/Sqrt[1 - (b*g - a*h)*(x"2/(f*xg - exh))]
, x], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]l :> S
imp [ (1/(Sqrt [a]*Sqrt [c]*Rt [-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*xd))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

Rule 435
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Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrtcl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]#*x], bx(c/(a*xd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 1613

Int[((Ca_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1xSqrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x) " (m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*(Sqrt[g + h*x]
/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2*(m + 1)*(bx
c - a*d)*(bxe - axf)*(bxg - a*h)), Int[((a + bxx)~(m + 1)/(Sqrt[c + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]))*Simp [A*(2*a~2*%d*fxh*x(m + 1) - 2%a*bx(m + 1)*(d*
fxg + d*exh + cxfxh) + b™2*%(2#m + 3)*(d*e*xg + cxfxg + ckxexh)) - b*Bx(ax(d*e
xg + c*xf*xg + cxexh) + 2*bkxckxexgx(m + 1)) - 2x((A*b - axB)*(axd*fxhx(m + 1)

- bx(m + 2)*(d*f*g + dxexh + cxfxh)))*x + dxfxhx(2*m + 5)*(A*b~2 - a*b*B)*x
~2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2*m]
&& LtQ[m, -1]

Rule 1616

Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + fxx]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xb*d*f*h), Int[(1/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtle +
fxx]*Sqrt[g + h*x]))*Simp [2*¥A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
xh — Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
c*f)*((d*g - cxh)/(2*bxd*xf*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrt[e
+ f*x]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},
x]

Rubi steps

2b(Ab — aB)vc+ dz/e + fx\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
f —3a2 Adf h+b2(3Bceg—2A(deg+cfg+ceh))—ab(B(deg+cfg+ceh)—3A(df g+deh+cfh))+(Ab—aB)(3adf h—b(df g+deh+cfh))x dz
+

integral = —

(a+bx)3/2+/c+dx/e+ fz\/g+ha
3(bc — ad)(be — af)(bg — ah)
__ 2b(Ab—aB)Vc+dze+ fr/g+ha
~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
_ 2b(3a’Bdfh + b°(3Bceg — 2A(deg + cfg + ceh)) — ab®(B(deg + cfg + ceh) — 4A(df g + deh -

3(bc — ad)?(be — af)%(bg — ah)
f b(Ab—aB)(bceg—a(deg+cfg+ceh))(3adf h—b(df g+deh+cfh))+a(adf h—b(df g+deh+cfh)) (3a% Adf h—b%(3Bceg—2A(deg+cfg

+
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_ 2d(3a®Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab?*(B(deg + cfg + ceh) — 4A(df g + deh + cf
3(bc — ad)2(be — af)2(bg — ah)2/c

2b(Ab — aB)vc+ dz+/e + fx\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/?

_ 2b(3a>Bdfh + b°(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cfg + ceh) — 4A(df g + deh +

3(bc — ad)?(be — af)?(bg — ah)?-

f _ 2bdf (be—a f)h(bg—ah) (3a2d(Bc— Ad) fh+b? (3Bedeg—2Ad2eg+Ac? fh— Acd(fg+eh))+ab(3Ad2(fg+eh)—B(d?eg+c? fh+2cq

Va+bz/ct+dz+/e+ fr\/g+hx
6bd(bc — ad)? f (be — af)?h(bg — ah)?
((de — cf)(dg — ch) (3a®Bdfh + b3(3Bceg — 2A(deg + cfg + ceh)) — ab?*(B(deg + cfg + ceh) -

3(bc — ad)?(be — af

+

+

_ 2d(3a®Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cfg + ceh) — 4A(df g + deh + cf
B 3(bc — ad)2(be — af)2(bg — ah)?/c

2b(Ab — aB)vc+ dz/e + fx\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
20(3a3Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cf g + ceh) — 4A(dfg + deh +
B 3(bc — ad)?(be — af)?(bg — ah)?;
(3a?d(Bc — Ad) fh + b*(3Bcdeg — 2Ad?eg + Ac?fh — Acd(fg + eh)) + ab(3Ad*(fg + eh) — B
3(bc — ad)?(be — af)(bg — ah)

(2(dg — ch) (3a3Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cfg + ceh) — 4A(df

3(bc — ad)?(be -

_ 2d(3a®Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cfg + ceh) — 4A(df g + deh + cf
B 3(bc — ad)2(be — af)2(bg — ah)?/c

26(Ab — aB)vc+ dz\/e + fx\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
_ 2b(3a*Bdfh + b°(3Bceg — 2A(deg + cfg + ceh)) — ab®(B(deg + cfg + ceh) — 4A(df g + deh +
3(bc — ad)?(be — af)?(bg — ah)?;
2v/dg — ch\/fg — eh(3a®Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cfg + ceh)

3(bc — ad)?|

(2(3a2d(Bc — Ad)fh + b*(3Bcdeg — 2Ad*eg + Ac*fh — Acd(fg + eh)) + ab(3Ad?*(fg + eh) —

3(bc — ad)?(be — af)(bg —
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_ 2d(3a®Bdfh + b*(3Bceg — 2A(deg + cfg + ceh)) — ab?*(B(deg + cfg + ceh) — 4A(df g + deh + «
3(bc — ad)?(be — af)?(bg — ah)?y

2b(Ab — aB)vc+ dzv/e + fr\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/?
_ 2b(3a®Bdfh + b°(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cfg + ceh) — 4A(df g + deh -
3(bc — ad)?(be — af)%(bg — ah)
2v/dg — chv/fg — eh(3a®>Bdf h + b*(3Bceg — 2A(deg + cfg + ceh)) — ab*(B(deg + cfg + ceh
3(bc — ad)

2(3a?d(Bc — Ad) fh + b*(3Bedeg — 2Ad%eg + Ac® fh — Acd(fg + eh)) + ab(3Ad*(fg + eh) —
3(bc — ad)?(be — af)(bg — ah)¥/

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 10828 vs. 2(1081) = 2162.

Time = 39.61 (sec) , antiderivative size = 10828, normalized size of antiderivative = 10.02

/ A+ Bz dz = Result too large to show
(a + bx)%/2\/c + dz+\/e + fr\/g + hz

[In] Integrate[(A + B*x)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h
*x]) ,x]

[Out] Result too large to show

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 3388 vs. 2(1009) = 2018.

Time = 10.18 (sec) , antiderivative size = 3389, normalized size of antiderivative = 3.14

method | result size
elliptic | Expression too large to display | 3389
default | Expression too large to display | 104801

[In] int((B*x+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,metho
d=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(£*x+e)* (h*x+g))~(1/2)/(b*x+a)~(1/2) /(d*x+c)~(1/2) / (f*x+e)
~(1/2) / (h*x+g) = (1/2)*(2/3/b/ (a~3*d*f*h-a~2*bxc*f*xh-a~2*b*d*xexh-a~2xb*xd*f*xg+
axb~2*cxexh+axb " 2xckf*g+a*b™2xd*exg-b 3xckexg) x (Axb-Bxa) *x (bxd*fxh*x~4+a*xd*f
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*h*x"3+b*c*xfxh*x™3+bxd*xexh*x~3+b*d*f*gkx~3+axckfxhxx~2+axd*xexh*x™2+a*xd*f*xg*
X~ 2+bxcxexh*xx~2+b*xc*xf*g*x " 2+bxd*exgkx~2+axckexh*x+axckxf*gkx+axdrexgkx+bxcke
xgxx+axckexg) ~(1/2) /(x+a/b) ~2+2/3* (bxd*f*h*kx~3+bkc*f*h*kx~2+b*d*exh*x~2+b*d*
fxgkx~2+bkckexhkx+bkckf*grx+bkd*e*xgrx+b*cke*g) / (a~3*d*f*h-a~2*b*c*f*h-a~2%b
*xdxexh-a~2xbxd*f*g+axb~2*c*exh+axb~2*c*f*g+axb~2*xd*exg-b~3*cke*xg) “2% (6*xA*a~
2¥b*xd*f*h-4*A*a*xb~2*c*f*h-4*A*a*xb~2*d*exh-4*A*xaxb~2xd*f*g+2xAxb~3kckexh+2xA
*b~3kcxf*g+2xAxb~3kd*exg-3*Bka”~3kd*xf*h+Bka~2¥bkckf*h+Bka~2¥bkd*kexh+Bka 2¥bx*
d*f*xg+B*axb~2kckexh+Bkaxb~2kc*f*g+Bkaxb~2xd*e*xg-3*B*b~3*c*e*g) / ((x+a/b) * (b*
dxfxh*x~3+bkckf*h*kx~2+b*d*exh*x~2+b*d*f*g*x~2+b*cke*xh*x+b*c*f*g*x+b*d*exg*x
+b*xckxexg)) ~(1/2)+2x (-1/3% (3kA*axbxd*f*h-A*b~2*c*f*h-A*xb~2*d*e*h-Axb~2*d*f*g
—-3*B*a~2xdxf*h+B*axbxc*f*h+B*axb*d*exh+Bxaxb*xd*f*g) /b/(a~3*d*fxh-a~2*bkcxf*
h-a~2*b*d*exh-a~2*bxd*f*g+a*b~2xcxe*xh+axb~2xc*f*g+axb~2*d*e*xg-b~3*xc*e*g)+1/
3/bx (a~2xd*f*h-a*bxcxf*h-a*bxdxexh-a*bkd*xf*xg+b~2kckexh+b ™ 2kcxfxg+b~2*xd*exg)
* (6*%A*a~2%b*d*f*h-4*A*xa*xb~2*c*f*h-4*A*xaxb~2xd*exh-4*xAxaxb~2xd*xf*xg+2xAxb~3*c
*xe¥h+2%Axb~ 3k ckf*xg+2xA*b~3xd*e*xg—-3*Bxa~3kd*f*h+B*a~2*b*cxf*h+B*a~2xb*d*exh+
Bxa~2*b*d*f*g+B*xa*b~2kcxexh+Bkaxb~2xc*f*g+Bxaxb~2*xd*exg-3*B*b~3*cxexg) /(a~3
*d*f*h-a”~2%bxcxfxh-a~2xbxd*xexh-a~2*b*d*f*xg+axb~2xcxexh+axb™2xcxf*xg+axb™2xd*
exg-b~3*c*e*xg) "2-1/3* (bxckxexh+b*ckxfxg+b*xd*e*xg) / (a~3*d*f*h-a~2*b*c*f*xh-a~2*b
*xd*xexh-a~2xbxd*f*g+axb~2*xckexh+axb~2*c*f*g+axb~2*xd*exg-b~3*cke*xg) “2% (6*xA*a~
2¥b*d*f*h-4*A*a*b~2*c*f*h-4*A*a*xb~2*d*exh-4*A*xaxb~2xd*f*xg+2xAxb~3kckxexh+2xA
*b~3*c*f*xg+2kA*b~3xd*e*xg—-3*Bxa~3*kd*fxh+B*ka ~2*bxcxf*h+B*a~2xbkd*exh+Bxa ~2*b*
dxfxg+B*axb~2xc*e*h+Bxaxb~2*c*xf*g+Bxa*xb~2xd*exg-3*B*b~3xc*e*g) ) *(g/h-a/b)*(
(-g/h+c/d)*(x+a/b) /(-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) ~2x((-c/d+a/b) *(x+e/f)/
(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~(1/2)/ (-g
/h+c/d) / (-c/d+a/b) / (bxd*fxh* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) )~ (1/2) *Elliptic
F(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+
e/f)/(-c/d+g/h))~(1/2))+2x(-1/3% (a*d*f*h-bxc*f*h-b*d*xexh-bxd*f*g) * (6*A*a~2x
bxd*xfxh-4*A*xa*xb”2xc*xfxh-4*xAxaxb~2xd*exh-4*A*a*xb”2xd*xf*xg+2xAxb~3*ckxexh+2*A*b
“3xcxfxg+2xAxb”~3kd*exg-3*Bka”~3kd*f*h+Bka~2¥bkckf*h+Bka~2¥bkd*kexh+Bka~2¥b*d*
f*xg+Bkaxb~2kckexh+Bka*xb™2*c*f*g+B*a*xb~2*d*e*g-3*B*xb~3*c*exg) / (a~3*d*f*h-a~2
*bxcxfxh-a~2xbxd*xexh-a~2xbxd*xf*xg+a*b~2xcxexh+a*b~2xcxf*xg+a*xb~2xd*xexg-b~3*c*
exg) "2-1/3* (2xbxc*f*h+2xbxd*xe*h+2xbxd*f*g) / (a~3*d*f*h-a~2xb*xc*f*h-a~2xb*d*e
xh-a~2*%b*d*fxg+a*b~2xckexh+a*b~2xcxf*g+axb~2xd*xe*g-b~3kcxe*g) ~2* (6xA*xa~2%b*
dxfxh-4xAxaxb~2xc*xf*h-4*A*axb™2xd*exh—-4*xAxaxb~2*xd*f*g+2*A*xb " 3*ckexh+2xAxb~3
*xcxfxg+2xAxb~3kd*exg—3*B*xa”~ 3kd*f*h+B*ka~2¥bkckf*h+Bka~2¥bkd*exh+Bka~2¥b*d*f *
g+Bxaxb~2xc*xexh+B¥axb~2*cxf*g+Braxb~2xdxe*xg-3*xB*b~3*kc*xexg) ) * (g/h-a/b) * ((-g/
h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) “2* ((-c/d+a/b) *(x+e/f) / (-e/
f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~(1/2) / (-g/h+c
/d)/ (-c/d+a/b) / (b*xd*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h)) ~(1/2) *(-c/d*E1lipt
icF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/
b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b) *E1llipticPi (((-g/h+c/d)*(x+a/b) /(-g/h+a/
b)/(x+c/d))~(1/2), (-g/h+a/b) /(-g/h+c/d) , ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f) /(-c
/d+g/h))~(1/2)))-2/3xb*d*f*h* (6*A*a~2xb*d*f*h-4xA*a*b~2xcxf*xh-4*A*xaxb~2*d*e
*h—4*xAxaxb~2xd*f*g+2xA*b~3kckexh+2xA*b~3*kckf*g+2*A*b~3*d*e*g-3*%B*a~3*d*f*xh+
Bxa~2xbxcxfxh+B*xa~2*b*d*exh+B*xa~2xbxd*xf*xg+Bxa*xb~2*c*e*xh+B*xaxb~2*xc*f*xg+Bxa*xb
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~2xd*e*g-3*Bxb~3*c*exg) / (a~3*d*f*xh-a~2*bkcxfxh-a~2*¥b*d*exh-a~2*bxd*f*g+a*xb”
2xcxexh+a*xb”~2xcxf*g+axb~2xd*xe*g-b~3xcxe*g) ~2* ((x+a/b) * (x+e/f) * (x+g/h) +(g/h-
a/b)*((-g/h+c/d)*(x+a/b) /(-g/h+a/b) /(x+c/d)) ~(1/2) *(x+c/d) ~2* ((-c/d+a/b) * (x
+e/f)/(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d) )~ (1/
2)*((axc/b/d-g/h*a/b+g/hxc/d+c~2/d"2) /(-g/h+c/d) /(-c/d+a/b) *E11lipticF (((-g/
h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2) , ((e/f-c/d)*(g/h-a/b) / (-a/b+e/f) /(-
c/d+g/h))~(1/2))+(-a/b+e/f)*E1lipticE(((-g/h+c/d) *(x+a/b)/ (-g/h+a/b) /(x+c/d
))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))/(-c/d+a/b)+(a*d
*xfxh+b*ckxfxh+b*d*exh+bxd*f*g) /b/d/f/h/(-g/h+c/d)*E1lipticPi (((-g/h+c/d)*(x+
a/b)/(-g/h+a/b)/(x+c/d))~(1/2),(g/h-a/b)/(-c/d+g/h), ((e/f-c/d)*(g/h-a/b) /(-
a/b+e/f)/(-c/d+g/h))~(1/2))))/ (bxd*f*h*(x+a/b) *(x+c/d) *(x+e/f) *(x+g/h) )~ (1/
2))

Fricas [F]

/ A+ Bz dac—/ Bx+ A d
(a+bx)®/2\/c+ dzv/e + fr/g + ha (bx-l—a)%\/dw—l-c\/fx—l-e\/hx-l-g

[In] integrate((B*x+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x
, algorithm="fricas")

[Out] integral((B*x + A)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)/
(b~3*d*f*h*x~6 + a~3*ckxexg + (b~ 3*d*fxg + (b~3xd*e + (b~3*c + 3*a*b~2%d)*f)
*h)*x~5 + ((b™3*d*e + (b~3xc + 3*axb™2xd)*f)*g + ((b~3*c + 3*a*xb~2xd)*e + 3
*x(axb~2xc + a~2xbxd)*f)*h)*x"4 + (((b"3*c + 3*axb~2xd)*e + 3*(a*xb~2%c + a~2
*xbxd) *f) xg + (3*x(axb~2*c + a~2*b*d)*e + (3*a~2xbxc + a~3xd)*f)*h)*x~3 + ((3
*x(axb~2xc + a~2xbxd)*e + (3*xa~2*b*c + a~3*d)*f)*xg + (a~3xc*f + (3*%a"2*xbxc +
a~3*xd)*e)*h)*x~2 + (a~3*ckexh + (a~3*c*f + (3*%a"2xbxc + a~3*d)*e)*g)*x), X

)

Sympy [F(-1)]

Timed out.

A+ Bz .
dx = Timed out
(a + bx)5/2\/c+ dx\/e + fr\/g + hz

[In] integrate((B*x+A)/(b*x+a)**(5/2)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(hxx+g)**(1/
2) ,x)

[Out] Timed out
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Maxima [F]

dx

A+ Bz d _/ Bx+ A
(a +b2)*/2Vc +dzve + fzv/g + h (bx—i—a)g\/dz—l-c\/fx—l-e\/hx-l-g

[In] integrate((B*x+A)/(b*x+a)~(5/2)/(d*x+c)”(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2),x
, algorithm="maxima")

[Out] integrate((Bxx + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Giac [F]

/ A+ Bz dx—/ Bx+ A s
(a+bx)®/2\/c+ dzv/e + fr/g + ha (bx+a)%\/dw+c\/fx+e\/hx+g

[In] integrate((Bxx+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x
, algorithm="giac")

[Out] integrate((Bxx + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Mupad [F(-1)]

Timed out.

/ A+ Bx dx—/ A+ Bz da
(a + bx)5/2\/c + dz/e + fr\/g + hx Vet fzvgthz(a+bz)?Vet+ds

[In] int((A + B*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)*(c + d*x)~(1
/2)),%)
[Out] int((A + Bxx)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)*(c + d*x)~(1
/2)), x)
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3.11 [ (a+b2)>2(detcf+2dfz) 5.

Vetdry/e+ fry/g+he
Optimal result . . . . . . . . . . . e 1T5]
Rubi [A] (warning: unable to verify) . . . . ... ... ... ... ... . ... .. 116
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... 120
Maple [B] (verified) . . . . . . . . . .. 121
Fricas [F(-1)] . . . . . . o 1221
Sympy [F] . . . o 122
Maxima [F] . . . . . . 122
Giac [F] . . . o o 122
Mupad [F(-1)] . . . 123

Optimal result

Integrand size = 49, antiderivative size = 898

(a+ bx)3?(de + cf + 2dfz) i — (5adfh — b(3dfg + deh + cfh))Va + bxv/e + fx\/g + hx

Vet dzer favg+ he 2fh?Vc+ dz
N bva + bxvc+ dxv/e + fr\/g + hz
h

- Vdg — ch\/fg — eh(badfh — b(3dfg + deh + cfh))Va + bz / —%E(arcsin (\/——%> IEZ—E
de—cf)(a+bx) /1
2dfh2 Ebe a,f;(c-tda:; g+ ha
(be — af)v/bg — ah(3adfh + b(cfh — d(3fg + eh))) %vg + hz EllipticF (arcsin ('%\/?TJ;
— [ (be—af)(gha)
2bfh,2 \/fg eh\/c + dzr (fg—eh)(a+bz)
v/=dg + ch(6abd? f2gh — 3a%d? {h? + b*(2cde fh? — ¢ f2h? — d(3f%g% + €2h?))) (a + ba), /| Seleren)

(dg—ch)(a+bx)

2bd+/bc — adfh3+/c + dz\/e + f

[Out] -1/2%(6*a*xb*d~2*f~2*g*h—-3*a~2%d~2*f " 2xh~2+b~ 2% (2*kc*kd*exf*h~2-c~2*xf~2+¥h~2-d"
2% (e"2*h~2+3*f"2%g~2) ) ) * (b*x+a) *E11lipticPi ((-a*d+b*c) = (1/2) * (hxx+g) ~(1/2) /(
cxh-d*g) ~(1/2)/(b*x+a) ~(1/2) ,-b* (-c*h+d*g) / (-a*xd+b*c) /h, ((-a*xf+b*e) * (-c*h+d
*g) / (-a*xd+bxc) / (-exh+f*g)) ~(1/2) ) * (c*h-d*g) ~ (1/2) * ((-a*h+b*g) * (d*x+c) / (-c*h
+d*g) / (bxx+a) )~ (1/2) *((-a*h+b*g) * (f*x+e) / (-exh+f*g) / (b*x+a))~(1/2) /b/d/f/h~
3/ (—a*xd+b*c) ~(1/2) / (d*x+c) ~(1/2) / (f*x+e) = (1/2) +1/2% (5*a*xd*f*xh-b* (c*f*h+d*ex*
h+3*d*xf*xg) ) * (bxx+a) =~ (1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /£/h~2/ (d*x+c) ~(1/2)+b
*x (bxx+a) = (1/2) * (d*x+c) ~(1/2) * (fxx+e) ~(1/2) * (h*x+g) ~(1/2) /h-1/2* (~axf+b*e) *(
3xaxd*f*h+b* (c*f*h-d* (exh+3*f*g)))*EllipticF ((-axh+bxg)~(1/2)*(f*x+e)~(1/2)
/ (—exh+f*g) ~(1/2) / (bxx+a) ~(1/2) , (- (-a*d+b*c) * (—exh+f*g) / (~cxf+dxe) / (~axh+b*
g)) ~(1/2)) *(~a*h+bxg) ~ (1/2) * ((—a*f+b*e) * (d*x+c) / (-cxf+dxe) / (b*x+a)) ~(1/2) *(
h*x+g)~(1/2) /b/£/h~2/ (—exh+f*xg) ~(1/2) / (d*x+c) = (1/2) / (- (-a*xf+bxe) * (h*x+g) / (-
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exh+fxg) / (b*x+a)) ~(1/2)-1/2* (5xaxd*f*h-b* (cxf*h+d*xe*h+3*d*xf*g) ) *E11lipticE ((
-cxh+d*g) = (1/2) * (f*x+e) " (1/2) / (-exh+f*g) ~(1/2) / (d*x+c) ~(1/2) , ((—a*d+b*c) * (-
exh+fxg) / (—a*xf+b*e) / (-cxh+d*g)) ~(1/2) ) * (~cxh+d*g) ~(1/2) * (-exh+f*g) =~ (1/2) *(b
*x+a) " (1/2) * (- (-cxf+d*e) * (h*xx+g) / (—exh+f*g) / (d*x+c)) ~(1/2) /d/£/h~2/ ((-c*xf+d
*e) * (bkxx+a) / (-a*xf+bxe) / (d*x+c)) ~(1/2) / (h*x+g) ~(1/2)

Rubi [A] (warning: unable to verify)

Time = 1.72 (sec) , antiderivative size = 897, normalized size of antiderivative = 1.00,

number of steps used = 10, number of rules used = 10, Zumber of rules _ ( 954 Ryjes
integrand size

used = {1611, 1614, 1616, 1612, 176, 430, 171, 551, 182, 435}

(a + bz)*?*(de + cf + 2dfz) do = Va+brvc+ dxy/e + fr/g+ hab
Ve+dzye+ fry/g + hx B h

Vg = chy/Fg = eh(5adfh— b(3dfg +deh + cfh) \Wa+ bz —%E(awsin ( ijf;:g’;ﬁf;;) | Qe

de—cf)(a+bx) /1
2dfh2 Ebe afg(cidw; g+ hx
(Sadfh b(3dfg + deh + cfh))Va + bz\/e + fzy/g + hx
2fh?\/c+ dz
(be — af)+v/bg — ah(bcfh + 3adfh — bd(3fg + eh)) %vg + hz EllipticF (arcsm <¢7m\/ﬁ‘m>
2fh2/fg — ehv/c+ dp || — e el

Vel —dg((—((3f2g% + €2h?) d2) + 2cefh?d — ¢ f*h?) b? + 6ad? f2ghb — 3a*d? f2h?) (a + bx) | (i=apd e
2dv/bc — adfh3v/c + dx+/e + fx

[In] Int[((a + b*x)~(3/2)*(d*e + c*f + 2xd*f*x))/(Sqrtl[c + d*x]*Sqrt[e + f*x]*Sq
rt[g + h*x]),x]

[Out] ((5*axd*fxh - b*(3xd*xfxg + dxexh + cxfxh))*Sqrt[a + b*x]*Sqrt[e + f*x]*Sqrt
[g + hxx])/(2*xfxh~2*xSqrt[c + d*x]) + (b*Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtl[e
+ fxx]*Sqrtlg + h*x])/h - (Sqrt[d*g - c*h]*Sqrt[f*g - exh]*(5*xaxdxfxh - b*(
3xd*xf*g + dkexh + c*fxh))*Sqrt[a + bxx]*Sqrt[-(((d*e - c*xf)*(g + h*x))/((f*
g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrt[e + f*x])/(Sqr
t[fxg - exh]l*Sqrtlc + d*x])], ((bxc - a*d)*(fxg - e*h))/((bxe - axf)*(d*g -
cxh))]1)/(2xd*f*h~2xSqrt [((d*e - cxf)*(a + b*x))/((bxe - axf)*(c + d*x))]*S
grtlg + h*x]) - ((b*e - axf)*Sqrt[b*g - axh]*(bxc*fxh + 3%akxd*fxh - bkdx (3%
fxg + exh))*Sqrt[((bxe - a*f)*(c + d*x))/((d*e - cxf)*(a + b*x))]*Sqrtlg +
h*x]*E11lipticF [ArcSin[(Sqrt[b*g - a*h]*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrt
[a + bxx])], -(((b*c - axd)*(f*xg - e*h))/((d*e - cxf)*(b*g - axh)))])/(2%bx
fxh~2xSqrt [f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b*xe - axf)*(g + h*x))/((f*xg -
exh)*(a + b*x)))]) - (Sqrt[-(d*g) + cxh]*(6*axbxd~2*f 2xgxh - 3*%a~2xd~2*f"2
*h~2 + b72x(2kckxdxexf*h~2 - c”2*%f"2%h"2 - d72%(3*f"2%xg~2 + e"2%h~2)))*(a +
b*x) *Sqrt [((b*g - axh)*(c + d*x))/((d*g - cxh)*(a + bxx))]*Sqrt[((b*xg - a*h
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)x(e + f*x))/((f*xg - exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h))/((bxc -
axd)*h)), ArcSin[(Sqrt([b*c - axd]*Sqrt[g + h*x])/(Sqrt[-(d*g) + cxh]*Sqrt[a
+ bxx])], ((bxe - a*f)*(dxg - c*h))/((b*c - axd)*(f*g - exh))])/(2*¥b*d*Sqr
t[bxc - axd]*f*h~3*Sqrt[c + d*x]*Sqrtle + f*xx])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£_.)x(
x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
*h)*((c + d*x)/((d*g - cxh)*(a + bxx)))]1*(Sqrt[(b*g - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + £*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (bxc - axd)*(x"2/(d*g - c*h))]*Sqrt[1 + (b*e - a*xf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)
*x(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*x(a + b*x)))]/((f*g - e*h)*Sqrt[c + d*x]*
Sqrt[(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x], x, Sqrtle + f*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrt[(c_.) + (d_.)*(x_)]1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*x]*Sqrt [(bxe - a*xf)*((c + d*x)/((d*e - c*f)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - a*xd)*(x"2/(d*e - c*f))]/Sqrt[1 - (b*g - a*h)*(x"2/(f*g - e*h))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(axd))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] & !(NegQ[b/al] && SimplerSqrtQ[-b/a, -d/cl)

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
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)1, x] /; FreeQ[{a, b, c, d}, x] && NegQl[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQl{a, b, c, d, e,
£}, x] & 'GtQld/c, 0] && GtQ[c, 0] && GtQ[e, O] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1611

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(
x_)]1*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[
1/(d*fxh*(2*m + 3)), Int[((a + b*x)~"(m - 1)/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sq
rt[g + h#*x]))*Simp[a*A*xd*fxh*(2*m + 3) + (A*b + a*B)*dxfxh*(2*m + 3)*x + bx*
Bkdxfxh*(2*m + 3)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B},
x] &% IntegerQ[2*m] && GtQ[m, O]

Rule 1612

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]
*xSqrt[(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B) /b, Int[1/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + hx*x]),
x], x] + Dist[B/b, Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, A, B}, x]

Rule 1614

Int[(((a_.) + (b_)*(x_)) " (m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_.)*(x_)]*Sqrt[(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_S
ymbol] :> Simp[2*Cx(a + b*x) “m*Sqrt[c + d*x]*Sqrtl[e + fxx]*(Sqrt[g + h*xx]/(
d*fxh*(2*m + 3))), x] + Dist[1/(d*fxh*(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
qrt[c + d*x]*Sqrtle + f*xx]*Sqrt[g + h*x]))*Simp[a*xA*d*fxh*(2*m + 3) - Cx(ax
(dxexg + cxfxg + ckexh) + 2xbxcxexg*m) + ((Axb + a*B)*d*fxh*(2*m + 3) - Cx(
2xax(dxfxg + d*exh + cxf*h) + b*(2#m + 1)*(d*e*xg + cxfxg + cxexh)))*x + (bx
Bxdxf*h*(2+m + 3) + 2*Cx(axd*fxh*m - bx(m + 1)*(d*f*g + dxexh + cxfxh)))*x~
2, x]1, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] & IntegerQ[2*
m] && GtQ[m, O]

Rule 1616

Int [((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[CxSqrt[a + b*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
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fxx]*Sqrt[g + h*x]))*Simp [2¥A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
xh - Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
cxf)*((d*g - c*h)/(2%bxd*f*h)), Int[Sqrt[a + b*x]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rubi steps

Va+bz (6adf (de+cf)h+6df (bde+bef+2adf ) ha+12bd? f2ha?) d
Vetdry/e+ fx/g+hx z

6dfh

_ ba+brve+dze+ fry/g+ ha
- h
f 12d2 2h(2a2 (de+cf)h—b(bceg+a(deg+cfg+ceh)))+24d? f2h (2a?df h—b%(deg+cf g+ceh)—ab(df g—deh—cfh)) z+12bd2 f2 h(5
vVa+bx/c+dz/e+ fr/g+hx
2442 f212

_ (5adfh — b(3dfg + deh + cfh))Va + bazv/e + fz/g + hz

2fh%\/c+ dx

N bva + bx/c+ dz/e + fr\/g+ hx
h

f 12bd? f2h (a2df (4de—cf)h2+b2deg(3df g+deh—cfh)—abfh(Td2eg—c? fh—cd(fg—eh)))—12bd? f2h(6abd? f2gh—3a%d2 f2h2+b?
vVa+bx\/ct+dz+/e+ fx\/g+hx
48bd3 313

((de — cf)(dg — ch)(5adf h — b(3df g + deh + cfh))) [ (c+dx)3/2v\‘;:f;x\/g+hx dz
1dfh2

_ (5adfh — b(3dfg + deh + cfh))Va + bav/e + fz\/g+ hz
B 2fh2/c+ dx

bva+brvc+dze+ fx\/g+hr 1/ 3a’df

+ h T (_ b
( de? Af 3df g2) N 6adfg) Va+ bz i
f d h? h Ve+dzye+ fx/g+ hx
((be — af)(bg — ah)(befh + 3adfh — bd(3fg + €h))) [ \/a+bm/c+dm1\/e+fz\/g+hz dx
1b7h2

1 (—bctad)z?
dg — ch)(5adfh — b(3dfg + deh + cfh))Wa F bz ClteDlatha ) gupep [ [ V2 e g
((dg — eh)( 9 Y

X
(fg—eh)(ct+dzx) /1 (dg—ch)z2 |
fg—eh

integral =

+

_|_

+

(de—cf)(atbx) /7~
2dfh2 (be—af)(c+dz) g+ hz



120

_ (5adfh — b(3dfg + deh + cfh))Va + ba/e + fz\/g+ hz
B 2fh2v/c + dz
N bva + bxvc+ dzv/e + fx\/g+ hx
h

Vg = chy/Tg — eh(Sadfh — b(3fg + deh + cfh))Va+ ba —%E(Sin_l (%

(de—cf)(atbzx) /7
2dfh2 (be—af)(c+dz) g+ hz

3a2df de? c2f  3dfg® 6adf (bg—ah)(ct+dz) /(bg—ah)(e+fx)
((_ T b<2ce -7 T a4~ %3 > + g) (a+ bx)\/(d_fy—ch)(a—i—bx) \/(fgg—eh)(a+bw)) Subst (J

2vc+dzv/e + fr

((be — af)(bg — ah)(befh + 3adfh — bd(3fg + eh)) /| G=eREred /g iz ) Subst ( J T
+ CcC—a

2bfh2(fg — eh)Vc+dx %
_ (5adfh — b(3dfg + deh + cfh))Va + brve + fry/g + ha
2fh?vc+ dx

N bva + bx/c+ dz/e + fr\/g + hx
h

Vg~ chy/Tg — eh(Sadfh — b(3dfg + deh + cfh))Va+ b — (e B (sin ! (Ve

(de—cf)(atbx) /—/ 7
2dfh'2 (be—af)(c+dz) g+ hx

(be — af)v/bg — ah(befh + 3adfh — bd(3fg + eh)), ) \be=e Rt /o ha F (sm (—%%

2 — (be—af)(gthz)
2bfh2\/fg — ehvc+dz/— oo orbe)

_|_

3a%df de? Af 3df 6adf (bg—ah)(c+dz) /(bg—ah)(e+fz)
(T - b(2ce —F -G T > - Tg) V—dg + ch(a +b2)\ | Go=araren) \| Go—eh)(atto)

2v/bc — adhv/c + dz+\/e + fx

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 15131 vs. 2(898) = 1796.

Time = 35.44 (sec) , antiderivative size = 15131, normalized size of antiderivative = 16.85

dz = Result too large to show

/ (a + bx)3/?(de + cf + 2dfz)
Ve +dzi/e+ fry/g+ hx

[In] Integrate[((a + b*x)~(3/2)*(d*e + cxf + 2xdxfxx))/(Sqrt[c + d*x]*Sqrt[e + £
*x]*Sqrt [g + h*x]),x]

[Out] Result too large to show



121

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1808 vs. 2(817) = 1634.

Time = 5.17 (sec) , antiderivative size = 1809, normalized size of antiderivative = 2.01

method | result size

elliptic | Expression too large to display | 1809

default | Expression too large to display | 35482

[In] int((b*x+a)~(3/2)*(2*d*f*x+cxf+d*e)/(d*x+c)”(1/2)/(fxx+e)~(1/2)/ (h*x+g)~(1/
2) ,x,method=_RETURNVERBOSE)

[Out] ((bxx+a)*(d*x+c)*(fxx+e)*(h*x+g))~(1/2)/(bxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)
~(1/2) / (h*x+g) = (1/2) * (b/h* (b*d*f *h*x~4+axd*fxh*kx~3+b*cxf*h*x~3+bxd*e*xh*x "3+
bxdxfxgxx~3+a*xc*f*h*x™2+a*xd*exhxx™2+axd*f*xg*xx~2+b*ckexh*x™2+bxcxf*xgxx~2+b*d
xexg*x~2+axcxexh*x+axcxf*xgrx+ardrexgrx+bkckexgrx+akckexg)~ (1/2)+2* (a~2*cxf+
a~2xdxe-b/h* (1/2*axcxexh+1/2xaxcxf*g+1/2xaxd*e*g+1/2xbxc*xe*g))*(g/h-a/b)* ((
-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d)) ~(1/2) *(x+c/d) "2*((-c/d+a/b) * (x+e/f) /(
-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~(1/2) / (-g/
h+c/d) /(-c/d+a/b) / (b*d*f*xh* (x+a/b)* (x+c/d) * (x+e/f) *(x+g/h) )~ (1/2) *E1llipticF
(((-g/h+c/d)*(x+a/b) /(-g/h+a/b) /(x+c/d))~(1/2) ,((e/f-c/d)*(g/h-a/b)/(-a/b+e
/£)/(=c/d+g/h)) ~(1/2))+2* (2*a~2*d*f+2*a*c*f*b+2xa*xb*d*e-b/h* (axc*f*h+axdxex
h+a*d*f*g+bxckexh+bxcxf*g+bxd*exg))*(g/h-a/b)*((-g/h+c/d) *(x+a/b) /(-g/h+a/b
)/ (x+c/d))~(1/2) *(x+c/d) "2*%((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d) )~ (1/2) * ((
-c/d+a/b) *(x+g/h)/(-g/h+a/b) / (x+c/d))~(1/2) /(-g/h+c/d) / (-c/d+a/b) / (b*xd*f*hx
(x+a/b) *(x+c/d) * (x+e/f) * (x+g/h) )~ (1/2) *(-c/d*E1lipticF (((-g/h+c/d) *(x+a/b)/
(-g/h+a/b) /(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h))~(1/2)
)+(c/d-a/b)*EllipticPi (((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), (-g/h+
a/b)/(-g/h+c/d), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))+(4*a*xd*
f*b+b~2*c*f+b~2%d*e-b/h* (3/2*a*d*f*h+3/2*b*cxf*h+3/2*b*d*exh+3/2¥b*xd*f*g) ) *
((x+a/b) *(x+e/f) *(x+g/h)+(g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/d) )~
(1/2)*(x+c/d) "2x ((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d) ) ~(1/2) * ((-c/d+a/b) *(
x+g/h) /(-g/h+a/b) / (x+c/d))~(1/2)*((a*c/b/d-g/h*a/b+g/h*c/d+c~2/d~2) /(-g/h+c
/d)/(-c/d+a/b)*EllipticF (((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), ((e/
f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(-a/b+e/f) *E11lipticE(((-g/h+
c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f)/(-c/
d+g/h))~(1/2))/(-c/d+a/b)+(axd*f*h+b*cxfxh+b*d*exh+bxd*f*g) /b/d/f/h/(-g/h+c
/d)*E1lipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2),(g/h-a/b)/(-c/
d+g/h), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))) / (bxd*f*h* (x+a/b
)x(x+c/d) *(x+e/f)*(x+g/h))~(1/2))
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Fricas [F(-1)]
Timed out.

dz = Timed out

/ (a + bx)3/%(de + cf + 2dfz)
Ve +dzye+ fx/g+ hx

[In] integrate((b*x+a)~(3/2)*(2xdxf*x+c*xf+dxe)/(d*x+c)~(1/2)/(£xx+e)~(1/2)/(h*x+

g)~(1/2),x, algorithm="fricas")
[Out] Timed out

Sympy [F]

/ (a + bz)*2(de + cf + 2dfz) / (a+bx)? (cf + de + 2df )
dr = x
Ve+dze+ fx/g+ hr Ve+dze+ fx/g+ hr

[In] integrate((b*x+a)**(3/2)* (2xd*f*x+c*xf+d*e)/(d*x+c)**(1/2)/ (fxx+e)*x(1/2)/(h
*xx+g) *x*(1/2) ,%x)

[Out] Integral((a + b*x)**(3/2)*(cxf + dxe + 2xdxfxx)/(sqrt(c + d*x)*sqrt(e + f*x
Yxsqrt(g + h*x)), x)

Maxima [F]

/ (a + bz)¥2(de + cf + 2dfz) / (2dfz + de + cf)(bz + a)?
dr = x
Ve+dzye+ fx/g+ hx Vdz +cv/fr+evhr +g

[In] integrate((b*x+a)~(3/2)*(2xdxf*x+c*xf+dxe)/(d*x+c)~(1/2)/(£xx+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((2*d*f*x + dxe + cxf)*(bxx + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e
)*sqrt(h*x + g)), x)

Giac [F]

/(a+bx)3/2(de+cf+2dfx) /(2dfav-I—de—l—cf)(bx—l—a)g
dr = x
Ve+doye+ fr/g+ hx Vdz +c/fr+evhx+g

[In] integrate((brx+a)” (3/2)% (2Hdxfxxtcrfrdre)/ (drxec) " (1/2)/(Erxre) (1/2)/ (hwcr
g)~(1/2) ,x, algorithm="giac")

[Out] integrate((2xd*f*x + dxe + c*f)*(bxx + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e
)*sqrt (h*x + g)), x)
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Mupad [F(-1)]

Timed out.

/ (a + bx)32(de + cf + 2dfx) (a+b2)*?(cf+de+2dfx)
dr = dz
Ve+dzye+ fx/g+ hx Vet frg+hzve+dzx

[In] int(((a + b*x)~(3/2)*(cxf + d*e + 2xd*f*x))/((e + £*x)~(1/2)*(g + h*x)~(1/2

)x(c + d*x)~(1/2)),x)
[Out] int(((a + b*x)~(3/2)*(c*f + d*e + 2xd*f*x))/((e + £*x)~(1/2)*(g + h*x)~(1/2

Yx(c + d*x)7(1/2)), x)
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Va+bz(detcf+2dfz)
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Optimal result

Integrand size = 49, antiderivative size = 472

/ Vva +bzx(de + cf + 2dfz) dp — 2bv/c + dzv/e + fr\/g + hx
Ve+dzye+ fx/g+ hx hva + bz
(be—af)(g+hz) : [ Vbg—ahvet [z (be—ad)(fg—eh)
~ 2y/bg — ah+/fg — ehvc+ dx,/— (o eh)(i+bx)E’<ar031n <\/fiz—eh\/a+bx> |— (de—cf)(bj—ah))

(be—af)(ctdx) /T T
h (de—cf)(a+bzx) g+ hx

(fg—eh)(atbz) /(fg—eh)(ct+dx) : [ f(bg—ah) . [ Vbe—af\/gthz \ (de—cf)(bg

h)*/? (bgg ah)(e+fz) d;’ ch)(e—i—fx)(e + fz) EllipticPi <(begaf)h’ar081n <¢bg_ah¢i+fz> » (be—af)(d

Vbe —afh?va + bxv/c+ dx

[Out] -2*d*(-axh+b*g)~(3/2)*(f*x+e)*E1llipticPi((-a*xf+bxe)~(1/2)*(h*x+g)~(1/2)/(-a
*xh+bxg) ~(1/2) / (fxx+e) ~(1/2) ,f*(—axh+b*g) / (-a*f+b*e) /h, ((-c*kf+d*e) * (—axh+b*g

)/ (maxf+bxe) / (—cxh+d*g) )~ (1/2)) * ((—exh+f*g) * (bxx+a) / (—axh+b*g) / (f*xx+e) )~ (1/

2) *((-e*h+f*g) * (d*x+c) / (-c*h+d*g) / (f*x+e) )~ (1/2) /h~2/ (-axf+b*xe) ~(1/2) / (b*x+
a)~(1/2) / (d*x+c) = (1/2) +2xb* (d*x+c) = (1/2) * (£*x+e) = (1/2) * (h*x+g) " (1/2) /h/ (b*x

+a) ~(1/2)-2*EllipticE((-a*h+b*g) ~(1/2) * (f*x+e) ~(1/2) / (—exh+f*xg) ~(1/2) / (b*x+
a)~(1/2), (-(-axd+bx*c) * (—exh+f*g) / (-c*xf+d*xe) / (—axh+b*g)) ~ (1/2) ) * (~a*xh+bxg) ~(

1/2) * (—exh+f*g) ~(1/2) * (d*x+c) = (1/2) * (- (~axf+bxe) x (h*x+g) / (—exh+f*g) / (bxx+a)
)7(1/2) /h/ ((-a*f+b*e) * (d*x+c) / (-cxf+dxe) / (bxx+a) )~ (1/2) / (h*x+g) ~(1/2)
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Rubi [A] (verified)

Time = 0.41 (sec) , antiderivative size = 472, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 5 number of rules _ 0.102, Rules used

' integrand size
= {1609, 171, 551, 182, 435}

Va+bz(de + cf + 2dfx) dr —

Vet doy/e+ fz/g+he
(a+bx)(fg—eh) [(ct+dx)(fg—eh) ... . [ f(bg—ah) s Vbe—afvgtha | (de—cf)
2d(e + fx)(bg — ah)3/2\/ (et fx)(bg—ah) \/ (et fm)(d!;—ch) EllipticPi ((beiaf)h’ arcsim <\/bg—ah\/g+ fm) ) (be—af)i

h2v/a + bxv/c + dz+/be — af
(g+hz)(be—af) . v/bg—ah+/e+fzx (be—ad)(fg—eh)
~ 2v/c + dz+/bg — ah+/fg — eh, /——(a+bx)(fg_eh)E<arcsm <\/f“;_eh\/a+bw> |— (de_cf)(bg_ah)>

(ct+dz)(be—af)
hvg + hx \/ (Z-I—bﬁ)(di—if)

N 20\/c + dzv/e + fx\/g + hx
hva + bx

[In] Int[(Sqrt[a + b*x]*(d*e + c*f + 2xd*xf*x))/(Sqrtl[c + d*x]*Sqrtl[e + f*x]*Sqrt
[g + h*x]),x]

[Out] (2xb*Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrtl[g + h*x])/(h*Sqrt[a + b*x]) - (2*Sqrt
[b*g - axh]*Sqrt[fxg - exh]l*Sqrt[c + d*x]*Sqrt[-(((b*xe - axf)*(g + h*x))/((

fxg - exh)*(a + bxx)))]*EllipticE[ArcSin[(Sqrt[b*g - axh]l*Sqrtl[e + f*x])/(S

qrt [f*g - exh]*Sqrt[a + b*x])], -(((b*c - a*d)*(f*g - e*h))/((d*e - cx*f)*(b

*g - axh)))])/(h*Sqrt[((bxe - a*f)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt

[g + hxx]) - (2*d*(bxg - axh)~(3/2)*Sqrt[((f*g - exh)*(a + b*x))/((b*xg - ax
h)*(e + £xx))]*Sqrt[((f*g - exh)*(c + d*x))/((d*g - cxh)*(e + f*xx))]*(e + £
*x)*E1lipticPi [(f*(b*g - a*h))/((b*e - a*f)*h), ArcSin[(Sqrt[b*e - a*f]*Sqr

tlg + h*x])/(Sqrt[b*g - axh]*Sqrtle + f*x])], ((d*e - cxf)*(b*g - axh))/((b

xe — axf)*(dxg - cx*h))])/(Sqrt[b*e - a*f]xh~2xSqrt[a + b*x]*Sqrt[c + d*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 182

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)I*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrt[
(-(b*e - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
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*x]*Sqrt [(bxe - a*f)*((c + d*x)/((d*e - c*f)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h}
, x]

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*xd)), ArcSin[Rt[-d/c, 2]*x], cx(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, O] && GtQle, O] && !'( 'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1609

Int[(Sqrtl(a_.) + (b_)*(x_)]1*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_
)I1*xSqrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[b*
BxSqrt[c + d*x]*Sqrtle + f*x]*(Sqrt[g + h*x]/(d*f*h*Sqrt[a + b*x])), x] + (
-Dist [B*((b*g - a*h)/(2*f*h)), Int[Sqrtle + f*x]/(Sqrtl[a + b*x]*Sqrt[c + dx
x]*Sqrt[g + h*x]), x], x] + Dist[B*(bxe - a*f)*((bxg - axh)/(2*d*fxh)), Int
[Sqrtlc + d*x]/((a + b*x)~(3/2)*Sqrt[e + f*x]*Sqrtlg + h*x]), x], x]) /; Fr
eeQ[{a, b, c, d, e, £, g, h, A, B}, x] && EqQ[2xAxd*f - Bx(d*e + cx*f), 0]

Rubi steps
. 2bvc + dz/e + fx\/g+ hx (d(bg — ah)) | \/a+bx\/zj;£;\/g+hx dx
integral = —
hva + bx h
Vetdx
n ((be - a’f) (bg - ah’)) f (a+bx)3/2/et fav/gtha dx

h
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_ 20V/c+dz/e+ fr/g+ hx
B hva + bx

(Qd(bg _ ah) (fg—eh)(a-l—b:c) (fg—eh)(c+da:) (e + f:l:)) SubSt

(bg—ah)(e+fx) \ (dg—ch)(e+fz)

(h— sz)\/1+( l;,jf‘y;)“ \/1+< detef)s?

hv/a + bz\/c + dx

(bc—ad)z?

o dn. [Cretal)(g+ha) de—cf VeFfz
<2(bg — ah) c+ dCE m) SUbSt f m de’, x, atbs

fg—eh
(be—af)(ct+dz) /1=
h (de—cf)(a+bx) g+ hx
_ 20Vc+dz/e+ fr/g+ha
hva + bz
(be—af)(g+hz) in—1 ( Vbg—ahVetfz (be—ad)(fg—eh)
- 2vbg — ah/fg —ehve + dz\ /=5 erim B (S‘n (Vfi]—ehda+ba:> = (de—cf)(bg—ah)>
(be—af)(ct+dx)
h (de o) atb) VI T he
2d(bg _ ah)3/2\/(fg—€h)(a+b$) (fg—eh)(c+dz) (6 + fx)H (f(bg—ah) . sin_l (x/be—af\/g—{—hz) | (de—cf)(bg-

(bg—ah)(e+fz) |/ (dg—ch)(e+fz) (be—af)h? Vvbg—ahyetfz ) | (be—af)(dg
Vbe —afh?va + bxv/c+ dx

Mathematica [A] (verified)

Time = 36.16 (sec) , antiderivative size = 443, normalized size of antiderivative = 0.94

Va+bz(de+cf + 2dfa:)
Ve+dzye+ frg+ hx
20a + bzyc + dr | —Hlerfallgrha) (f 9‘6")W*de“fﬁg‘fﬁiﬁ?iiiifﬁ (@£12) ((de—cf)hB (arcsin 1/ (el e s ) 1 Goz

ct+dx

[In] Integrate[(Sqrt[a + b*x]*(d*e + c*f + 2xd*f*x))/(Sqrtlc + d*x]*Sqrtle + f*x
1*Sqrt[g + h*x]),x]

[Out] (-2*Sqrt[a + b*x]*Sqrtlc + d*x]*(-((dxh*x(e + f*x)*(g + h*x))/(c + d*x)) - (
(fxg - exh)*Sqrt[((-(d*e) + cxf)*x(d*g - cxh)*(e + f*xx)*(g + h*x))/((fxg - e
*h) "2x(c + d*x)~2)]*((d*e - c*f)*h*EllipticE[ArcSin[Sqrt[((-(d*e) + cx*f)*(g
+ h*x))/((fxg - exh)*(c + d*x))]], ((b*c - axd)*(-(fxg) + exh))/((d*e - c*
f)*(bxg - a*h))] + (-(d*exh) + cxf*h)*EllipticF[ArcSin[Sqrt[((-(d*e) + c*f)
x(g + h*xx))/((fxg - exh)*(c + d*x))]], ((bxc - a*d)*(-(fxg) + exh))/((dxe -
cxf)*(bxg - a*h))] + fx(d*g - c*h)*EllipticPi[(d*(-(f*g) + e*h))/((d*e - c
*xf)*h), ArcSin[Sqrt[((-(d*e) + c*f)*(g + h*x))/((f*g - exh)*(c + d*x))]1], (
(bxc - axd)*(-(f*xg) + exh))/((d*xe - cxf)*(bxg - axh))]))/((d*e - c*f)*Sqrt[
((d*g - c*¥h)*(a + b*x))/((bkg - a*h)*(c + d*x))])))/(h~2*Sqrt[e + f*x]*Sqrt
[g + hxx])
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1559 vs. 2(426) = 852.

Time = 5.17 (sec) , antiderivative size = 1560, normalized size of antiderivative = 3.31

method | result size

elliptic | Expression too large to display | 1560

default | Expression too large to display | 13180

[In] int((b*x+a)~(1/2)*(2*d*f*x+cxf+d*e)/(d*x+c)”(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/
2) ,x,method=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)* (£*xx+e)* (h*x+g))~(1/2)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/ (f*x+e)
~(1/2) / (h*x+g) = (1/2) * (2x (axc*f+a*xdxe) * (g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a
/b)/ (x+c/d))~(1/2) *(x+c/d) 2% ((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d) ) ~(1/2) *
((-c/d+a/b)*(x+g/h)/ (-g/h+a/b) / (x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (bxd*f*
h*(x+a/b) *(x+c/d) * (x+e/f) *(x+g/h)) ~(1/2) *EllipticF (((-g/h+c/d) *(x+a/b) / (-g/
h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f)/(-c/d+g/h)) ~(1/2) ) +2x*
(2%axd*f+bxcxf+b*d*e)* (g/h-a/b)*((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/
2) *(x+c/d) ~2*((-c/d+a/b) *(x+e/f) /(-e/f+a/b) / (x+c/d) )~ (1/2) *((-c/d+a/b) * (x+g
/h)/(-g/h+a/b) /(x+c/d))~(1/2)/ (-g/h+c/d) / (-c/d+a/b) / (bkd*f*xh* (x+a/b) * (x+c/d
)x(x+e/f)*(x+g/h))~(1/2)*(-c/d*E1llipticF (((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+
c/d))~(1/2),((e/f-c/d)*(g/h-a/b) /(-a/b+e/f)/(-c/d+g/h)) ~(1/2))+(c/d-a/b) *E1
lipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2),(-g/h+a/b)/(-g/h+c/d
), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h)) ~(1/2)))+2*bxd*f* ((x+a/b) * (x+e
/£)*(x+g/h)+(g/h-a/b)*((-g/h+c/d)*(x+a/b) /(-g/h+a/b) / (x+c/d)) ~(1/2) *(x+c/d)
~2x((-c/d+a/p) *(x+e/f) /(-e/f+a/b) / (x+c/d))~(1/2) *((-c/d+a/b) * (x+g/h) / (-g/h+
a/b)/(x+c/d))~(1/2)*((axc/b/d-g/h*a/b+g/h*c/d+c~2/d"2) /(-g/h+c/d) /(-c/d+a/b
)*EllipticF (((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2),((e/f-c/d)*(g/h-a
/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(-a/b+e/f) *E1lipticE(((-g/h+c/d) *(x+a/b) /
(-g/h+a/b)/(x+c/d))~(1/2),((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h))~(1/2)
)/ (-c/d+a/b)+(a*d*fxh+b*c*f*h+bxd*e*h+bxd*xf*g) /b/d/f/h/(-g/h+c/d)*E1llipticP
i(((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2), (g/h-a/b)/(-c/d+g/h), ((e/f-
c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))) / (b*d*f*xh*(x+a/b) * (x+c/d) * (x+
e/f)*(x+g/h))~(1/2))
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Fricas [F(-1)]
Timed out.

Va + bx(de + cf + 2df x)

dr = Timed out
Ve+dzye+ fr/g + hr

[In] integrate((b*x+a)~(1/2)*(2xd*f*x+ckf+d*e)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+
g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out
Sympy [F]

Va+bz(de + cf + 2dfx) dp — Va+bz(cf + de + 2dfx) i
Ve+dzye+ fx/g+ hx Ve+dzye+ fx/g+ hx

[In] integrate((b*x+a)*x(1/2)* (2*d*f*x+cxf+d*e)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h
*xx+g) **(1/2) ,x)

[Out] Integral(sqrt(a + b*x)*(c*f + d*e + 2xdxf*x)/(sqrt(c + d*x)*sqrt(e + f*x)*s
qrt(g + h*x)), x)

Maxima [F|

va+bzx(de+ cf + 2dfz) s (dex—l-de—l-cf)\/bx—l-adx

Vet doyet favgthe ) Vdr+o/fr+e/hz g

[In] integrate((bxx+a)”~(1/2)*(2xd*f*x+cxf+d*e)/(d*x+c)”(1/2)/(f*x+e)~(1/2)/ (h*x+
g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((2*d*f*x + dxe + cxf)*sqrt(bxx + a)/(sqrt(d*x + c)*sqrt(f*x + e)x
sqrt(h*x + g)), x)

Giac [F]

va+bz(de+ cf + 2dfz) dp — (2dfx+de+cf)\/bx+adm
Ve+dzye+ fx/g+ hx Vdz +cv/fr+evhr +g

[In] integrate((b*x+a)~(1/2)*(2xdxf*x+c*xf+dxe)/(d*x+c)~(1/2)/(£xx+e)”(1/2)/(h*x+
g)~(1/2),x, algorithm="giac")

[Out] integrate((2xd*f*x + dxe + c*f)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*
sqrt (h*x + g)), x)
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Mupad [F(-1)]

Timed out.

\/a+bx(de+cf+2dfx /\/a+bx cf+de+2dfx) i

\/c+dx\/e+fw\/g+hx Vet fr\g+hzve+dzx

[In] int(((a + b*x)~(1/2)*(cxf + d*e + 2xd*f*x))/((e + £*x)~(1/2)*(g + h*xx)~(1/2

)k(c + d*x)~(1/2)) ,x%)
[Out] int(((a + b*x)~(1/2)*(c*f + d*e + 2xd*f*x))/((e + £*x)~(1/2)*(g + h*x)~(1/2

Yx(c + d*x)~(1/2)), x)
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de+cf+2dfz

3.13 f Va+bryctdxy/e+ fx/g+hx dz

Optimal result . . . . . . . . . . . e 1311
Rubi [A] (verified) . . . . . . . . 132
Mathematica [A] (verified) . . . . . . . . . ... 134
Maple [B] (verified) . . . . . . . . . ... 1351
Fricas [F(-1)] . . . . . o o 135
Sympy [F] . . o 136
Maxima [F] . . . . . . 136
Giac [F] . . . o o 136
Mupad [F(-1)] . . . . 1361

Optimal result

Integrand size = 49, antiderivative size = 449

de + cf + 2dfz
dx
Va+bzvc+dzv/e + fx\/g+ hx

(be—af)(ctdz) st : Vbg—ahy/e+fx (be—ad)(fg—eh)
B 2(bde + bef — 2adf) (de—cP(attn) VI T hx EllipticF (arcsm ( v f‘; = \/a+bx> )~ (de—ef) (b;’_ah)>

by/bg — ahy/Fg — eh/c+ dz |- Gt
4dfr/=dg + ch(a + b) | Lme(etaey | [lomanlettsl Ripticpi (— bdg—eh) arcsin ( ﬂmJ RCE
bv/bc — adhv/c + dz+/e + fz

+

[Out] 4*d*f*(b*x+a)*EllipticPi((-a*xd+b*c)~(1/2)*(h*x+g)~(1/2)/(cxh-d*g)~(1/2)/ (b*
x+a) " (1/2) ,-b*(-c*h+d*g) / (—a*d+b*c) /h, ((-axf+b*e) * (-c*h+d*g) / (-a*d+b*c) /(-e
*xh+fxg) )~ (1/2)) *(c*h-d*g) ~(1/2) * ((—a*h+bxg) * (d*x+c) / (-c*xh+d*g) / (b*x+a) ) ~(1/

2) * ((—axh+b*g) * (fxx+e) / (~exh+fxg) / (bxx+a)) ~(1/2) /b/h/ (-axd+b*c) ~(1/2) / (d*x+
c)~(1/2)/ (f*x+e) = (1/2) +2* (-2*a*d*f+b*c*f+b*d*e) *E11lipticF ((-axh+b*g) ~(1/2)*
(fxx+e) ~(1/2)/ (-exh+f*g) = (1/2) / (bxx+a) ~(1/2) , (- (~a*d+b*c) * (-exh+f*g) / (-cxf+

d*xe) / (—a*h+b*g) ) ~(1/2) ) * ((~axf+bxe) * (d*x+c) / (-c*f+d*e) / (b*x+a)) ~(1/2) * (h*xx+
g)~(1/2) /b/ (~axh+bxg) ~(1/2) / (~exh+f*g) ~(1/2) / (d*x+c) ~(1/2) / (- (-axf+b*e) * (h*

x+g) / (—exh+f*g) / (bxx+a))~(1/2)



132

Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 449, normalized size of antiderivative = 1.00,
number of steps used = 5, number of rules used = 5 number of rules _ 0.102, Rules used

' integrand size
= {1612, 176, 430, 171, 551}

de + cf + 2dfz "
Vva+bzv/c+dzv/e+ fx\/g+ hx
2v/g + hx(—2adf + bef + bde) (ctdz)(be=af) FjinticF (arcsin ( Vog—ahyet] ’”) , — {be—ad)(/ g_eh)>

(a+bz)(de—cf) Vfg—ehvatba (de—cf)(bg—ah)

bvc+ dz+/bg — ah\/fg —eh ——EZiZ:))((fb;:Z{lg

(ct+dz)(bg—ah) [ (e+fz)(bg—ah) s s D b(dg—ch) . Vbc—ady/gthz \ (be—af)(d
4df(a + bx) V ch — dg\/(a_,_bx)(dz_ch) (a—i—bx)(fi—eh) ElllpthPl <_ (bczad)h’ arcsin <\/ch—dg\/€1+ba:) ! (bc—ad)(fg

bhv/c + dz+/e + fx\/bc — ad

+

[In] Int[(d*e + c*f + 2xd*xf*x)/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtlg
+ h*x]) ,x]

[Out] (2*(bxd*e + bxcxf - 2*xaxd*f)*Sqrt[((b*e - a*f)x(c + d*x))/((d*e - c*f)*(a +
b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrt[e + fx*x])/(Sqr
t[fxg - exh]*Sqrt[a + b*x])], -(((b*c - a*d)*(f*g - e*h))/((d*e - c*f)*(bxg

- a*h)))])/(b*Sqrt [bxg - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b*e -
axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]) + (4*d*fxSqrt[-(d*g) + c*h]l*(a

+ bxx)*Sqrt [((bxg - ax*h)*(c + d*x))/((d*g - cxh)*(a + bxx))]*Sqrt[((b*xg - a
xh)*(e + f£xx))/((f*g - exh)*(a + bxx))]*EllipticPi[-((b*(d*g - c*h))/((b*c

- axd)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrtl[g + h*x])/(Sqrt[-(d*g) + cxh]*Sqrt

[a + bxx])], ((bxe - a*f)*(dxg - c*h))/((b*xc - axd)*(f*g - exh))])/(b*Sqrt(

bxc - axd]*h*Sqrt[c + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(b*g - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)xSqrt[1 + (bxc - axd)*(x"2/(d*g - c*h))]*Sqrt[1 + (b*e - a*xf)*x(x"2/(f*g -
exh))]1), x], x, Sqrt[g + h*x]/Sqrt[a + bxx]], x] /; FreeQ[{a, b, c, 4, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]x*
Sqrt [(-(bxe - a*f))*((g + h*x)/((f*g - exh)*(a + bxx)))])), Subst[Int[1/(Sq
rt[1 + (b*c - axd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)



133

1), x1, x, Sqrt[e + f*x]1/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g,
h}, x]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol]l :> S
imp[(1/(Sqrt[a]*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*d))], x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl[(c_) + (d_.)*x(x_)"2]*Sqrtl[(e_ ) + (£f_.)*(x
_)~2]), x_Symbol] :> Simp[(1/(a*xSqrt[c]*Sqrt[el*Rt[-d/c, 2]))*EllipticPi [b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], c*(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] && 'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && !'( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]
#Sqrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbol]l :> Dist[(A%b
- a*B)/b, Int[1/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x]),
x], x] + Dist[B/b, Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h, A, B}, x]

Rubi steps

(2df) Vo ___gp(—2adf + b(de + cf)) 1 iz
integral = / VetdeVetfovgthe J Vatbzy/ctdzy/et foy/gths

b b
4df(a+ b.’L') (bg:ah)(c+dw) (bg—_ah)(e+fx)> Subst . Vo+ha
( (dg—ch)(a+bx) \/ (fg—eh)(a+bx) (h bxz)\/1+(bcga‘3:” \/1+(b‘}ga7;)h"”2 vy atbz
B bvc+dzy/e+ fr
(2(-20df + b(de + 1)) GEREER VI + ) Subst (f T [ 1 Ve
T de—cf fa—ch

+

(=betaf)(g+hz)
b(fg —eh)Vec+ dx (fg_eh)(d"erw)
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be—af)(ctdz) /1= vbg—ahet+fz (be—ad)(fg—eh)
2(bd€ + bCf - 2adf) Ede cf)(a+bx) g+ hzF <SIII <\/fg9—eh\/a+bx> |_ (de—cf)(bﬁ—ah))

(be—af)(g+hx)
by/bg — ah\/fg — eh\/c+dz\/— —fg ) e be)

(bg—ah)(ct+dz) /(bg—ah)(e+fx) b(dg—ch) ., ... —1 ( /bc—ad\/gthz (be—af)(d
4df/—dg + ch(a + bx) @%WHM)(M%WMMHCWMWmﬁm <¢%MM%MJ|W%Wf

bv'bc — adh/c + dzv/e + fx

Mathematica [A] (verified)

Time = 25.23 (sec) , antiderivative size = 723, normalized size of antiderivative = 1.61

de + cf + 2dfz
dx
Vva+ bzv/c+ dxv/e + fx\/g+ hx

—ah)(ct+dz bg—ah)(e+fx s g . —be+a hz —be
B 2va + bx % <—bde(be —af)hy/ %(g + hz) EllipticF (arcsm ( ((fgjeifc))((zzg:—bx))> < e

[In] Integrate[(d*e + cxf + 2*d*xf*x)/(Sqrtla + b*x]*Sqrt[c + d*x]*Sqrtle + f*x]=*
Sqrt[g + h*x]),x]

[Out] (2#Sqrt[a + b*xx]*Sqrt[((b*g - a*h)*(c + d*x))/((d*g - c*h)*x(a + b*x))]*(-(b
*xdxex* (bxe - axf)*h*Sqrt[((bxg - axh)*(e + f*x))/((fxg - exh)*(a + b*x))]1*(g
+ h*x)*EllipticF [ArcSin[Sqrt[((-(bxe) + a*f)*(g + h*x))/((f*g - exh)*(a +
b*x))]1], ((-(bxc) + axd)*(-(fxg) + exh))/((bxe - a*xf)*(d*g - c¥h))]) + 2*ax
dxfx(bxe - a*f)*h*Sqrt[((bxg - a*h)*x(e + f*x))/((fxg - exh)*(a + b*x))]1*(g
+ h*x)*EllipticF[ArcSin[Sqrt[((-(b*e) + a*f)*(g + h*x))/((f*g - exh)*(a + b
*xx))]11, ((-(bxc) + axd)*(-(fxg) + exh))/((bxe - a*f)*(d*g - cxh))] + bkckf*
(-(b*xe) + axf)*h*Sqrt[((bxg - a*xh)*(e + f*x))/((f*g - exh)*(a + b*x))]*(g +
h*x)*E11lipticF [ArcSin[Sqrt [((-(b*e) + a*xf)*(g + h*x))/((f*g - exh)*(a + bx*
x))]1], ((-(bkxc) + a*xd)*(-(f*g) + exh))/((bkxe - a*xf)*(dxg - cxh))] - 2xd*fx*(
bxg - axh)*(f*g - exh)*(a + b*xx)*Sqrt[((-(bxe) + axf)*(g + hx*x))/((fxg - e*
h)*(a + bxx))]*Sqrt[((-(b*xe) + a*f)*(bxg - a*h)*(e + f*x)*(g + h*x))/((f*g
- exh)”"2x(a + bxx)~2)]*EllipticPi[(b*(-(f*g) + exh))/((b*e - axf)*h), ArcSi
n[Sqrt[((-(b*e) + axf)*(g + h*x))/((fxg - exh)*(a + b*x))]], ((-(bxc) + axd
)*(-(f*g) + exh))/((bxe - a*xf)*(d*g - c*h))]))/(b*(b*e - axf)*hx(b*g - axh)
xSqrt [c + d*x]*Sqrtle + f*xx]*Sqrtl[g + hxx]*Sqrt[((-(b*xe) + a*f)*(g + h*x))/

((fxg - exh)*(a + bxx))])
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 854 vs. 2(411) = 822.

Time = 6.28 (sec) , antiderivative size = 855, normalized size of antiderivative = 1.90

method | result

)

[~

+¢) (a4 (
+8)(=+§) \ (-

2(cf+de)(£—g) (_%
h b (7%

V/ (bz+a)(dz+c)(fo+e) (hz+g)

elliptic

default | Expression too large to display

[In] int((2xd*xf*xx+cxf+dxe)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/
2) ,x,method=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(f*xx+e)*(h*xx+g))~(1/2)/(bxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)
~(1/2) / (h*x+g) ~(1/2) * (2% (c*f+d*e) * (g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b) /
(x+c/d))~(1/2) *(x+c/d) ~2*((-c/d+a/b) *(x+e/f) / (~e/f+a/b) / (x+c/d) ) ~(1/2) *((-c
/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~(1/2) / (-g/h+c/d) / (-c/d+a/b) / (b*xd*f*h* (x
+a/b) * (x+c/d) * (x+e/f) * (x+g/h) )~ (1/2)*E1lipticF (((-g/h+c/d) * (x+a/b) / (-g/h+a/
b)/(x+c/d))~(1/2),((e/f-c/d)*(g/h-a/b)/(-a/b+e/f) /(-c/d+g/h)) " (1/2) ) +4*d*f*
(g/h-a/b) *((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d)) ~(1/2) * (x+c/d) ~2* ((-c/d+a/
b)*(x+e/f)/(-e/f+a/b) /(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d)
)~ (1/2)/(-g/h+c/d) / (-c/d+a/b) / (b*d*fxh* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) )~ (1/
2)*(-c/d*EllipticF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2),((e/f-c/d)
*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h)) ~(1/2))+(c/d-a/b)*E1lipticPi (((-g/h+c/d)*(
x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), (-g/h+a/b) /(-g/h+c/d) , ((e/f-c/d) *(g/h-a/b)
/(-a/b+e/f)/(-c/d+g/h))~(1/2))))

Fricas [F(-1)]

Timed out.
de + cf + 2dfx

Vva + bxvc+ dxv/e + fx/g + hx

dz = Timed out

[In] integrate((2*d*f*xx+cxf+d*e)/(b*xx+a)~(1/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out
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Sympy [F]

de + cf + 2dfz cf + de + 2dfz

der —
Va+brvec+ dxv/e + fx/g+ hx v Vva+bryc+ dz/e+ fr/g+ hr !

[In] integrate((2*d*f*xx+c*xf+d*e)/(b*xx+a)**(1/2)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h
*x+g) *%(1/2) ,x)

[Out] Integral((c*xf + d*xe + 2kd*xf*x)/(sqrt(a + bxx)*sqrt(c + d*x)*sqrt(e + f*x)*s
qrt(g + h*x)), x)

Maxima [F]

de + cf + 2dfz 2dfr + de + cf
dx = dx
Vva+brvec+ dxv/e + fx/g+ hx Vbx + avdzx + c/fr +ev/hzr + g

[In] integrate((2*d*f*xx+cxf+d*e)/(b*xx+a)~(1/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((2xd*f*x + dxe + c*f)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)x*
sqrt(h*x + g)), x)
Giac [F]

de + cf + 2dfz 2dfr + de + cf
dx = dx
Va+brvec+ dxv/e + fx/g+ hx Vbx + avdx + c/fr +ev/hzr + g

[In] integrate((rdxfxx+cxf+dre)/ (bxx+a)~(1/2)/ (dxx+e)~(1/2)/ (Fxx+e)~(1/2)/ (hkx+
g)~(1/2) ,x, algorithm="giac")

[Out] integrate((2xd*f*x + dxe + c*f)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)x*
sqrt(h*x + g)), x)

Mupad [F(-1)]

Timed out.

de +cf + 2dfx cf+de+2dfzx
dr = dz
Vva+brvec+ dxy/e + fx/g+ hx ve+ fr/g+hzxva+bxve+dx

[In] int((c*f + dxe + 2*d*f*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + bxx)~(1/2)*
(c + d*x)~(1/2)),x)

[Out] int((c*f + dxe + 2xdxfxx)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*
(c + d*x)~(1/2)), x)
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de+cf+2dfz

3.14 f (a+b2)3/2\/c+dzr/e+ fx\/g+hz dz

Optimal result . . . . . . . . . . . e 137
Rubi [A] (verified) . . . . . . . . . 138
Mathematica [A] (verified) . . . . . . . . . ... 141
Maple [B] (verified) . . . . . . . . . 1421
Fricas [F] . . . . . . o 143
Sympy [F] . . o 143
Maxima [F] . . . . . o 143
Giac [F] . . o o o 144
Mupad [F(-1)] . . . . 144

Optimal result

Integrand size = 49, antiderivative size = 625

/ de + cf + 2df r dpe 2d(bde + bef — 2adf)va + bx/e + fr/g + hx
(a+ bx)32/c+ dave + fa/g+ he (bc — ad)(be — af)(bg — ah)Vc + dx

_ 2b(bde +bef — 2adf)Vc+ dzv/e + fx\/g + hx
(bc — ad)(be — af)(bg — ah)va + bx

(de—cf)(g+hx) . Vdg—chv/e+fz \ | (bc—ad)(fg—eh)
2(bde + bef — 2adf)+/dg — chv/fg — ehv/a + bx | — W)(i_i_dm)E@rcsm (\/fz eh\/c+dx> |(be af)(dz ch))

(be — ad)(be — af)(bg — ah)/ GRS Vo +
2d(de — cf) ) be=ad)letdn) /o R EllipticF (arcsin (\/’W \/e+fw) | Ge—ad)(fo- eh))

(de—cf)(a+bz) v fg—eh\a+bx (de—cf)(bg—ah)
(be—a, hz
(be — ad)y/bg — afiy/fg — ehv/et d, [~ Cenlatia)

[Out] 2*d*(-2*a*d*f+bxcxf+b*xd*e)*(bkxx+a)~(1/2)*(f*xx+e) ~(1/2)* (h*x+g) ~(1/2) /(-axd+
bxc) / (-axf+b*e) / (—axh+b*g) / (d*x+c) = (1/2) -2%b* (-2*a*xd*f+bkckf+bxd*e) * (d*x+c)
~(1/2)*x (f*xx+e) = (1/2) * (h*x+g) = (1/2) / (-axd+b*c) / (-a*f+bxe) / (-a*h+b*g) / (bkxx+a)
~(1/2)-2*%d* (—c*xf+d*e) *E1lipticF ((—a*h+bxg) = (1/2) * (fxx+e) ~(1/2) / (-exh+f*g) ~(
1/2)/ (bxx+a) = (1/2) , (- (—a*d+b*c) * (-exh+f*g) / (-c*xf+dxe) / (—a*h+b*g) ) ~(1/2) ) * ((
—axf+bxe) * (d*x+c) / (-cxf+d*xe) / (b*x+a)) ~(1/2) * (h*x+g) ~(1/2) / (—a*xd+b*c) / (-a*xh+
bxg) ~(1/2) / (-exh+f*g) = (1/2) / (d*x+c) " (1/2) / (- (—a*f+b*e) * (h*x+g) / (—exh+f*g) / (
bxx+a) )~ (1/2) -2% (-2*axd*f+b*c*xf+bxd*e) *E11ipticE((-c*h+d*g) = (1/2) * (f*x+e)~(
1/2) / (—exh+£f*g) ~(1/2) / (d*x+c) ~(1/2) , ((—a*xd+b*c) * (-exh+f*g) / (—a*xf+b*e) / (-c*h
+d*g) )~ (1/2) ) * (-c*h+d*g) ~ (1/2) * (-exh+f*g) ~(1/2) * (b*x+a) ~ (1/2) * (- (-c*kf+dxe) *
(hxx+g) / (-exh+f*xg) /(d*x+c)) ~(1/2) / (-a*xd+b*c) / (-axf+bxe) / (~a*h+b*g) / ((-cxf+d
*e) * (bxx+a) / (-axf+bxe) /(d*x+c)) ~(1/2) / (h*x+g) ~(1/2)
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Rubi [A] (verified)

Time = 0.73 (sec) , antiderivative size = 625, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 7 number of rules _ 0.143, Rules used

' integrand size
= {1613, 1616, 12, 176, 430, 182, 435}

/ de +cf + 2dfx dp —
(a + bx)3/2/c+ dz\/e + fx/g + hz
2dv/g + hz(de — cf) (ctda)(be—af) pyjinticF (arcsin (s/ibg—ah\/ie-i-fx) — (bc—ad)(fg—eh))

(a+bz)(de—cf) V' fg—eha+bzx (de—cf)(bg—ah)
Ve + dz(be — ad)+/bg — ahr\/fg — eh —%
hz)(de—c . Vdg—ch/e+fx bc—ad —eh
2va + bx+/dg — ch\/fg — eh(—2adf + bcf + bde)/ —WE(arcsm (\/fz_eh\/;[{;J |Ebe_af))(({fg’_chg>
Vg + hz(bc — ad)(be — af)(bg — ah),/ %
B 20v/c + dzv/e + fz/g + hx(—2adf + bef + bde)
va+ bx(bc — ad)(be — af)(bg — ah)
2dva + bzv/e + fx\/g + hx(—2adf + bef + bde)
Ve + dz(be — ad)(be — af)(bg — ah)

[In] Int[(d*e + c*f + 2xd*xf*x)/((a + b*x)~(3/2)*Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt
[g + hxx]),x]

[Out] (2*d*(b*d*e + bkxcxf - 2kaxd*f)x*Sqrt[a + b*x]*Sqrt[e + f*x]*Sqrt[g + h*x])/(
(bxc - axd)*(bxe - axf)*(bxg - ax*h)*Sqrt[c + d*x]) - (2xbx(b*d*e + bkc*f -
2xa*xd*f)*Sqrt [c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])/((b*c - axd)*(bxe - axf
)*(bxg - axh)*Sqrt[a + bxx]) - (2*(bxd*e + bkxcxf - 2*axd*f)*Sqrt[d*g - c*h]
xSqrt [fxg - exh]*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*(g + h*x))/((f*g - exh)x*
(c + d*x)))]1*EllipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrtle + fxx])/(Sqrtlf*g - e
xh] *Sqrt[c + d*x])], ((bxc - axd)*(fxg - exh))/((b*e - axf)*(d*g - c*h))])/
((bxc - a*xd)*(bxe - axf)*(b*g - axh)*Sqrt[((d*e - cxf)*(a + bxx))/((b*e - a
xf)*(c + d*x))]*Sqrtlg + h*x]) - (2*d*x(d*e - c*xf)*Sqrt[((b*xe - axf)*(c + dx*
x))/((dxe - c*f)*(a + b*x))]1*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh
1*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrt[a + b*x])], -(((bxc - a*d)*(fxg - ex
h))/((d*e - c*f)*(bxg - a*h)))])/((bxc - a*d)*Sqrt[b*g - axh]*Sqrt[f*g - ex
h]*Sqrt[c + d*x]*Sqrt[-(((bxe - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQl[a, x] && !Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + hx*x]*(Sqrt[(
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bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((fxg - ex*h)*Sqrt[c + d*x]*
Sqrt[(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (bxc - axd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - a*h)*(x"2/(f*g - ex*h)
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g,
h}, x]

Rule 182

Int[Sqrt[(c_.) + (d_.)*(x_)]1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrtl[g + h
*x]*Sqrt [(bxe - axf)*((c + d*x)/((d*e - c*f)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - a*xd)*(x"2/(d*e - c*f))]/Sqrt[1l - (b*g - a*h)*(x"2/(f*g - e*h))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt [a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*d))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrt[(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(axd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQl[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 1613

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1xSqgrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[(
A¥b~2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrt[e + f*x]*(Sqrtlg + h*x]
/(@ + 1)*(bxc - axd)*(b*e - axf)*(b*g - a*h))), x] - Dist[1/(2x(m + 1)*(b*
c - axd)*(b*e - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]))*Simp [A*(2%a~2*d*fxh*x(m + 1) - 2%a*bx(m + 1)*(d*
fxg + d*exh + cxfxh) + b™2%(2+m + 3)*(d*e*xg + cxf*g + cxexh)) - b*Bx(ax(d*e
xg + c*xf*xg + ckxexh) + 2*¥bxckxexg*x(m + 1)) - 2x((A*b - axB)*(a*xdxfxhx(m + 1)
- bx(m + 2)*(d*fxg + dxexh + cxfxh)))*x + d*f*h*(2*m + 5)*(A*b~2 - a*xb*B)*x
~2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+m]
&& LtQ[m, -1]

Rule 1616

Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbo
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1] :> Simp[CxSqrt[a + b*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp[2*A*b*d*f*h - C*(b*d*exg + axckfxh) + (2¥b*Bkd*f
*h - Cx(a*xd*f*h + b*(d*f*g + d*exh + c*xfxh)))*x, x], x], x] + Dist[Ck(d*e -
cxf)*((d*g - c*h)/(2*b*d*fxh)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrt[e
+ fxx]*Sqrtlg + h*x]), x1, x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rubi steps

2b(bde + bef — 2adf )V e+ dzv/e + fx\/g + hx
(bc — ad)(be — af)(bg — ah)va + bx

2b2cde fg—a?df (de+cf)h—ab(cdf?g—c? f2h+d?e(fg—eh))+(bde+bcf—2adf ) (adf h+-b(df g+deh+cfh))x+2bdf (bde+be f —2adf ) ha? d
f Va+bz/ct+dz+/e+ fr\/g+hz L
(bc — ad)(be — af)(bg — ah)

2d(bde + bef — 2adf)va + bx/e + fx\/g + hx
(bc — ad)(be — af)(bg — ah)vc + dx
2b(bde + bef — 2adf)v/c + dxy/e + fx/g + hx
- (bc — ad)(be — af)(bg — ah)Va + bz

f 2bd? f (be—af)(de—cf)h(bg—ah) d.’E

integral = —

_|_

+ va+bx/c+dz/e+ fr/g+hx
2bd(bc — ad) f (be — af)h(bg — ah)
((de — cf)(bde + bef — 2adf)(dg — ch)) [ C+dm)3/2"\‘;:'ff,w\/g+hz dx

(bc — ad)(be — af)(bg — ah)

2d(bde + bef — 2adf)va + bxv/e + fx\/g + hx
(bc — ad)(be — af)(bg — ah)vc + dx
2b(bde + bef — 2adf)v/c + dx/e + fx\/g + hx
B (bc — ad)(be — af)(bg — ah)va + bz
dz

1
(d(de — cf)) [ Vartbzy/ctday/etfzy/gtha
bc — ad

be—af

(—bc+ad)z?
(—detcf)(g+hz) I+ Jei [z
(2(bd€ + bCf d 2adf)(dg — Ch)\/ a-+ b$ Fo— eh)(cﬂ-dm) ) S'llet (f W dx, Z, m)
fg—eh

(b — ad) (be — af)(bg — ah)y/ e=ehetba) /o Ty
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2d(bde + bef — 2adf)va + bxv/e + fx\/g + hx
(bc — ad)(be — af)(bg — ah)v/c+ dz
_ 2b(bde + bef — 2adf)v/c + dzv/e + favg + ha
(bc — ad)(be — af)(bg — ah)va + bx
2(bde + bef — 2adf)v/dg — chy/Tg— ehv/a+ ba, /- G DI B (sint (Yiehvetls ) | ee
(bc — ad)(be — af)(bg — ah) EZ: 2?(2123 Vg +hz

1— (bg—ah)z?
fg—eh

(be—af)(ctdx) 1 Vetfz
(Qd(de —cf) (de—cf)(atbz) VI + h.’L‘) Subst (f \/1+(bc—ad)m2\/ dz, z, \/m)
d

(bc — ad)(fg — eh)Vc+ dx %
_ 2d(bde + bef — 2adf)Va + bxv/e + fr/g+ ha
B (bc — ad)(be — af)(bg — ah)v/c+ dx
_ 2b(bde + bef — 2adf)v/c+ dzv/e + favg + ha
(bc — ad)(be — af)(bg — ah)Va + bx

2(bde + bef — 2adf)v/dg — ch\/fg — ehva + bx\/— %E(sm_l (\/V ?Z:ce};l\/v ECEZ) |§Z§:Z‘
(bc — ad)(be — af)(bg — ah) EZ: gg(ﬂsﬁ; Vg +hx

(be—af)(ctdz) / vbg—ahyetfx (bc—ad)(fg—eh)
( € Cf) de (de—cf)(a+bzx) g+ hzF (SlIl (sz—eh\/a—l—bx) |_ (de—cf)(bg—ah))

(bc — ad)+/bg — ah\/fg — eh/c + dx /——El}z__ifl))((ifgg

Mathematica [A] (verified)

Time = 25.78 (sec) , antiderivative size = 341, normalized size of antiderivative = 0.55

/ de + cf + 2dfz p 2(be — af) %(e+]‘x)3/2(9+hx)3/2 ((bde—l—bcf—
=
(a + bx)3/2\/c + dx/e + fr\/g + hx

[In] Integrate[(d*e + cxf + 2kdxfxx)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrtle + f*x
1xSqrt[g + h*x]),x]

[Out] (2x(bxe - a*f)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(e + f
*x)~(3/2)*(g + h*x)~(3/2)*((bxd*e + bxcxf — 2kaxdxf)*(d*g - cxh)*EllipticE[
ArcSin[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*g - exh)*(a + b*x))]], ((bxc - a
xd)*(f*g - exh))/((bxe - a*f)x(dxg - c*h))] - dx(d*e - cxf)*(b*g - axh)*Ell
ipticF[ArcSin[Sqrt [((-(bxe) + axf)*(g + hx*x))/((fxg - exh)*(a + b*x))]1], ((

bxc - axd)*(f*g - exh))/((b*e - axf)*x(d*g - c*h))]))/((bxc - a*xd)*(fxg - ex
h)~3x(a + bxx)~(5/2)*Sqrt[c + d*x]*(-(((bxe - a*f)x*(bxg - a*h)*(e + f*x)*(g

+ h*x))/((f*g - exh)~2x(a + b*x)~2)))~(3/2))
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 2297 vs. 2(571) = 1142.

Time = 7.75 (sec) , antiderivative size = 2298, normalized size of antiderivative = 3.68

method | result size
elliptic | Expression too large to display | 2298

default | Expression too large to display | 21256

[In] int((2xdxf*x+cxf+dxe)/(b*x+a)~(3/2)/(d*x+c)”(1/2)/(f*xx+e)~(1/2)/ (h*x+g)~(1/
2) ,x,method=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(fxx+e)* (h*xx+g))~(1/2)/(bkxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)
~(1/2) / (hxx+g) ~ (1/2) * (-2 (b*xd*f *h*x~3+b*cxf¥h*x " 2+b*d*exh*x~2+b*d*f*g*x~2+b
xcxexh*x+bxcxf*g*x+brdrexg*x+bkckexg) / (a~3*d*xf*xh-a~2xbxcxf*h-a~2xbxd*exh-a~
2xbxd*f*g+axb~2xckxexh+axb~2xc*f*g+axb~2*d*e*xg-b~3*cke*xg) * (2xa*xd*f-bxcxf-b*d
*xe) / ((x+a/b) * (b*d*f*h*x~3+b*c*f*h*x~2+b*d*exh*x~2+b*xd*f*g*x~2+b*ckxexh*x+b*c
*xfxgxx+bkd*exgrx+bkckexg) )~ (1/2)+2x (2/bxd*f-1/b* (a~2*d*f*h-a*xbkcxfxh-a*xbkd*
exh-axbxd*f*g+b~2xckexh+b™2xc*xf*g+b~2xd*e*g) * (2xa*d*f-bxcxf-b*dxe) / (a~3*d*f
*h-a~2*b*c*fxh-a~2xbxd*xexh-a~2xb*xd*f*g+axb~2kckexh+axb™2xcxfxg+axb™2*xd*e*xg-
b~3*c*exg)+(b*ckexh+bxcxf*g+bkdxexg) / (a~3*d*f*h-a~2xbxc*f*h-a~2xbxd*e*h-a~2
*xbxd*fxg+axb~2xckexh+axb~2xckxf*xg+axb~2kd*kexg-b~3kckexg) * (2ka*xd*f-bkckf-b*d*
e))*(g/h-a/b)*((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d) ) ~(1/2) *(x+c/d) ~2* ((-c/
d+a/b) *(x+e/f)/(-e/f+a/b) /(x+c/d)) ~(1/2) *((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+
c/d))~(1/2)/(-g/h+c/d)/(-c/d+a/b) / (b*d*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h))
~(1/2)*E1lipticF (((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d))~(1/2) , ((e/f-c/d) *(
g/h-a/b) /(-a/b+e/f)/(-c/d+g/h) )~ (1/2) ) +2x ((a*d*f*h-bxc*f*h-b*d*xexh-b*d*f*g)
* (2xaxd*xf-b*cxf-bxd*e) / (a~3*d*f*h-a~2xbxc*f*h-a~2xb*xd*exh-a~2xb*d*f*g+axb~2
kxckexh+axb~2xcxf*xgt+axb~2xd*exg-b~3kcke*xg) +(2¥bkckf*h+2*¥bkd*kexh+2*xb*xd*f*g) / (
a~3xdxfxh-a~2xbxcxf*xh-a~2*¥bxd*exh-a~2*bxd*f*xg+a*b~2xckxexh+a*xb~2xcxf*xg+a*xb~2
xdxe*xg-b~3xcxexg) x (2xaxd*xf-b*cxf-bxd*e) ) *(g/h-a/b)*((-g/h+c/d)*(x+a/b)/(-g/
h+a/b)/(x+c/d))~(1/2)*(x+c/d) "2+ ((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d)) ~(1/
2)*((-c/d+a/b)*(x+g/h)/(-g/h+a/b) / (x+c/d))~(1/2) /(-g/h+c/d) / (-c/d+a/b) / (b*d
*xfxh* (x+a/b) * (x+c/d) * (x+e/f) *(x+g/h)) ~(1/2) *(-c/d*E1lipticF (((-g/h+c/d) * (x+
a/b)/(-g/h+a/b)/(x+c/d))~(1/2),((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~
(1/2))+(c/d-a/p)*E1lipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2),(
-g/h+a/b)/(-g/h+c/d) , ((e/f-c/d) *(g/h-a/b) /(-a/b+e/f)/(-c/d+g/h)) ~(1/2)))+2*
bxdxfxh* (2*a*d*f-b*c*f-b*d*e) / (a~3*d*f*h-a~2xbxcxfxh-a~2xbxd*exh-a~2xbxd*f*
g+axb~2*c*exh+axb~2xcxfxg+axb 2*xd*e*xg-b~3xcxexg) ¥ ((x+a/b) * (x+e/f) * (x+g/h)+(
g/h-a/b)*((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d)) ~(1/2) *(x+c/d) "2%((-c/d+a/b
)*(x+e/f)/(-e/f+a/b) /(x+c/d))~(1/2) *((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))
~(1/2)*((a*c/b/d-g/h*a/b+g/h*c/d+c~2/d"2) /(-g/h+c/d) / (-c/d+a/b) *E1lipticF ((
(-g/h+c/d)*(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d) *(g/h-a/b) /(-a/b+e/f
)/ (=c/d+g/h))~(1/2))+(-a/b+e/f) *E1lipticE(((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x
+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))/(-c/d+a/b)+
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(axdx*f*h+b*cxfxh+b*d*exh+b*xd*f*g)/b/d/f/h/(-g/h+c/d)*E1llipticPi (((-g/h+c/d)
*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), (g/h-a/b) /(-c/d+g/h) , ((e/f-c/d) *(g/h-a/b
)/ (-a/b+e/f)/(-c/d+g/h))~(1/2))))/ (bxd*f*h* (x+a/b) *(x+c/d) * (x+e/f) * (x+g/h))
~(1/2))

Fricas [F]

de + cf + 2dfz dm—/ 2dfr + de + cf s
(a4 bz)3/2\/c+ dzv/e + fry/g + ha (b:c+a)%\/dm+c\/fx+e\/hx+g

[In] integrate((2*d*f*xx+cxf+d*e)/(b*xx+a)~(3/2)/(d*x+c)~(1/2)/(f*xx+e)”(1/2)/(h*x+
g)~(1/2) ,x, algorithm="fricas")

[Out] integral ((2xd*xf*x + d*e + c*f)xsqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sq
rt(h*x + g)/(b~2*d*f*h*x~5 + a~2xcxexg + (b"2*d*f*g + (b~2xd*e + (b"2*c + 2
*xaxb*d) *f)*xh) *x~4 + ((b"2*%d*e + (b~2%c + 2*axbxd)*f)*g + ((b~2%c + 2%a*b*d)

xe + (2%axb*c + a”2%d)*f)*h)*x"3 + (((b~2%c + 2xaxbxd)*e + (2%axbxc + a~2*d
)¥f)xg + (a~2*c*xf + (2xaxbxc + a"2xd)*e)*h)*x"2 + (a"2*%cxexh + (a~2*c*xf + (
2xaxbxc + a~2xd)*e)*g)*x), X)

Sympy [F]

/ de +cf + 2dfx dx—/ cf + de + 2dfx i
(a + bx)3/2\/c + dx\/e + fr\/g+ hz (a+ bw)% Vet dze+ Fag + ha

[In] integrate((2*d*f*xx+c*xf+d*e)/(b*x+a)**(3/2)/(d*x+c)**(1/2)/(f*xx+e)**(1/2)/(h
*x+g)**(1/2) ,x%)

[Out] Integral((c*f + dxe + 2kd*f*xx)/((a + b*x)**x(3/2)*sqrt(c + d*x)*sqrt(e + f*x
)*sqrt(g + h*x)), x)

Maxima [F]

dz

de +cf + 2dfx d _/ 2dfr +de+cf
(a +b2)32Vc +dzve + fzv/g + h (bx-l—a)%\/dw—l-c\/fx—l-e\/hx-l-g

[In] integrate((2xd*xf*xx+cxf+d*e)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+
g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((2xd*f*x + dxe + c*f)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e
)*sqrt (h*x + g)), x)
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Giac [F]

/ de + cf + 2dfx dm—/ 2dfx +de+cf s
(a +bx)*2v/c+ dzve+ fr/g+ ho (bx+a)%\/dx+c\/fx+e\/hx+g

[In] integrate((2+dxfxx+cxf+dre)/(bx+a)”(3/2)/ (d*x+c)™(1/2)/(fxx+e)~(1/2)/ (hxx+
g)~(1/2) ,x, algorithm="giac")

[Out] integrate((2*d*f*x + dxe + cxf)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e
)xsqrt (h*x + g)), x)

Mupad [F(-1)]

Timed out.

de +cf + 2dfx cf+de+2dfz
dr = 372 dz
(a+ bx)32/c+ dz\/e + fx/g+ hz Vet fz/g+hr(a+bz)’ Ve+dzx

[In] int((c*f + dxe + 2*dxf*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*
(c + d*x)~(1/2)),%)

[Out] int((c*f + dxe + 2xdxfxx)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*
(c + d*x)~(1/2)), x)
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de+cf+2dfz

3.15 f (a+b2)®/2\/c+dz~/e+ fx\/g+hz dz

Optimal result . . . . . . . . . . . . . e 145]
Rubi [A] (verified) . . . . . . . . . 146
Mathematica [B] (verified) . . . . . . . . . .. .. 150
Maple [B] (verified) . . . . . . . . . 1501
Fricas [F] . . . . . . o 152
Sympy [F(-1)] . . o oo 152
Maxima [F] . . . . . o 153
Giac [F] . . . o o 153l
Mupad [F(-1)] . . . . o 153

Optimal result

Integrand size = 49, antiderivative size = 1090

(d%e%g — cde(}

/ de + cf + 2df r dpe 4d(3a®d? f2h — a®bdf (df g + 4deh + 4cfh) — b3
(a + bx)5/2\/c + dz/e + fr\/g + hx
_ 2b(bde +bef — 2adf)Vc+ dzv/e + fx\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

_ 4b(3a’d*f*h — a®bdf (df g + 4deh + 4cfh) — b°(d*e®g — cde(fg — eh) + *f(fg + eh)) + ab?(2¢* f*h + d*

3(bc — ad)?(be — af)?(bg — ah)*v/a + bz
4+/dg — ch\/fg — eh(3a3d? f?h — a?bdf (df g + 4deh + 4cfh) — b3(d%eg — cde(fg — eh) + c*f(fg + eh))

3(bc — ad)?(be — af)*(

2(de — cf) (3a*d® fh — abd(df g + 3deh + 2cfh) + b*(2d%eg — cdf g + cdeh + 2 fh)) | | G=eieten)

vVg+h

_|_

3(bc — ad)?(be — af)(bg — ah)3/2\/fg — ehv/c + dz

__(be—a,
 (fg—e

[Out] 4/3*d*(3%a~3%d~2*f~2xh-a~2xbxd*f* (4*c*f*h+d*d*exh+d*f*g)-b~3* (d"2*e~2*g-c*d

kxex (—exh+f*xg)+c™2xf* (exh+fx*g) ) +axb~ 2% (2xc~2*f ~2xh+d~2*e* (2*xexh+f*g) +cxd*f* (
3kexh+f*g) ) ) *x (b*x+a) =~ (1/2) x (f*x+e) " (1/2) * (h*x+g) ~ (1/2) / (-a*d+b*c) ~2/ (—axf+b
xe) "2/ (—axh+b*g) ~2/ (d*x+c) ~(1/2) -2/3*b* (-2*axd*f+b*c*xf+bxd*e) * (d*x+c) ~(1/2)
x (fxx+e) ~(1/2) * (h*x+g) ~(1/2) / (-axd+b*c) / (—a*f+b*e) / (-axh+b*g) / (bxx+a) = (3/2)
-4/3%b* (3%a”~3*d"2+f ~"2¥h—a~2*b*d*f* (4*cxfxh+4d*d*exh+d*xf*g) -b~3* (d"2*e”2*g-c*
dxe* (—exh+fxg) +c~2xf* (exh+f*g) ) +a*b”™ 2% (2+c~2*f "2xh+d~2*e* (2kexh+f*g) +cxd*xf*
(3*exh+f*xg))) *x (d*xx+c) ~(1/2) * (£*x+e) ~(1/2) * (h*x+g) ~(1/2) / (-axd+b*c) "2/ (-a*f+
bxe) “2/ (—a*h+bxg) 2/ (b*x+a) = (1/2) +2/3% (-cxf+d*e) * (3*xa~2*d~2*f*xh-axb*d* (2*c*
fxh+3xd*exh+d*f*g) +b~2* (c~2*f*h+ckd*exh-c*d*f*g+2+xd~2*e*xg) ) *E11lipticF ((-a*h
+b*g) ~(1/2) x (£*xx+e) " (1/2) / (~exh+f*xg) = (1/2) / (bxx+a) ~(1/2) , (- (—a*xd+b*c) * (-e*xh
+f*xg) / (—cxf+d*e) / (—a*xh+b*g) ) ~(1/2) ) *((—a*f+bxe) * (d*x+c) / (—cxf+d*e) / (b*x+a))



146

~(1/2) % (h*x+g) ~(1/2) / (—axd+b*c) ~2/ (-axf+bxe) / (—~a*xh+b*g) ~(3/2) / (—exh+f*g) ~ (1
/2)/ (d*x+c)~(1/2) / (- (~axf+bxe) *x (h*x+g) / (—exh+f*g) / (bxx+a)) ~(1/2)-4/3%(3*¥a"3
*d~2xf " 2xh-a”~2xbxd*f* (4*xc*f*h+4*xd*xexh+d*xf*g) -b~3% (d"2xe~2xg-cxd*e* (—exh+f*g
)+cT2xfx (exh+f*g) ) +a*b™ 2% (2xc™2xf " 2xh+d~2*e* (2*¥e*xh+f*g) +cxd*f* (3xexh+f*g)))
*E11lipticE((-cxh+d*g) ~(1/2) *(f*x+e) ~(1/2) / (-exh+f*g) = (1/2) / (d*x+c) " (1/2), ((
—a*d+b*c) * (—exh+f*g) / (—a*f+b*e) / (-cxh+d*g) )~ (1/2) ) * (—~cxh+d*g) ~(1/2) * (—exh+f
xg) " (1/2) * (bxx+a) ~(1/2) * (- (—cxf+d*e) * (h*xx+g) / (—~exh+f*g) / (d*x+c) )~ (1/2) / (-ax
d+bxc) "2/ (—a*f+bxe) "2/ (—axh+b*g) ~2/ ((-c*f+d*e) * (b*x+a) / (-axf+bxe) / (d*x+c))~
(1/2) / (h*xx+g)~(1/2)

Rubi [A] (verified)

Time = 2.02 (sec) , antiderivative size = 1090, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 7, Lumber of rules _ ( 143 Ryles used

' integrand size
= {1613, 1616, 12, 176, 430, 182, 435}

/ de +cf + 2dfx da
(a + bx)5/2\/c + dz/e + fr\/g + hx

20v/c + dzv/e + fx/g + hz(bde + bef — 2adf)
"~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3/>

4+/dg — ch\/fg — eh(3d%f?ha® — bdf (df g + 4deh + 4cfh)a® + b%(e(fg + 2eh)d? + cf(fg + 3eh)d + 2% f?

3(bc — ad)?(be — af)?(b

2(de — cf) ((fhe® — df gc + dehc + 2d2eg) b2 — ad(df g + 3deh + 2¢fh)b + 3a2d2fh) f;f; jgg;:;fgg

Vg + ha

_I_

3(bc — ad)?(be — af)(bg — ah)3/2\/fg — eh\/c + dz

_ (be—af)
(fg—eh,

_4b(3d2f2ha3 — bdf (df g + 4deh + 4cfh)a® + b*(e(fg + 2eh)d® + cf(fg + 3eh)d + 2c f2h) a — b*(f(fg + e

3(bc — ad)?(be — af)?(bg — ah)?*va + bz

4d(3d2f2ha® — bdf (df g + ddeh + dcfh)a? + b2 (e(fg + 2eh)d? + cf(fg + 3eh)d + 2¢2f2h) a

— b (f(fg+el

3(bc — ad)?(be — af)?(bg — ah)?vc + dx

[In] Int[(d*e + c*f + 2xd*f*x)/((a + b*x)~(5/2)*Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt

[g + h*x]),x]

[Out] (4*d*(3*a~3xd~2*f"2%h - a~2*b*dxf*(dxf*g + 4xdxexh + 4xcxf*h) - b"3*(d"2%e”

2xg - ckxdkxex(f*g - exh) + c”2*f*x(f*g + exh)) + a*b™2x(2xc™2xf"2%h + d~2x%e*(
fxg + 2%exh) + ckdxfx(fxg + 3%exh)))*Sqrt[a + bxx]*Sqrt[e + f*x]*Sqrt[g + h
*x])/(3*x(bxc - a*d) “2*(bxe - a*xf) 2x(b*g - axh) 2xSqrtlc + d*x]) - (2xbx(b*
d*e + bxcxf - 2¥axd*f)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3*(b*c -

axd) *(bxe - axf)*(b*g - axh)*(a + b*x)~(3/2)) - (4*bx(3*a~3*xd"2*f~2xh - a~
2xbxd*f* (d*xf*xg + 4*xdxexh + 4xcxfxh) - b~3%(d"2%e”2%g - cxd*ex(f*g - exh) +
c~2xfx(fxg + exh)) + axb™2%(2xc”2*f~2xh + d"2*ex(f*xg + 2xexh) + ckd*xf*x(f*xg
+ 3xexh)))*Sqrt[c + d*x]*Sqrtle + fxx]*Sqrtl[g + h*x])/(3*(b*xc - axd) 2*(b*e
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- axf)"2x(b*g - axh)~2xSqrt[a + b*x]) - (4*Sqrt[d*g - c*h]*Sqrt[f*g - exh]
*x (3%a~3xd"2*%f"2xh - a~2*bkdxfx(dxfxg + 4*dxexh + 4*ckxfxh) - b~3*(d"2xe"2x*g
- cxdxex(fxg - exh) + c™2xfx(fxg + exh)) + a*xb™2%(2*%c™2*xf72xh + d"2*xex(f*g
+ 2%exh) + ckxd*xfx(fxg + 3%exh)))*Sqrt[a + b*x]*Sqrt[-(((d*e - c*f)*(g + h*x
))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]l*Sqrt[e + f*x
1)/(Sqrt[f*xg - exh]l*Sqrtlc + d*x])], ((bxc - a*d)*(fxg - exh))/((b*xe - axf)
x(d*g - c*h))])/(3*%(b*c - axd) "2x(b*e - axf) 2x(bxg - a*h) 2*Sqrt[((d*e - c
xf)*(a + bxx))/((bxe - axf)*(c + d*x))]*Sqrt[g + h*x]) + (2x(d*e - c*f)*(3x
a~2%d"2*f*h - axbkd*(dxfxg + 3xdxexh + 2xcxfxh) + b 2% (2*xd"2%e*xg - ckd*xf*g
+ c*dxexh + c”2xfxh))*Sqrt[((bxe - a*f)*(c + d*x))/((d*e - cxf)*(a + bxx))]
*xSqrt [g + h*x]*EllipticF[ArcSin[(Sqrt[bxg - ax*h]*Sqrt[e + f*x])/(Sqrt[f*xg -

exh]*Sqrt[a + bxx])], -(((bxc - a*d)*(fxg - exh))/((d*e - cxf)*(b*g - axh)
))1)/(3x(b*c - axd)~“2x(bxe - a*f)*(bxg - a*h)~(3/2)*Sqrt[f*xg - ex*h]*Sqrtlc
+ dxx]*Sqrt [-(((b*e - axf)*(g + hxx))/((f*g - exh)*(a + b*x)))]1)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (M )*(v_) /; FreeQ[b, x]]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - a*f)*((c + d*x)/((d*e - c*f)*(a + b*x)))]1/((f*g - exh)*Sqrtlc + d*x]*
Sqrt [(-(b¥e - a*f))*((g + h*x)/((f*g - exh)x(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (bxc - axd)*(x"2/(dxe - cxf))]*Sqrt[1 - (bxg - axh)*(x"2/(fxg - exh)
)1), x], x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2xSqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + hxx)/((f*g - exh)*(a + b*x)))]/((bxe - a*f)*Sqrt[g + h
*x] *Sqrt [(bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (bkc - axd)*(x"2/(d*e - c*f))]/Sqrt[1 - (b*xg - a*xh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symboll :> S
imp [(1/(Sqrt [a]l*Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], b*(c
/(axd))], x] /; FreeQ[{a, b, c, d}, x] & NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])
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Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx*(c/(axd)
)1, x]1 /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 1613

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)IxSqrtl(e_.) + (£f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*(Sqrt[g + h*x]
/((m + 1)*(bxc - axd)*(b*e - axf)*(b*xg - a*h))), x] - Dist[1/(2x(m + 1)*(b*
c - axd)*(b*e - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]))*Simp [A*(2%a~2*d*fxh*x(m + 1) - 2%a*bx(m + 1)*(d*
fxg + d*exh + cxfxh) + b™2*%(2#m + 3)*(d*e*g + cxf*g + cxexh)) - b*Bx(ax(d*e
xg + cxf*xg + ckexh) + 2xb*ckxexgx(m + 1)) - 2x((A*b - a*B)*(axd*fxhx(m + 1)
- bx(m + 2)*(d*f*xg + dxexh + cxfxh)))*x + dxfxh*x(2*m + 5)*(A*b~2 - a*b*B)*x
=2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B}, x] && IntegerQ[2+m]
&& LtQ[m, -1]

Rule 1616

Int [((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrt[(c_.
) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[CxSqrt[a + b*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrtl[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp[2*%A*b*d*f*h - C*(b*d*exg + axckxfxh) + (2¥b*Bkd*f
*h - Ck(axd*fxh + bx(dxfxg + d*exh + c*fxh)))*x, x], x], x] + Dist[Cx(d*e -
cxf)*((d*g - c*h)/(2*b*d*fxh)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrtlg + h*x]1), x1, x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rubi steps

2b(bde + bef — 2adf )¢ + dx/e + fx\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
f 2bdf (3bceg—a(deg—+cfg+ceh))—(de+cf) (3a2df h+2b%(deg+cfg+ceh)—3ab(df g+deh+cfh))+(bde+bef —2adf) (3adf h—b(df g+deh+cfh))x
(a+bx)3/2+/c+dzr/e+ fr\/g+hz

3(bc — ad)(be — af)(bg — ah)
2b(bde + bef — 2adf)v/c + dx/e + fx/g + hx
~ 3(bc— ad)(be — af)(bg — ah)(a + bz)3/?
_ 4b(3a’d*f*h — a®bdf (df g + 4deh + 4cfh) — b°(d*e®g — cde(fg — eh) + S f(fg + eh)) + ab*(2c?

3(bc — ad)?(be — af)2(bg — ah)2v/a
f b(bde+bcf—2adf)(beceg—a(deg+cfg+ceh))(3adf h—b(df g+deh+cfh))—a(adf h—b(df g+deh+cfh)) (2bdf (3bceg—a(deg+cfg+ceh)

integral = —

_|_

_|_
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_ 4d(3a®d? f>h — a®bdf (df g + 4deh + 4cfh) — b*(d?e®g — cde(fg — eh) + 2 f(fg + eh)) + ab®(2¢2,
B 3(bc — ad)2(be — af)2(bg — ah)2/c

_ 2b(bde + bef — 2adf)v/c + dzv/e + favg + ha
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

_ 4b(3a’d®f*h — a®bdf (df g + 4deh + 4cfh) — b°(d*e®g — cde(fg — eh) + f(fg + eh)) + ab?(2
3(bc — ad)?(be — af)%(bg — ah)?y

f 2bdf (be—af)(de—cf)h(bg—ah) (3a2d? fh—abd(df g+3deh+2cfh)+b2 (2d2eg—cdf g+cdeh+c? fh)) d

vVa+bz/ct+dz+/e+ fr\/g+hx z
6bd(bc — ad)? f(be — af)?h(bg — ah)?
(2(de — cf)(dg — ch) (3a®d® f?h — a®bdf (df g + 4deh + 4cfh) — b*(d*e*g — cde(fg — eh) + 3 f

3(bc — ad)?(be — af

_|_

+

_ 4d(3a’d® f?h — a®bdf (df g + 4deh + 4cfh) — b*(d*e®g — cde(fg — eh) + A f(fg + eh)) + ab?(2¢%,
B 3(bc — ad)2(be — af)2(bg — ah)2v/c

2b(bde + bef — 2adf)v/c + dx/e + fx\/g + hx
~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3/>
4b(3a3d? f2h — a?bdf (df g + 4deh + 4cfh) — b*(d*e*g — cde(fg — eh) + 2 f(fg + eh)) + ab? (2
B 3(bc — ad)?(be — af)?(bg — ah)?v
((de — cf) (3a*d® fh — abd(df g + 3deh + 2cfh) + b*(2d%eg — cdf g + cdeh + 2 fh))) [ /s
3(bc — ad)?(be — af)(bg — ah)

+

(4(dg — ch) (3a®d? f2h — abdf (df g + 4deh + 4cfh) — b3(d%e?g — cde(fg — eh) + 2 f(fg + eh

3(bc — ad)?(be —

_ 4d(3a’d® f?h — a®bdf (df g + 4deh + 4cfh) — b*(d*e®g — cde(fg — eh) + A f(fg + eh)) + ab?(2¢%,
B 3(bc — ad)2(be — af)2(bg — ah)2v/c

2b(bde + bef — 2adf)v/c + dxv/e + fx\/g + hx
~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3/>
_ 4b(3a*d® f*h — a®bdf (df g + 4deh + 4cfh) — b*(d®e*g — cde(fg — eh) + *f(fg + eh)) + ab® (2
3(bc — ad)?(be — af)?(bg — ah)?v
4+/dg — chv/fg — eh(3a3d® f?h — abdf (df g + 4deh + 4cfh) — b3(d?e®g — cde(fg — eh) + c f{

3(bc — ad)?(

(2(de — cf) (3a*d® fh — abd(df g + 3deh + 2cfh) + b*(2d%eg — cdf g + cdeh + 2 fh)) | | G=2!

+

3(bc — ad)?(be — af)(bg — ah)(fg — eh)Vc + d:
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_ 4d(3a®d? f>h — a®bdf (df g + 4deh + 4cfh) — b*(d?e®g — cde(fg — eh) + 2 f(fg + eh)) + ab® (22 f
B 3(bc — ad)2(be — af)2(bg — ah)2V/c +

2b(bde + bef — 2adf)v/c + dzv/e + fr\/g + hx
~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3/?

4b(3ad? f2h — a2bdf (df g + 4deh + 4cfh) — b*(d?e*g — cde(fg — eh) + 2 f(fg + eh)) + ab?(2c?
B 3(bc — ad)?(be — af)2(bg — ah)2v/a

4+/dg — ch\/fg — eh(3a®d? f?h — a®bdf (df g + 4deh + 4cfh) — b3(d?eg — cde(fg — eh) + > f(f
B 3(bc — ad)?(be
2(de — cf) (3a2d2 fh — abd(df g + 3deh + 2cfh) + b2(2d%eq — cdfg + cdeh + ¢ fh)) \/%

3(bc — ad)2(be — af)(bg — ah)¥2\/Fg — ehv/e+ doy [~

+

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 10790 vs. 2(1090) = 2180.

Time = 38.04 (sec) , antiderivative size = 10790, normalized size of antiderivative = 9.90

d 2d,
/ etcf +2dfz dz = Result too large to show
(a +bz)%2\/c+ dzv/e + fr\/g+ ha

[In] Integrate[(d*e + cxf + 2kd*fxx)/((a + b*x)~(5/2)*Sqrtlc + d*x]*Sqrtle + f*x
1xSqrt[g + h*x]),x]

[Out] Result too large to show

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 3570 vs. 2(1018) = 2036.

Time = 9.42 (sec) , antiderivative size = 3571, normalized size of antiderivative = 3.28

method | result size
elliptic | Expression too large to display | 3571

default | Expression too large to display | 87910

[In] int((2xd*xf*xx+ckxf+d*e)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/
2) ,x,method=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(fxx+e)* (h*x+g))~(1/2)/(bkxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)
~(1/2) / (h*x+g) = (1/2)*(-2/3/b/ (a~3*d*f*xh-a~2*b*c*xf*xh-a~2xbxd*exh-a~2xbxd*f*g
+a*xb”~2xcxexh+axb”2xcxf*g+axb~2xd*e*g-b~3xcke*g) * (2xaxd*f-bkcxf-bxd*e) * (bxd*
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fxh*xx"4+axd*f*h*x~3+b*xc*f*h*x~3+b*d*exh*x~3+b*d*f*gxx~3+a*xc*f*xh*x~2+a*xd*e*h
*x " 2+axd*fxgkx”2+bxcxexhxx"2+bkxckf*xgkx"2+bkdkexgkx"2+axckexhk x+akxckfkgkx+ax
dxexgxx+bkckexgkx+akckexg) ~(1/2) / (x+a/b) “2-4/3* (b*d*f*h*x~3+b*c*f*h*x~2+b*d
kexh*x~2+b*d*f*gkx~2+bkckexhkx+bkckf*xgkx+bkd*kexgkx+bkckexg) /(a~3*kd*f*h-a~2x
bxcxf*h-a~2xbxdxexh-a~2xbxd*f*g+axb~2*kckexh+axb~2xcxf*g+axb~2xd*xe*xg-b~3*c*xe
*xg) 2% (3ka~3xd~2*f "2xh-4*a~2*¥bkcxd*f ~2¥h-4*a~2*b*d"2*exf*xh-a”~2¥bxd~2*f " 2*g+
2%axb”2xc”2xf " 2xh+3*a*xb~2*ckd*exfxh+axb~2xcxd*xf~2xg+2*xa*b”2*xd"2*%e”2xh+axb~2
*d"2xexf*g-b"3kcT2ke*f*h-b"3*kc"2*f"2xg-b " 3*kc*kd*e " 2xh+b " 3*kckd*exfxg-b"3*d"2x*
e~ 2%g) / ((x+a/b) * (bxd*f*h*x~3+bkcxf*h*x~2+b*d*exh*x~2+b*d*f*gkx~2+bkckexh*x+
bxc*f*xgkx+bxd*xexgkxt+bkxckxexg)) ™ (1/2)+2%(1/3/b* (6*a~2xd~2*f ~2¥h-5*axb*c*xd*f~2
*h-5*a*xb*d”~2*xe*xfxh-2xaxbxd~2*xf " 2*xg+b"2%c™2*%f " 2xh+2xb"2xckxd*exf*xh+b~2*ckd*f~
2xg+b~2%d"2%e”"2xh+b~2*d"2xexf*g) / (a~3xd*f*h-a”~2xb*c*f*h-a~2xb*d*exh-a~2*b*d
xfxg+a*xb~2xcxexh+axb~2xcxf*g+axb~2xd*e*g-b~3xcxe*g) -2/3/b* (a~2*d*fxh-a*b*c*
fxh-axb*d*exh-axb*d*f*g+b~2*ckexh+b~2*xc*f*g+b~2xd*e*g) * (3xa~3*%d~2*f~2xh-4*a
~2xbxcxd*f~2xh-4*a”~2xbxd"2xexf*h-a”~2%bkd"2*f " 2kg+2*kaxb"2kc"2*f " 2xh+3*a*b”2*
cxd*xexfxh+axb™2xcxd*f " 2xg+2*a*b~2xd"2%e " 2xh+a*xb”~2*d " 2xexf*xg-b~3*c " 2xe*f*h-b
“3xc"2*%f"2xg-b~3*ckd*e"2xh+b " 3kckdxe*xf*g-b~3xd"2*e”2%g) / (2" 3*kd*f*h-a~2*b*c*
fxh-a~2*b*d*exh-a~2*bxd*fxg+a*b~2kckexh+a*b~2xcxf*g+axb~2xd*e*g-b~3xcxe*g) ~
2+2/3* (bxcxexh+bkcxfxg+b*d*exg) / (a~3*d*f*xh-a~2¥bkcxf*xh-a~2*¥b*xd*exh-a~2*bxd*
fxg+axb~2kckexh+a*xb " 2kckf*gta*xb~2*d*e*g-b~3*cke*g) “2% (3*xa~3*d~2*f ~2xh-4*a”~2
*bkckd*f~2xh-4*a~2xbxd " 2*exfxh-a”~2%bxd~2*%f ~2*g+2xa*xb”2*c"2xf " 2*¥h+3*axb"2*c*
dxexfxh+axb™2xckxd*f " 2*g+2*xaxb™2xd"2xe"2xh+axb™2*xd " 2*e*f*g-b~3*c”~2*exf*xh-b~3
*xC"2%f "2%g-b~3*c*d*ke”2xh+b~3*kckd*exf*xg-b~3*d"2xe~2*g) ) *(g/h-a/b) *((-g/h+c/d
)*(x+a/b) /(-g/h+a/b) / (x+c/d)) ~(1/2) *(x+c/d) “2* ((-c/d+a/b) * (x+e/f) / (-e/f+a/b
)/ (x+c/d))~(1/2) *((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d) ) ~(1/2) / (-g/h+c/d) / (
-c/d+a/b) / (bxdxfxh* (x+a/b) * (x+c/d) * (x+e/£f) * (x+g/h)) ~(1/2) *E11lipticF (((-g/h+
c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/
d+g/h) )~ (1/2) ) +2%(2/3* (a*d*fxh-b*c*f*h-bxd*e*h-b*d*f*g) *x (3*ka~3xd~2*f ~2xh-4*
a~2¥bkxckd*f "2¥h-4*a”2%b*d~2*e*f*h-a~2%b*d~2*f ~2*g+2*axb~2*c~2xf ~2xh+3*axb~2
xckd*exfrh+axb ™ 2xckd*f~2*xg+2xa*xb™2*xd"2%e " 2xh+axb”™2*d " 2xe*xfxg-b~3*kc " 2*xe*f*h-
b~ 3xc"2xf " 2xg-b~3kckxd*e”2xh+b”~3kckd*kexf*g-b"3*d"2*e"2*g) / (a"3*d*f*h-a"2*b*c
*xfxh-a~2*%bxdxexh-a~2xbxd*f*g+a*xb~2xckexh+axb~2xc*f*g+axb~2*d*e*xg—b~3*c*e*g)
~2+2/3% (2*b*cxfxh+2*b*d*exh+2xb*xd*f*g) / (a~3*d*f*h-a~2*b*c*f*xh-a~2*b*d*exh-a
~2xbxd*fxgt+axb~2xckexh+axb~2kxckxf*xg+axb 2kd*kexg-b 3kcke*xg) “2x (3ka~3*kd"2*f "2
h-4xa~2xbxcxd*f~2xh-4*a”~2xb*d~2*exf*h-a~2¥b*d~2*f ~2%g+2*a*b~2*c~2*f ~"2+h+3%*a
*b~2xckd*exfxh+axb™2kckd*f~2xg+2*%a*xb~2xd " 2xe " 2*¥h+axb~2xd"2*xexf*xg-b~3*c " 2xex*
fxh-b~3%c”2%f " 2xg-b~3*kc*kd*e~2¥h+b~3*xcxd*e*xf*g-b~3*xd"2*e~2xg) ) * (g/h-a/b) * ((-
g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) "2x((-c/d+a/b) *(x+e/f) / (-
e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) /(-g/h+a/b) / (x+c/d))~(1/2)/(-g/h
+c/d)/(-c/d+a/b) / (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) )~ (1/2) *(-c/d*E11li
pticF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-
a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b)*E1llipticPi (((-g/h+c/d)*(x+a/b)/(-g/h+
a/b)/(x+c/d))~(1/2), (-g/h+a/b) /(-g/h+c/d) , ((e/f-c/d)*(g/h-a/b)/(-a/b+e/£f) /(
—-c/d+g/h)) ~(1/2)))+4/3*b*d*f*xh* (3*a~3xd~2*f ~2xh-4*a~2*¥bkcxd*f ~2¥h-4*a~2*b*d
~2xexfxh-a”2xbxd"2*%f " 2%g+2*xaxb~2kc"2%f " 2xh+3*kaxb~2kckd*kexfkh+akb 2k ckd*kf "2
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g+2xaxb~2xd"2xe " 2xh+a*b”2*xd"2*xexfxg-b"3xc"2xexfxh-b"3*c”2*%f "2%g-b"3*kcxd*xe”"2
*xh+b~3*ckd*exf*g-b~3*d"2xe~2*g) / (a~3*d*f*h-a~2*b*c*f*xh-a~2*b*d*exh-a~2*b*d*
fxg+a*b~2*kckexh+a*xb”2*c*f*gta*xb~2*d*e*xg-b~3*cxexg) ~2* ((x+a/b) * (x+e/f) * (x+g/
h)+(g/h-a/b)*((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d) )~ (1/2) * (x+c/d) "2* ((-c/d
+a/b)*(x+e/f)/(-e/f+a/b) /(x+c/d)) ~(1/2) *((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c
/d))~(1/2)*((a*c/b/d-g/h*a/b+g/h*c/d+c"2/d"2) /(-g/h+c/d) / (-c/d+a/b) *E11lipti
cF(((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b
+e/f)/(-c/d+g/h))~(1/2))+(-a/b+e/f)*E1lipticE(((-g/h+c/d) *(x+a/b) /(-g/h+a/b
)/ (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h))~(1/2))/(-c/d+a
/b)+(axd*fxh+b*c*xf*xh+b*xd*exh+bxd*xf*g) /b/d/f/h/(-g/h+c/d)*E1llipticPi(((-g/h+
c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), (g/h-a/b)/(-c/d+g/h) , ((e/f-c/d)*(g/h
-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))) / (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g
/h))~(1/2))

Fricas [F]

/ de + cf + 2dfx dm—/ 2dfx + de + cf s
(a +b2)*/2Vc +dzve + fzv/g + h (bx+a)g\/d:c+c\/fx+e\/hw+g

[In] integrate((2*xd*xf*xx+cxf+d*e)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+
g)~(1/2) ,x, algorithm="fricas")

[Out] integral ((2xd*xf*x + d*e + c*f)xsqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sq
rt(h*xx + g)/(b"3*d*xf*xh*x"6 + a~3*ckexg + (b~3xd*xf*g + (b~3*d*e + (b~3*c + 3
*xaxb~2%d) *f) *h) *x~5 + ((b"3*dxe + (b~3*c + 3xaxb~2*d)*f)xg + ((b"3xc + 3*ax
b~2+d)*e + 3*%(a*b"2xc + a~2*bxd)*f)*h)*x"4 + (((b"3*c + 3*a*b"2xd)*e + 3x*(a
*b~2%c + a"2xbxd)*f)*g + (3x(a*b”2xc + a"2%bxd)*e + (3*a"2xb*c + a~3xd)*f)x*
h)*x~3 + ((3*(a*b™2xc + a"2%bxd)*e + (3*a"2*b*c + a~3*d)*f)*g + (a"3*c*f +
(3*xa~2%b*c + a~3*d)*e)*h)*x"2 + (a"3*c*exh + (a~3xcxf + (3*a~2%b*c + a~3%d)
*xe)*g)*x), X)

Sympy [F(-1)]

Timed out.

/ de +cf +2dfx dxr = Timed out
(a+ bx)>/2v/c+ dz\/e + fx\/g + hz

[In] integrate((2*d*f*xx+c*xf+d*e)/(b*x+a)**(5/2)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h
*x+g) **(1/2) ,x%)

[Out] Timed out
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Maxima [F]

/ de + cf + 2dfx dm—/ 2dfx +de+cf s
(a +bx)52v/c+ dzve+ fr/g+ ho (bx+a)g\/dx+c\/fx+e\/hx+g

[In] integrate((2*d*f*x+cxf+d*e)/(b*xx+a)~(5/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+
g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((2*d*f*x + dxe + cxf)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e
)xsqrt (h*x + g)), x)

Giac [F]

/ de +cf + 2dfx dacz/ 2dfr +de+cf s
(a + bx)®/2\/c+ dzv/e + fr/g + ha (bx-l—a)%\/dw—l-c\/fx—l-e\/hx-l-g

[In] integrate((2xd*f*x+ckxf+d*e)/(bxx+a)”(5/2)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/(h*x+
g)~(1/2) ,x, algorithm="giac")

[Out] integrate((2xd*f*x + dxe + c*f)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e
)*sqrt (h*x + g)), x)

Mupad [F(-1)]

Timed out.

/ de +cf + 2dfz dz = Hanged
(a + bx)%/2+\/c + dz\/e + fr\/g + hz

[In] int((cxf + d*e + 2xd*f*x)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)*
(c + d*x)~(1/2)),x)

[Out] \text{Hanged}
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3.16 f (a+bz) (abB—a?C+b*Br+b*Cz?) d
) Vetdry/e+ fry/g+he

Optimal result . . . . . . . . . . . e 1541
Rubi [A] (verified) . . . . . . . . 155
Mathematica [C] (verified) . . . . . . . . ... . L 159
Maple [A] (verified) . . . . . . . . . . 159
Fricas [C] (verification not implemented) . . . . . .. ... ... ... ........ 160
Sympy [F] . . o o 16Tl
Maxima [F] . . . . . . 162
Giac [F] . . . o o 162
Mupad [F(-1)] . . . o 162

Optimal result

Integrand size = 58, antiderivative size = 721

dz

/ (a+bz) (abB — a*C + b*Bz + b*Cz?)
Ve+doyve+ fr/g + hr
_ 20*(5bBdfh + 2C(adfh — 2b(df g + deh + cfh)))Vc+ dzv/e + fz\/g + ha
= 158 f2h2
N 20?C(a + bx)v/c + dzv/e + fr\/g + hx
5dfh

2by/—de + cf (15a2Cd2 f2h? — 10abdf h(3Bdfh — C(df g + deh + cfh)) + b2(10Bdfh(dfg + deh + cfh)
1543 f5/2}

2v/—de + cf (15a3Cd2 f2h? — 15a2bd? f2h%(Cg + Bh) + 5ab?dfh(6Bdf gh — C(ch(fg — eh) + dg(2fg +

[Out] 2/15%b~2% (5%b*Bxd*f*h+2*C* (a*d*f*xh-2%b* (c*f*h+d*exh+d*f*g)))* (d*x+c) ~(1/2)*
(£xx+e)~(1/2) * (h*x+g) ~(1/2)/d~2/£72/h"2+2/5+%b~2*C* (b*x+a) * (d*x+c) ~(1/2) x (£*
x+e) " (1/2) * (h*x+g) ~(1/2) /d/£/h-2/15%b* (156%xa~2*Cxd~2*f ~2*h~2-10*a*b*d*f*h* (3
*Bxd*f*h—-C* (cxfxh+d*xexh+d*f*g) ) +b~2% (10*xB*d*f*h* (cxf*h+d*exh+d*f*xg)-C* (8kc™
2%f"2¥h~2+7*ckd*f*h* (exh+f*g) +d~2% (8*e~2xh~2+7*exf*gxh+8*f~2xg~2))) ) *Ellipt
icE(£f~(1/2)*(d*x+c) ~(1/2) / (c*f-d*e) ~(1/2) , ((-c*f+d*e) *h/f/ (-cxh+d*g) )~ (1/2)
)k (cxf-dke) " (1/2) % (d* (f*x+e) / (-cxf+dxe)) ~(1/2) * (h*x+g) ~(1/2) /d~3/£7(5/2) /h~
3/ (f*x+e)~(1/2) / (d* (h*x+g) / (-cxh+d*g) )~ (1/2)-2/15% (15%a~3*xC*d~2*f " 2xh~3-15%
a”~2xbxd~2%f ~2xh~2* (Bxh+C*g) +5*a*xb”~2xd*f xh* (6¥B*d*f*gxh-C* (cxh* (-exh+f*g) +d*
g*x (exh+2xf*g) ) ) -b~3* (5*¥B*kd*f*xh* (cxh* (—~exh+f*xg) +d*g* (exh+2xf*g) ) —Ck (4*c~2xf*
h~2% (-exh+f*g) +cxd*h* (-4*e~2xh~2+e*xfxgxh+3*f " 2xg~2) +d~2*g* (4*xe~2*¥h~2+3xex*f *
gxh+8+f~2%g~2))) ) *E1lipticF (£~ (1/2) *(d*x+c)~(1/2)/ (cxf-d*e) ~(1/2), ((-cxf+d*
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e)*h/f/(-cxh+d*g))~(1/2)) *(cxf-d*e) " (1/2) * (d* (f*x+e) / (-cxf+d*e) )~ (1/2) * (d*(
h*x+g) / (-c*h+d*g))~(1/2)/d~3/£7(5/2) /h~3/ (f*x+e) ~(1/2) / (h*x+g) = (1/2)

Rubi [A] (verified)

Time = 1.20 (sec) , antiderivative size = 720, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 7, Mumber of rules _ ( 191 Ryles used

integrand size
= {1614, 1629, 164, 115, 114, 122, 121}

/ (a+ bz) (abB — a*C + b*Bz + b*Cx?) g —
Ve+dzye+ fr/g + hr
g+ hav/ef — dey /‘{g%gf)E(arcsm (ngfj?) Je= 3[;) (1562Cd2f2h? — 10abdfh(3Bdfh — C(cf
153 f5/2

2/e] = dey /U2 | [ 40+) BllipticR (arcsin (VAYEEE ) (ool ) (1503Cd2 212 — 150%bd? f2h (B

20?v/c + dz+/e + fx\/g + hx(2aCdfh + 5bBdfh — 4bC(cfh + deh + df g))
_|_
152 2h2
N 20?C(a + bx)v/c + dzv/e + fr\/g + hx
5dfh

[In] Int[((a + b*x)*(axb*B - a~2xC + b~2xBxx + b~2xC*x~2))/(Sqrt[c + d*x]*Sqrt[e
+ fxx]*Sqrt[g + hx*x]),x]

[Out] (2%b~2%(5*b*B*d*fxh + 2%a*Cxd*xf*h - 4xbxCx(dxf*g + d*exh + c*fxh))*Sqrt[c +
dxx] *Sqrt[e + f*x]*Sqrtlg + h*x])/(156%d"2*f"2xh~2) + (2*b~2xC*(a + b*x)*Sq
rt[c + dxx]*Sqrtle + f*x]*Sqrt[g + h*x])/(5xdxf*h) - (2xb*Sqrt[-(d*e) + cx*f
1% (15*%a~2*%C*d~2*%f"2¥h~2 - 10*axbxd*fxh* (3%Bxd*fxh - Cx(d*f*g + d*exh + c*f*
h)) + b72x(10*B*d*fxh*(d*f*xg + dkexh + c*xfxh) - Ck(8*c™2*f"2xh~2 + Txcxd*f*
hx(fxg + exh) + d™2x(8*f~2xg~2 + T*xexfxg*h + 8*e~2+¥h~2))))*Sqrt[(d*(e + f*x
))/(d*e - c*f)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt
[-(d*e) + cxf]], ((d*e - cxf)*h)/(fx(d*g - c*h))])/(15%d"3*£f~(5/2)*h~3*Sqrt
[e + £xx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) - (2+Sqrt[-(d*e) + c*xf]l*(15*a~3*
Ckd~2*%f~2*%h~3 - 15%a~2xbxd~2*xf~2xh~2%(C*g + Bxh) + Bkaxb~2kd*f*h* (6xBxd*f*g
*h - c*Cxhx(fxg - exh) - Cxdxgk(2xf*g + exh)) - b~ 3x(5xBxd*xf*h*(cxh*(f*g -
exh) + dxgx(2xfxg + exh)) - Cx(4xc™2*f*h~2x(fxg - exh) + c*d*xh*(3*f 2xg~2 +
exfxgxh — 4*%e"2xh~2) + d"2%gk(8*f~2%xg~2 + 3kexfxgxh + 4*e"2xh~2))))*Sqrt[(
dx(e + f*x))/(d*e - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[
(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - c*f)*h)/(£x(d*xg - c*h)
)1)/(16%d~3*£~(5/2) *h~3*Sqrt [e + f*x]*Sqrt[g + h*x])

Rule 114

Int[Sqrtl(e_.) + (£f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a
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+ bxx] /Rt [-(bxc - axd)/d, 2]], £*x((b*c - ax*d)/(d*(b*e - a*f)))], x] /; Free
Ql{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symboll :> Dist[Sqrtle + f*x]*(Sqrt[bx((c + d*x)/(bxc - axd))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
xfx(x/(b*e - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*xc - a*d), 0]
&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-(b*c - axd)/d, O]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol]l :> Simp[2%(Rt[-b/d, 2]1/(b*Sqrt[(b*e - a*f)/b]))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/bl)], £*x((b*c - axd)/(d*(
bxe - axf)))], x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*xd), 0]
&& GtQ[b/(bxe - axf), 0] && SimplerQ[a + bxx, c + d*x] && SimplerQ[a + bx*x,
e + fxx] && (PosQ[-(b*c - a*d)/d] || NegQ[-(b*e - axf)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !GtQ[(b*xc - axd)/b, 0] && Si
mplerQ[a + b*x, c + d*x] &% SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)]*
Sqrtl(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 1614

Int[((C(a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_)*(x_)]1*Sqrtl(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_S
ymbol] :> Simp[2*Cx(a + b*x) “m*Sqrt[c + d*x]*Sqrtl[e + fxx]*(Sqrt[g + h*x]/(
dxfxh*(2*m + 3))), x] + Dist[1/(d*fxh*(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
qrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*A*d*fxh*(2*m + 3) - Cx(ax
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(dxexg + cxfxg + ckexh) + 2xbxcxe*xg*m) + ((Axb + a*B)*d*f*xh*(2*m + 3) - Cx(
2xax (dxfxg + d*exh + c*xf*h) + b*(2+m + 1)*(d*e*g + cxfxg + cxexh)))*x + (bx
Bkd*f*h*(2+m + 3) + 2*Ck(a*d*fxh*m - b*(m + 1)*(d*f*g + dxexh + cxfxh)))*x"~

2, x], x],

x] /; FreeQ[{a, b, c, d, e, f, g, h, A, B, C}, x] & IntegerQ[2*

m] && GtQ[m, O]

Rule 1629

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_)*((e_.) + (£

RYLICIDD

(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo

n[Px, x]]1}, Simp[k*(a + b*x)"(m + q - 1)*(c + d*x)~(n + 1)*((e + £f*x)~(p +

1)/ (dxf*b~

(-1*(m+n+p+qg+ 1)), x] + Dist[1/(d*f*b"g*x(m + n + p +

q + 1)), Int[(a + b*x)"m*(c + d*x) n*(e + fxx) pxExpandToSum[d*f*b~g*x(m + n
+p+q+ 1)%Px - d*fxkx(m + n + p + q + 1)*(a + bxx)"q + kx(a + b*x)~(q -
2)*(a~2kd*f*(m + n + p + q + 1) - bk(bkckex(m + q - 1) + ax(d*ex(n + 1) +

ckfx(p + 1))) + bk(a*xd*f*(2%x(m + q) + n + p) - bk(d*ex(m + q + n) + c*f*(m

+q+p)*x), x], x], x] /; NeQ[m + n + p + g + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] & PolyQ[Px, x]

Rubi steps

integral =

_|_

202C(a + bx)vc+ dz\/e + fr\/g + hx
5dfh
f 5a%(bB—aC)df h—b*C(2bceg+a(deg+cfg+ceh))+b(5a(2bB—aC)df h—bC(3b(deg+cfg+ceh)+2a(df g+deh+cfh)))z+b?(5bBdf h+2aCdf]
Vetdoy/eF fz/g+hx
5dfh

_ 26%(5bBdfh + 2aCdfh — 4bC(df g + deh + cfh))Vc + dzy/e + fz/g + h

1542 f2h2

N 2b°C(a + bx)vc+ dx/e + fr\/g + hz

+

5dfh

9 f %d(15¢12de2 f2h2—15a3Cd? f2h?—5ab2Cdf h(deg+cf g-+ceh)—b3 (5Bdf h(deg+cfg+ceh)—C (4d?eg(fg-+eh)+4c? fh(fg+eh

_ 26%(5bBdfh + 2aCdfh — 4bC(df g + deh + cfh))Vc + dzv/e + fz/g + ha

1542 f212

N 2v?C(a + bx)v/c + dzv/e + fr\/g + hx

5dfh
(15a3Cd? f2h3 — 15a%bd? f>h*(Cg + Bh) + 5ab*df h(6 Bdf gh — cCh(fg — eh) — Cdg(2fg + eh

(b(15a2Cd2 f2h? — 10abdfh(3Bdfh — C(dfg + deh + cfh)) + b2(10Bdfh(dfg + deh + cfh) —
1542 f2h3
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_ 20%(5bBdfh + 2aCdfh — 4bC(dfg + deh + cfh))Vc + dzv/e + fz\/g+ hz
N 15d2 f2h2
20°C(a + bx)vc+ dz/e + fr\/g + hz
+ 5dfh

((15a30d2 F2h% — 15a2bd? f2h2(Cg + Bh) + 5ab*df h(6Bdfgh — cCh(fg — eh) — Cdg(2fg + ek

(b(15a20d2 F2h? — 10abdfh(3Bdfh — C(dfg + deh + cfh)) + b2(10Bdfh(dfg + deh + cfh) — C

15d2 f2h3
_ 26%(5bBdfh + 2aCdfh — 4bC(df g + deh + cfh))Vc + dzv/e + fz/g + h
N 15d2 f2h?
N 2v?C(a + bx)v/c + dz+/e + fr\/g + hx
5dfh
2by/—de + cf (15a2Cd2 f2h2 — 10abdf h(3Bdfh — C(df g + deh + cfh)) + b*(10Bdfh(df g + deh
15

((15a30d2 F2h3 — 15a2bd? f2h2(Cg + Bh) + 5ab*df h(6Bdfgh — cCh(fg — eh) — Cdg(2fg + ek

_ 20%(5bBdfh + 2aCdfh — 4bC(df g + deh + cfh))Vc + dzy/e + fz\/g+ ha

1502 f2h2
N 2v2C(a + bx)v/c + dz+\/e + fr\/g + hx
5dfh
2by/—de + cf (15a2Cd2f2h? — 10abdfh(3Bdfh — C(df g + deh + cfh)) + 2(10Bdfh(df g + deh

15

2v/—de + cf (15a3Cd? f2h3 — 15a2bd? f2h*(Cg + Bh) + 5ab?dfh(6Bdf gh — cCh(fg — eh) — Cd
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 28.44 (sec) , antiderivative size = 825, normalized size of antiderivative = 1.14

/ (a + bz) (abB — a’C + b?Bz + b*Cz?)
Ve+dzye+ fx/g+ hx

2 (bd21 /—c + %(15a>Cd? {2 + 10abdf h(—3Bdf h + C(df g + deh + cfh)) — b*(~10Bdf h(df g + deh

[In] Integrate[((a + b*x)*(axb*B - a~2*C + b~2#B*x + b~2*Cxx~2))/(Sqrtlc + d*x]*
Sqrt[e + fxx]*Sqrtl[g + hxx]),x]

[Out] (-2%(b*d~2*Sqrt[-c + (d*e)/f]*(15%a~2xCxd~2*f~2xh~2 + 10*a*b*d*f*xh*(-3*B*xd*
fxh + Ck(dxfxg + dxexh + cxfxh)) - b~2%(-10%Bxd*fxh*(d*f*g + d*exh + c*fx*h)
+ Cx(8xc™2+f"2%h~2 + T*ckd*fxhx(fxg + exh) + d™2%(8*f~2xg~2 + T*xexfxgxh +
8*e~2xh~2))))*(e + fxx)*(g + h*x) + b~2+%d"2*Sqrt[-c + (d*e)/fl*fxhx(c + d*x
)*(e + f*x)*(g + h*x)*(-5*b*Bxd*xf*h - 5xaxCxd*f*h + b*Ck(4dxc*f*h + dx(4xfxg
+ 4xexh - 3*xfxhxx))) + I*bk(d*e - c*f)*h*x(15%a~2%Cxd~2*f~2¥h~2 + 10*axb*dx
fxh* (-3*B*d*f*h + Ck(dxfxg + dxexh + cxfxh)) - b~ 2x(-10*B*d*fxh*(d*xf*xg + dx*
exh + c*xf*h) + Cx(8*%c™2xf72xh"2 + Txcxd*xf*h*(f*g + exh) + d~2x(8xf"2%g™2 +
Txexfxgxh + 8%e~2x¥h~2))))*(c + d*x)~(3/2)*Sqrt[(d*x(e + f*x))/(f*(c + d*x))]
*Sqrt [(d*x(g + h*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (dxe)/f]/S
qrtlc + d*x]], (d*f*g - cxfxh)/(d*exh - c*fxh)] + I*d*h*(15%xa~3*%C*xd~2xf~3*h
~2 - 15%a”2%b*d"2*xf"2%(Cxe + B*f)*h~2 - 5xa*b~2kd*fxh*(-6*Bxdxexf*h + cxCxf
x(—(fxg) + exh) + Cxd*ex(f*g + 2%exh)) + b~ 3x(-5*Bkd*fxhx(cxfx(-(fxg) + exh
) + dxex(fxg + 2xexh)) + Cx(4xc™2+f 2xh*(-(f*g) + exh) + cxd*f*(-4*xf~2xg~2
+ exf*xgxh + 3xe”2+¥h"2) + d"2xex(4xf72%g”2 + 3xexf*gkh + 8xe~2*¥h~2))))*(c +
d*x)~(3/2)*Sqrt [(dx(e + fx*x))/(f*(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*(c + d*x
))I*E1llipticF [I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxf*g - cxf*h)/
(d*xexh - cxfxh)]))/(156%d~4*Sqrt[-c + (dxe)/f]l*f~3xh~3*Sqrt[c + d*x]*Sqrtl[e
+ fxx]*Sqrt[g + h*x])

Maple [A] (verified)

Time = 2.50 (sec) , antiderivative size = 880, normalized size of antiderivative = 1.22
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method | result

3 2 2063 (2cfh+2deh+2dfg) \ [op
2C b3a:\/dfh x3+cfh z2+deh x2+dfg a:2+cehx+cfgm+degz+ceg 2<Bb +Cb% 5dfh > dfh =
V@t (fate)(hatg) s + -

elliptic

default | Expression too large to display

[In] int((b*x+a)* (Cxb~2*x~2+B*b~2*x+B*axb-C*a~2)/(d*x+c) ~(1/2)/(fxx+e)~(1/2)/ (hx*
x+g) ~(1/2) ,x, method=_RETURNVERBOSE)

[Out] ((d*x+c)*(f*x+e)*(hxx+g))~(1/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2)*(
2/5%Cxb~3/d/f /h*x* (d*f*h*x~3+c*f*xh*x~2+d*exh*x~2+d*f*g*xx~2+ckexh*x+c*f*gkx+
dxexg*x+ckexg) = (1/2)+2/3% (B¥b~3+Cxb~2%a-2/5%Cxb~3/d/f /h* (2kcxf*xh+2*d*exh+2*
dxfxg))/d/f/hx (d*xfxh*x~3+c*fxh*xx~2+d*exh*xx~2+d*f*gxx~2+ckexh*x+ckxf*gkx+dxex
gxx+cke*xg) ~(1/2)+2x (a~2xb*xB-C*a~3-2/5%C*b~3/d/f/h*c*exg—2/3* (Bxb~3+C*b~2*xa-
2/5%Cxb~3/d/f /h* (2xcxf*xh+2*d*exh+2*d*f*g)) /d/f/h* (1/2*%ckexh+1/2*xcxf*g+1/2*d
*exg) )*(g/h-e/f)*((x+g/h) /(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d) )~ (1/2) *((x+e
/£)/(-g/h+e/£))~(1/2) / (d*fxh*x~3+cxfxh*x~2+d*exh*kx~2+d*f*gkx™2+ckexhkx+c*f*
gxx+d*e*xgkx+cxexg) ~(1/2)*EllipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f) /(-
g/h+c/d) )~ (1/2))+2x(2*xaxb~2+%B-C*a~2xb-2/5*Cxb~3/d/f /h* (3/2*cxexh+3/2kcxfxg+
3/2xdxex*g) -2/3% (B¥b~3+C*xb~2*a-2/5%Cxb~3/d/f /h* (2*cxf*xh+2*xd*exh+2*xd*f*g)) /d/
f/hx (cxf*h+d*exh+d*fxg))*(g/h-e/f) *((x+g/h) /(g/h-e/£))~(1/2) *((x+c/d) /(-g/h
+c/d))~(1/2)*((x+e/f) /(-g/h+e/£f)) " (1/2) / (d*f*h*x~3+c*f*h*x~2+d*exh*x~2+d*f*
gxx~2+ckexhxx+ckxf*gkx+dxexgrx+crexg) ~(1/2) *((-g/h+c/d) *E1lipticE(((x+g/h)/(
g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*EllipticF (((x+g/h)/(g/h-
e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.16 (sec) , antiderivative size = 1267, normalized size of antiderivative = 1.76

dz = Too large to display

/ (a+bz) (abB — a*C + b*Bz + b*Cz?)
Ve+dzy/e ¥ fz/g+ ha

[In] integrate((b*x+a)*(Ckb~2%x~2+B*b~2*x+B*a*b-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] 2/45%(3*(3*Cxb~3*%d~3*f~3x¥h~3%x — 4*xCxb~3*%d~3*xf 3*g*h~2 - (4*Cxb~3*d”~3*exf~2
+ (4*Cxb~3*c*d"2 - 5%(C*axb~2 + Bxb~3)*d~3)*f73)*h~3)*sqrt(d*x + c)*sqrt(f
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*x + e)xsqrt(h*x + g) - (8*%C*b~3*d~3*f"3%g~3 + (3*xCxb~3*%d"3*exf~2 + (3*C*b~
3xcxd~2 - 10%(Cxa*xb”2 + Bxb~3)*d~3)*f~3)*g~2+h + (3*%C*b~3xd"3*e”2*xf + (3*Cx
b~3xcxd"2 - 5x(C*a*b~2 + B*b~3)*d"3)*exf~2 + (3*%C*b~3*%c~2*d - 5*(Cxaxb~2 +
Bxb~3)*c*d~2 - 15%(C*a~2%b - 2%Bxaxb~2)*d~3)*f~3)*g*h~2 + (8*Cxb~3*d~3*e”3
+ (3%C*b~3%c*d~2 - 10%(Cxaxb~2 + Bxb~3)*d~3)*e~2xf + (3*%C*b~3%c~2%d - 5*(Cx
axb~2 + B*b~3)*c*kd"2 - 15x(C*a~2xb - 2*Bxaxb~2)*d~3)*exf~2 + (8*C*b~3*c~3 -
10%(C*a*b~2 + B*b~3)*c~2xd - 15x(C*a~2xb — 2*B*axb~2)*c*d~2 + 45%(C*a~3 -
B*a~2%b)*d~3) *f~3) *h~3) *sqrt (d*f*h) *weierstrassPInverse (4/3*(d"2*f"2xg"2 -
(d72xexf + cxd*f~2)*gxh + (d"2%e”2 - c*d*xexf + c~2*f72)*h~2)/(d"2*f"2xh~2),
-4/27%(2xd"3*£"3xg"3 - 3*(d"3%e*f"2 + c*d"2+f73)*g"2%h - 3*(d"3xe"2xf - 4x
ckd"2xexf"2 + cT2xd*f"3)*g*h~2 + (2%d"3xe”3 - 3kckd"2*e”2*f - 3*xc”2kd*exf"2
+ 2xc”3%f7"3)*h~3)/(d"3*%£"3*h"3), 1/3*%(3*d*fxhxx + d*xfxg + (dxe + c*f)*h)/(
dxfxh)) - 3*(8*Cxb~3*d~3*f"3xg~2+h + (7*C*b~3*xd"3*e*f~2 + (7*Cxb~3*c*d"2 -
10% (C*a*b~2 + B*b~3)*d"3)*£73) *g*h~2 + (8*Cxb~3*d~3*e"2xf + (7*C*b~3*kcxd~2
- 10*%(C*xa*b~2 + B*b~3)*d~3)*e*f~2 + (8*Cxb~3*c~2*d - 10*(C*a*b~2 + B*b~3)*c
*d~2 - 15%(C*a~2%b - 2xBxa*xb~2)*d~3)*f~3)*h~3)*sqrt (d*f*h) *weierstrassZeta(
4/3%(d"2%£72%g"2 - (d"2xexf + cxd*f~2)*gxh + (d"2%e”2 - cxdxe*xf + c”2xf"2)x*
h~2)/(d"2*£72%h"2), -4/27*(2%d"3*f"3*g~3 - 3*%(d"3*exf~2 + c*d"2*xf73)*g~2xh
- 3x(d"3*%e"2%f - 4xcxd"2*e*xf~2 + c”2*%d*f73)*gxh~2 + (2%d"3%e”3 - 3*c*kd 2*xe”
2*%f - 3kc"2xd*xexf~2 + 2%c”3*%f"3)*h~3)/(d"3*xf~3*h~3), weierstrassPInverse(4/
3k (d72*xf72xg"2 - (d"2%exf + ckd*f~2)*gxh + (d"2%e”2 - cxdxexf + c”2xf~2)*h”
2)/(d"2%£72%h"2), -4/27*(2*d"3*xf"3%g"~3 - 3x(d"3xe*f~2 + cxd"2*f"3)*g~2*h -
3% (d"3*%e"2xf - 4kcxd"2%e*f"2 + cT2*d*f"3)*g*h~2 + (2xd"3%e”3 - 3xc*d"2*e”2x
f - 3*kc™2*d*e*xf~2 + 2xc~3*%f£73)*h~3)/(d"3*%£"3%h~3), 1/3*(3*xd*f*xh*x + d*f*xg +
(d*e + c*f)*h)/(d*fxh))))/(d"4*xf~4*h~4)

Sympy [F]

/ (a + bz) (abB — a®C + b*Bx + b*Cx?) o — / (a + bz)* (Bb— Ca + Chz)
Ve+doyve+ fx/g+ hx Ve+doyve+ fr/g + hr

[In] integrate ((b*x+a)* (Ckb**2*x**2+B*b**2xx+Bkxaxb-Ckax*2) /(d*x+c)**(1/2)/(f*x+e
)% (1/2) / (hxx+g) **(1/2) ,x)

[Out] Integral((a + b*x)**2%(Bxb - C*a + Cxb*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt
(g + h*x)), x)
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Maxima [F]

/ (a+ bz) (abB — a*C + b*Bz + b*’Cx?) dp — / (Cv?z? + Bb?z — Ca® + Bab)(bz + a) i
Ve+dzye+ fx/g+ hx Vdz +cv/fr+evhr +g

[In] integrate((b*x+a)*(C*xb~2%x~2+B*xb~2*x+B*axb-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2*x~2 + Bxb~2*x - Cxa~2 + Bxaxb)*(b*x + a)/(sqrt(d*x + c)*sq
rt(fxx + e)*sqrt(h*x + g)), x)

Giac [F]

dz

/ (a+ bzx) (abB — a*C + b*Bz + b*Cz?) i — / (Cb*z? + Bb*z — Ca® + Bab)(bz + a)
Ve+dzye+ fx/g+ hx Vdz +cv/fr+e/hz +g

[In] integrate((b*x+a)*(C*xb~2%x~2+Bxb~2*x+B*axb-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*xx+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2*x~2 + B*b~2*x - C*a~2 + B*axb)*(b*x + a)/(sqrt(d*x + c)*sq
rt(f*x + e)*sqrt(h*x + g)), x)

Mupad [F(-1)]

Timed out.

dx = Hanged

/ (a+ bz) (abB — a*>C + v*Bz + b*Cz?)
Ve+doye+ fry/g + hr

[In] int(((a + b*x)*(Cxb~2%x"2 - C*a~2 + Bxaxb + B*b~2*x))/((e + £*x)~(1/2)*(g +
h*x)~(1/2)*(c + d*x)~(1/2)),x)

[Out] \text{Hanged}
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abB—a’C+b*>Bx+b>Ca?

3.17 f Vetdzy/e+ fr/g+he dz

Optimal result . . . . . . . . . . e 163
Rubi [A] (verified) . . . . . . . . 164
Mathematica [C] (verified) . . . . . . . . . ... 167l
Maple [A] (verified) . . . . . . ... 167
Fricas [C] (verification not implemented) . . . . . . . ... ... .. .. ....... 168
Sympy [F] . . o 169
Maxima [F] . . . . . 169
Giac [F] . . . o o 1691
Mupad [F(-1)] . . . oo 169

Optimal result

Integrand size = 53, antiderivative size = 410

abB — a’C + b*Bz + b?Cx? ey = 20°Cv/c+ dz+/e + fr\/g + hx
Ve +dzy/e+ fry/g+ hx 3dfh

20%/=de T cf (3Bdfh — 2C(df g + deh + cfh))\/ 42 /g F o (arcsin (YLIEEE ) | et )
d(g+hx
3d2 f3/2h2 /e + fx/ At

2v/=de + cf (3abBdfh? — 3a*Cdfh* — b*(3Bdf gh — C(ch(fg — eh) + dg(2fg + eh)))) | %2 | /4
+ 3d2f3/2h2\/e + fx\/g + hx

_|_

[Out] 2/3*%b~2xCx*(d*x+c) ~(1/2)*(f*x+e) ~(1/2) * (h*xx+g) ~(1/2) /d/f/h+2/3%b~2% (3*B*d*f*
h-2%C* (c*f*h+d*exh+d*f*g) ) *E11ipticE(£~(1/2)*(d*x+c) ~(1/2) /(cxf-dxe)~(1/2),
((-cxf+d*e) *h/f/ (-cxh+d*g) ) ~(1/2) ) * (cxf-d*e) ~(1/2) *(d* (f*x+e) / (—ckf+d*e) ) ~(

1/2) % (h*x+g) ~(1/2)/d~2/£~(3/2) /h~2/ (f*x+e) ~(1/2) / (d* (h*x+g) / (-c*h+d*g) ) ~(1/
2)+2/3% (3%axb*Bxd*f*h~2-3*a~2*Ckd*f*h~2-b~2% (3*¥B*d*f*gxh-C* (c*xh* (-exh+f*g)+

dxg* (exh+2*f*g))))*E1lipticF (£~ (1/2)*(d*x+c) ~(1/2) /(cxf-d*e)~(1/2), ((-c*xf+d
*e)*xh/f/(-cxh+d*g)) ~(1/2) ) * (c*f-dxe) ~(1/2) * (d* (fxx+e) / (-cxf+d*e) )~ (1/2) *(d*
(h*x+g) / (-cxh+d*g) )~ (1/2) /d"~2/£7(3/2) /h~2/ (f*x+e) ~(1/2) / (h*x+g) ~(1/2)
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Rubi [A] (verified)

Time = 0.40 (sec) , antiderivative size = 410, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 6 number of rules _ () 113, Rules used

' integrand size
= {1629, 164, 115, 114, 122, 121}

abB — a®>C + b*Bx + b*Cx?

Ve+dzy/e ¥ fz/g+ hx
2\/0 f— de\/ dg"”; 2 \/ g"'h“’ EllipticF (arcsm (‘/jc”fc_ff) , ;‘Z;f’; ;3) (—3a’Cdf h? + 3abBdfh* — (b*(3Bdf
3d2f3/2h2\/e + fr\/g + hz

20/g + hav/cf — de\/ XD (3Bdfh — 2C (cfh + deh + dfg))E (arcsin (“fffiif”) |;§3;§f;33>
32 fo/2h2 /e T Tz, 4t

+

N 2b2C/c + dz\/e + fz/g + hx
3dfh

[In] Int[(axb*B - a"2*C + b~2*B*x + b~2*C*x~2)/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt
[g + hxx]),x]

[Out] (2*b~2*C*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])/(3xd*f*h) + (2%b~2*Sqrt
[-(d*e) + c*f]*(3*Bxd*fxh - 2%Ckx(d*f*g + dxexh + c*fxh))*Sqrt[(d*(e + f*x))

/(d*e - c*f)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-

(d*e) + c*xf]l], ((d*e - cxf)*h)/(fx(d*g - c*h))])/(3*d~2*f~(3/2)*h~2*Sqrt [e

+ fxx]*Sqrt[(d*(g + h*x))/(d*xg - c*h)]) + (2*Sqrt[-(d*e) + cxf]*(3*a*xb*Bxd*
fxh~2 - 3*%a"2*Cxd*f*h~2 - b~2%(3*xB*xd*f*gxh — c*Cxh*(f*g - exh) - Cxd*gk(2*f

*xg + exh)))*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[(d*x(g + h*x))/(d*g - c*h)]
*E1lipticF [ArcSin[(Sqrt [f1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((dxe - cx*f)

*h) / (£x(d*g - c*h))])/(3*xd"2+£~(3/2)*h~2xSqrt [e + f*x]*Sqrt[g + h*x])

Rule 114

Int[Sqrtl(e_.) + (£f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ bxx] /Rt [-(bxc - axd)/d, 2]], £*x((b*c - ax*xd)/(d*x(b*e - a*f)))], x] /; Free
Ql{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*e - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*x((c + d*x)/(b*xc - a*xd))]/(Sqrt
[c + d*x]*Sqrt[b*((e + fxx)/(b*e - a*f))])), Int[Sqrt[b*(e/(b*e - axf)) + b
*xfx(x/(b*e - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*xc - a*d), 0]
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&& GtQ[b/(bxe - a*f), 0]) && !'LtQ[-(bxc - a*d)/d, 0]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[2x(Rt[-b/d, 2]1/(b*Sqrt[(b*e - axf)/bl))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/bl)], £*x((b*c - axd)/(d*(
bxe - axf)))], x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*d), O]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + fxx] && (PosQ[-(b*c - a*d)/d] || NegQ[-(b*e - axf)/f])

Rule 122

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtlc + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - a*xd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x]1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] & 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrtl(e ) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 1629

Int[(Px )*((a_.) + (b_.)*(x))"(m_.)*((c_.) + (d_D)*&.))"(n_.)*((e_.) + (£
_*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simplk*(a + b*x)~(m + q - 1)*(c + d*x)~(n + 1)*((e + f*x)~(p +

1)/(d*f*b~(q - 1)*(m + n + p + q + 1))), x] + Dist[1/(dxf*b qx(m + n + p +

q + 1)), Int[(a + b*x)“m*(c + d*x)“nx(e + f*x) p*ExpandToSum[d*f*b~g*(m + n
+p+q+ 1)%Px - dfxkx(m + n + p + g + 1)*(a + b*x)"q + kk(a + b*x)~(q -
2)*%(a~2xd*f*(m + n + p + q + 1) - bk(bxckex(m + q - 1) + ax(d*ex(n + 1) +

ckfx(p + 1))) + bk(a*xd*f*(2%(m + q) + n + p) - bk(dkex(m + q + n) + c*f*(m

+q+p)*x), x], x], x] /; NeQ[m + n + p + g + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x]

Rubi steps
26%C d. h
integral = Ve +dz/e+ fz\/g+ hx
3dfh
9 1d(3abBdf h—3a2Cdf h—b2C(deg+cfg+ceh))+2b2d(3Bdfh—2C (df g+deh+cfh))z d
4 f Vetdz/et fo/gtha x

3d2fh
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_ 20*°CVc+dxv/e+ fr/g+ ha
- 3dfh

b2(3Bdfh — 2C(df g + deh + cfh))) [ =L __ gz

(o ( ) f Verdoy/etfa + 1 3abB — 3a*C

3df h? 3
_ b*(3Bdfgh — cCh(fg — eh) — C’dg(?fg-l—eh))) 1 dz
df h? Ve +dzye+ fry/g+ hx
_ 20°Cvc+dxv/e+ fz\/g+ ha
- 3dfh
2 2(3Bdf gh—cCh(fg—eh)—Cdg(2fg+eh)) / d(e+fz) 1
.\ (<3abB 3a°C — dfh2 ) de—cf > f m\/de cf+dffif\/g+de
3ve+ fz
dg dhzx

b?(3Bdfh — 2C(dfg + deh + cfh dletfz) / Ty Ay dg—ch T dg—ch da
( ( f ( fg f )) de=cf g > f \/m\/de cf+dgfgf:f

_|_
3dfh*/e + fr\/ 4t
_ 20°CVc+dxv/e+ fz/g+ ha

3dfh
26\/—de + ¢ (3Bdfh — 2C(dfg + deh + cfh))\/ % /g ¥ R E (sin—l (ﬁ Vdgi:ff) Iﬁc“ff;;i’l'i)
d hx
32 f3/2h2/e + fx\/ Aty

a2, _ b*(3Bdfgh—cCh(fg—eh)—Cdg(2fg+eh)) \/d(e+fac) d(g+hac)) 1
<<3abB 30/ C dfh2 ) de—cf dg—ch f m\/de cf+dgfgf:f 7

3ve+ [ov/g + ha

+

+

202C\/c+ dz\/e + fr\/g + hx
3dfh

2b*v/=de + cf (3Bdfh — 20(df g + deh + cfh))\/ “D /g F haE (sin—l (ﬁvdgjj;) | j:fg;igj;)
3d2 f3/2h2/e + fa\/ St
2y/~de ¥ ¢ (3abBdfh? — 3a°Cdfh? — b*(3Bdf gh — cCh(fg — eh) — Cdg(2fg + ch))) / Xetsz
3d2f3/2h2\/e + fr\/g + hz

+

_|_
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 25.00 (sec) , antiderivative size = 442, normalized size of antiderivative = 1.08

abB — a’C + b®’Bz + b*Cx?
Ve+dzye+ fx/g+ hx

Vet dz | 20°Cd fh(e + f)(g + ha) + L-LCRUN20Wotdehte/h) ehfallothe) 4 942, [—c 4 & fh(3Bdf

[In] Integrate[(a*b*B - a~2*C + b~2*B*x + b~2*C*x~2)/(Sqrt[c + d*x]*Sqrtle + f*x
1#Sqrt[g + h*x]),x]

[Out] (Sqrtlc + d*x]*(2*%b~2xCxd~2*f*hx(e + fxx)*(g + h*x) + (2xb~2*%d"2x* (3*%Bxd*f*h
- 2xCx(dxfxg + dxexh + c*f*h))*(e + fxx)*(g + h*x))/(c + d*x) + (2*I)*b~2%
Sqrt[-c + (dxe)/f]l*fxh*(3*xBxd*f*h - 2xCx(dxf*g + d*exh + c*f*xh))*Sqrt[c + d
*xx]*Sqrt[(d*(e + f*x))/(£fx(c + d*x))]*Sqrt[(d*(g + h*x))/(hx(c + d*x))]*Ell
ipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*fxg - cxfxh)/(d*exh

- cxfxh)] + ((2%I)*dxh*(3*axb*B*d*f~2xh - 3*%a~2xCxd*f~2%h + b~2%(-3*Bxd*e*f

xh + c*Cxfx(-(fxg) + exh) + Cxdxex(fxg + 2*xexh)))*Sqrt[c + d*x]*Sqrt[(d*(e

+ £xx))/(f*(c + d*x))]1*Sqrt[(d*(g + h#*x))/(h*(c + d*x))]*EllipticF[I*ArcSin
h[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxfxg - c*f*h)/(d*exh - cxfxh)])/Sqrt

[-c + (d*e)/£]1))/(3*d"3*f~2*h~2*Sqrt[e + f*x]*Sqrtl[g + h*x])

Maple [A] (verified)

Time = 2.34 (sec) , antiderivative size = 637, normalized size of antiderivative = 1.55

method | result

2 2Cb2(%ceh+%cfg+%deg)
2| abB—Ca“— 3d7h (%—
20 b2 \/dfh z3+cfh z2+deh z2+dfg w2+cehz+cfgw+degw+ceg

V/(dz+c)(fz+e) (ha+g) 3drh +

Vafh a3 4cfha2+deha

elliptic

default | Expression too large to display

[In] int((C*b~2%x~2+B*b~2*x+B*axb-Cxa~2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/
2) ,x,method=_RETURNVERBOSE)
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[Out] ((d*x+c)*(f*x+e)*(h*x+g))~(1/2)/(d*x+c)~(1/2)/(f*x+e) ~(1/2)/ (h*xx+g) =~ (1/2) *(
2/3*Cxb~2/d/f /h* (d*fxh*x~3+c*fxh*x~2+d*exh*xx~2+d*f*gxx~2+ckexhxx+c*f*gkx+d*
exgkx+ckexg) ~(1/2) +2x (a*b*B-C*a~2-2/3%C*b~2/d/f/h* (1/2*ckexh+1/2xcxf*xg+1/2%
dxexg))*(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2) *((x+c/d) / (-g/h+c/d) )~ (1/2) * ((x+
e/f)/(-g/h+e/£))~(1/2) / (d*f*h*x~3+c*f*h*x~2+d*e*xh*x~2+d*f *g*x~2+c*exh*x+c*f
xgxx+d*kexgrx+cke*xg) ~(1/2)*EllipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f) /(
-g/h+c/d)) ~(1/2))+2% (Bxb~2-2/3*Cxb~2/d/f/h* (c*f*h+d*exh+d*f*g) ) * (g/h-e/f) *(
(x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d)) ~(1/2) *((x+e/f) /(-g/h+e/£))~ (1
/2) / (d*f*h*x~3+cxfxh*x™2+d*exh*x™2+d*f*gkx™2+ckexhkx+cxf*xgkx+dkekxgkx+ckexg)
~(1/2)*((-g/h+c/d) *E1lipticE(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f) / (-g/h+c/
d))~(1/2))-c/d*EllipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~
(1/2))))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.
Time = 0.12 (sec) , antiderivative size = 859, normalized size of antiderivative = 2.10
abB — a®’C + b®°Bx + b*Cx?
Ve+dzye+ fz/g+ hx
2 (3 Vdz + c/fx + e/hx + gCb?d? f2h? + (2Cv?d? f2g* + (Cb*d*ef + (Cbcd — 3 Bb?d?) f?)gh + (2 Cv?

[In] integrate((C*b~2%x~2+B*b~2*x+B*a*b-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+
g)~(1/2) ,x, algorithm="fricas")

[Out] 2/9*%(3*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)*Cxb~2xd~2*f~2*h~2 + (2xCxb
“2xd"2*%f"2%xg"2 + (Cxb~2*%d"2xexf + (C*¥b~2%kcxd - 3*B*b~2xd~2)*f~2)*gxh + (2%C
*b~2xd"2%e”2 + (C*b~2%c*d - 3*Bxb~2xd~2)*exf + (2%Cxb~2xc~2 - 3*Bxb~2xcxd -
9% (Cxa~2 - Bxaxb)*d~2)*f~2)*h~2)*sqrt (d*fx*h)*weierstrassPInverse(4/3%(d"2%
£72xg~2 - (d"2%exf + ckxd*f~2)*gxh + (d"2*e”2 - ckd*exf + c”2xf72)*h~2)/(d"2
*£72xh72) , -4/27*(2%d"3*f"3%g"3 - 3*(d"3*%e*xf~2 + c*kd"2*f~3)*g~2xh - 3x(d”3*
e"2xf - 4*ckd"2xexf"2 + cT2xd*f"3)*g*h~2 + (2%xd"3%e”3 - 3xcxd"2*e"2xf - 3*c
“2xd*e*f~2 + 2%c”3*%f£73)*h"3)/(d"3*f"3%xh~3), 1/3*(3*kdxfxhxx + dxfxg + (dxe +
c*f)*h) /(dxfxh)) + 3% (2%C*b~2xd~2*f " 2xgxh + (2xC*xb~2*d"2xexf + (2*%C*b~2xc*
d - 3*B*b~2xd"2)*f£~2)*h~2) *sqrt (d*f*h) *weierstrassZeta(4/3*(d"2*xf"2xg"2 - (
d"2%exf + cxd*f~2)*gxh + (d72*e”2 - cxdxexf + c”2xf"2)*h"2)/(d"2*f"2%h"2),
—-4/27%(2xd"3*%f"3%g"3 - 3% (d"3*e*xf~2 + c*d"2*f73)*g"2xh - 3*%(d"3*%e"2xf - 4x*c
*xd"2%e*f"2 + c”2*%d*f"3)*gxh~2 + (2%d"3%e”3 - 3*c*kd"2xe"2xf - 3kc"2xd*e*f”2
+ 2xc”3*%f7"3)*h~3)/(d"3*%f"3*h"3), weierstrassPInverse(4/3*(d"2*f"2xg~2 - (4~
2xexf + ckd*f~2)*gxh + (d"2%xe”2 - ckdxe*xf + c"2xf72)*h~2)/(d"2*f"2+%h"2), -4
/27%(2xd"3*x£"3xg"3 - 3*x(d"3%e*f"2 + c*d"2+f73)*g"2%h - 3*%(d"3xe"2xf - 4xcxd
“2xexf"2 + cT2xd*f"3)*gxh~2 + (2%d"3%e”3 - 3kckd"2%e”2*f - 3kc"2*d*exf"2 +
2xc~3xf73)*h~3) /(d"3*f"3%h~3), 1/3%(3xd*f*h*x + dxf*g + (d*e + cxf)xh)/(d*f
*h))))/(d"3%£~3%h"3)
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Sympy [F]

abB — a®’C + b*Bz + b*Ca? dw_/(a+ba:) (Bb— Ca + Cbz) e
Ve+dze+ fz/g+ hr Ve+dze+ fx/g+ hx

[In] integrate ((Ckb**2*x**2+B*b**2*x+Bxaxb-Cka*x*2) /(d*x+c)**(1/2)/(f*xx+e)**(1/2)
/ (h*x+g) *x(1/2) ,%)

[Out] Integral((a + b*xx)*(B*b - C*a + C*b*x)/(sqrt(c + dxx)*sqrt(e + f*x)*sqrt(g
+ h*x)), x)

Maxima [F]
abB — a’C + b*Bzx + b*Cz? - Cv?z? + Bb*xz — Ca® + Bab .
Ve+dove+ fry/g+ hx Vdz +c/fr+ev/hz+g

[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*b-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+
g)~(1/2),x, algorithm="maxima")

[Out] integrate((Cxb~2*x~2 + B*b~2*x - C*a~2 + B*axb)/(sqrt(d*x + c)*sqrt(f*x + e
)xsqrt(h*x + g)), x)

Giac [F]

abB — a?C + b?Bzx + b*Cxz? - Cv?z? + Bb*xz — Ca® + Bab
Ve+dzye+ fry/g+ hx Vdz +c/fr+ev/hx +g

[In] integrate((C*b~2%x~2+B*b~2*x+B*a*b-C*a~2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+
g)~(1/2) ,x, algorithm="giac")

[Out] integrate((C*b~2%x~2 + Bxb~2xx - Cxa~2 + Bxaxb)/(sqrt(d*x + c)*sqrt(f*x + e
)*sqrt (h*x + g)), x)

Mupad [F(-1)]
Timed out.
abB — a*C + b*Bx + b*Cx?

dxr = Hanged
Ve+dzye+ fx/g+ hx

[In] int((C*b~2%x"2 - C*a~2 + B*axb + B*b~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(c + d*x)~(1/2)),x)

[Out] \text{Hanged}
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abB—a?C+b?Bx+b*Ca?

3.18 f (a+bx)V/ct+dz+/e+ fr\/g+hz dz

Optimal result . . . . . . . . . . . e 1770)
Rubi [A] (verified) . . . . . . . . . 170
Mathematica [C] (verified) . . . . . . . . ... . 173
Maple [A] (verified) . . . . . . . . . Ive!
Fricas [C] (verification not implemented) . . . . . . .. ... .. ... ... ...... 174
Sympy [F] . . o o 175
Maxima [F] . . . . . . 175
Giac [F] . . . o 176
Mupad [F(-1)] . . . 176

Optimal result

Integrand size = 60, antiderivative size = 291

abB — a*C + b*Bz + b*Cz?
(a + bx)vVc+ dz/e + fr\/g+ hx N
2bC\/—de + cf %WE <arcsin (ﬁ‘gﬂ) |§§Z;f’; 23)
. AT/ T\t
2v/—de + cf(bCg — bBh + aCh) \/ d((;ii jf) \/ dg;tﬁ:) EllipticF <arcsin (ﬁ‘éﬁ) : ;‘Z;i 33)
dv/fhve+ fz\/g+ hx

[Out] 2*%b*CxEllipticE(£~(1/2)*(d*x+c)~(1/2)/(cxf-d*e)~(1/2), ((-c*f+d*e)*h/f/(-c*h
+d*g) )~ (1/2)) *(cxf-d*e) =~ (1/2) *(d* (f*xx+e) / (—c*xf+d*e) ) ~(1/2) * (h*x+g) ~(1/2) /d/
h/£~(1/2) / (fxx+e) = (1/2) / (d* (h*x+g) / (—~cxh+d*g) ) ~ (1/2) -2% (-Bxbxh+C*a*h+Cxb*g)
*E11lipticF(£7(1/2)*(d*x+c) ~(1/2)/(cxf-dxe)~(1/2), ((-c*f+d*e) *h/f/(-c*h+d*g)

)~ (1/2) ) *(cxf-dxe) " (1/2) * (d* (f*x+e) / (—cxf+d*e) )~ (1/2) * (d* (h*x+g) / (—~c*xh+d*g)

)~ (1/2)/d/h/£7(1/2) / (£xx+e)~(1/2) / (h*x+g) ~(1/2)

Rubi [A] (verified)

Time = 0.18 (sec) , antiderivative size = 291, normalized size of antiderivative = 1.00,

number of steps used = 7, number of rules used = 6, Lumber of rules _ ( 140 Ryles used
integrand size
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= {24, 164, 115, 114, 122, 121}

/ abB — a?C + b?Bzx + b*Cz? .
(a+bz)Vc+dzve+ fx/g+ hx

B 2bC+\/g + hx+/cf — de %E(arcsin (‘/jgfc:;‘?) |§f§§;ﬁg§)

dv/fhy/e+ fa,/4ethe)
2+/cf — de\/ d((ii’cc j,”) dg:ﬁ,f) (aCh — bBh + bCyg) EllipticF (arcsin (‘(f;f;‘f) , %Z;fi 33)
dv/fhv/e + fr\/g + hx

[In] Int[(a*b*B - a"2*C + b~2*B*x + b~2*C*x~2)/((a + b*x)*Sqrt[c + d*x]*Sqrt[e +
f*x]*Sqrt[g + h*x]),x]

[Out] (2#b*CxSqrt[-(d*e) + cxf]*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrtl[g + h*x]+*Ell
ipticE[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*xe - c*f)*h)/
(f*(d*g - cx*h))])/(d*Sqrt [f]*h*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - c*h)

1) - (2#Sqrt[-(d*e) + cxf]*(b*C*xg - b*Bxh + a*xCxh)*Sqrt[(d*(e + f*xx))/(dxe

- cxf)]*Sqrt [(d*(g + h*x))/(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt[c +
d*x])/Sqrt [-(d*e) + cxf]], ((d*e - cxf)*h)/(f*(d*g - cxh))])/(d*Sqrt [f]*h*S

qrtle + f*x]*Sqrt[g + h*x])

Rule 24
Int[(u_.)*((a)) + (b_.)*x(v_))"(m_ )*((A_.) + (B_.)*x(v_) + (C_.)*x(v_)"2), x_S
ymbol] :> Dist[1/b~2, Int[u*(a + b*v)~(m + 1)*Simp[b*B - a*C + b*C*v, x], x

1, x]1 /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*b*B + a~2*C, 0] && LeQ[
m, -1]

Rule 114

Int[Sqrtl(e_.) + (£_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x] /Rt [-(b*xc - a*d)/d, 2]], fx((bxc - axd)/(d*(bxe - a*f)))], x] /; Free
Ql{a, b, c, 4, e, £}, x] && GtQ[b/(b*xc - a*d), 0] && GtQ[b/(b*e - axf), 0]

& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(bxc
- axd), 0] & GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(bxc - a*d))]/(Sqrt
[c + d*x]*Sqrt[b*((e + f*x)/(bxe - axf))])), Int[Sqrt[b*(e/(b*e - a*f)) + b
*f*x(x/(bxe - a*f))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !'(GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-(b*c - axd)/d, 0]
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Rule 121

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol]l :> Simp[2%(Rt[-b/d, 2]1/(b*Sqrt[(b*e - a*f)/b]))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/bl)], £*x((b*c - axd)/(d*(
bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*xd), 0]

&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - a*d)/d] || NegQ[-(bxe - axf)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(b*c - axd))]1/Sqrtlc + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - a*xd)) + bxdx(x/(b*c - axd))]x*Sqrt[e + f*x
1), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrt[(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtle + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - e*h)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*xx] &% SimplerQ[c + d*x, e + fx*x]

Rubi steps
b2(bB—aC)+b3Cx
integral = ‘/C+d“”‘/e;;2f eVgthz
Vg+thz 1
_ (bC) [ —Tdim dz ~ (bCg — bBh + aCh) [ NCTEN S N dz
h h
bCg — bBh + aCh d<e+f’”>) 1 d
— (( g + ¢ ) de_cf f m\/de cf+djfa;f\/m :L‘
N hv/e + fx
4 dha_ dhx
bC /d(6+f.'E) / + h ) dg ch dg—ch d
+ < de—cf g T f \/m\/de cf+dsdf1;f v
hy/e+ fz\/2the)

B 2bC\/—de + cf dg?fjf Vg + hzE (sm (ﬁ”dzi‘j}”) |%Zg cfc Lh>
NG INCES VL

bCq — bBh + aCh), / Hetfa) d(g-‘rhm)) . ,
<( g )\/ de—cf dg—ch f m\/de cf_{_d;ifﬂ;f T ch+d;lh€h

hve + fx\/g+ hx
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d(e+fz) Vetdz de—cf)h
_ 2bC'\/—de + cf z(ie 7 V9t th(sm (ﬁdeﬂf) |§c(dg_c%)>
d(g+hz
dv/fhy/e + [z, /2t
d(e+fz) +hx P Vetdz de—cf)h
2/=de ¥ cf (bCg — bBh + aCh), [Aetfe), Aot ch)F<sm ! (ﬁ de+cf> | ;(dg_c;)>
dv/fhve + fx\/g+ hx

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 21.10 (sec) , antiderivative size = 326, normalized size of antiderivative = 1.12

abB — a®’C + b*Bz + b*Cx? .
(a + bx)vc+ dz/e + fr\/g+ hx

[ de
2 (bC’dz, [—c+ 4 (e + fz)(g + hx) + ibC(de — cf)h(c+ dx)3/2\/‘;((ii£z§ Z((iiZ;)E (iarcsinh( CJ:;; )

@2\ —c+ % fhi/c

[In] Integrate[(a*b*B - a~2*C + b~2*B*x + b~2xC*x~2)/((a + b*x)*Sqrt[c + d*x]*Sq
rtle + fxx]*Sqrtlg + h*x]),x]

[Out] (2%(b*Cxd~2*Sqrt[-c + (dxe)/fl*(e + fxx)*(g + h*x) + IxbxCx(d*e - c*f)*hx*(c
+ d*x)~(3/2)*Sqrt [(d*(e + f*xx))/(f*(c + d*x))]*Sqrt[(d*(g + h*x))/(h*x(c +
d*x))]*E1lipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*xf*g - cxfx
h)/(d*exh - c*f*h)] - Ixd*(bxCxe - b*Bxf + a*xCxf)*h*(c + d*x)~(3/2)*Sqrt[(d

x(e + £xx))/(f*x(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*Ar
cSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*fxg - cxfxh)/(d*xexh - cxfxh)]))
/(d"2xSqrt[-c + (d*e)/fl*f*h*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])
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Maple [A] (verified)

Time = 2.34 (sec) , antiderivative size = 506, normalized size of antiderivative = 1.74

method | result
g (4 z+-
_ . 2ob(9_e oty JﬁidJi
son-eni-5) 1% | | ([ ED) I
AF \"rta \ "ty R—F \ "nta
V/(dz+c)(fz+e)(hz+g) ! d ! +

\/dfh:c3+cfh:c2+deh:c2+dfg:c2+cehw+cfg:v+degw+ceg \/dfhz3+cfA

elliptic Vdztc/fate/ hatg

~(hat9)F [(ch—fg)d 2 _(hatg)f [(eh=fg)d _ _(ha+g)f [(eh—fg)d 2

- 2<BF<\/ hota)f f(ch_dg))bdeh BF<\/ Lokl f(ch_dg)>bdfgh CF<\/ Pzt f(ch_dg)>adeh +CF(\/

[In] int((C*b~2xx~2+B*xb~2*x+B*a*xb-Cxa~2)/(b*x+a)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/ (hx*
x+g) ~(1/2),x, method=_RETURNVERBOSE)

[Out] ((d*x+c)*(f*x+e)* (h*x+g))~(1/2)/(d*x+c)~(1/2)/ (fxx+e)~(1/2)/ (hxx+g) ~(1/2) *(
2% (Bxb-C+*a) *(g/h-e/f) *((x+g/h) /(g/h-e/£))~(1/2) *((x+c/d) / (-g/h+c/d) ) ~(1/2) *
((x+e/f)/(-g/h+e/£) )~ (1/2) / (d*f*h*x~3+c*f*xh*x"2+d*exh*x~2+d*f*g*x~2+c*kexh*x
+cxfxgrx+d*exgkx+cxexg) ~(1/2) *EllipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/
£)/(-g/h+c/d))~(1/2))+2xCxb*(g/h-e/f) *((x+g/h) / (g/h-e/£) )~ (1/2) * ((x+c/d) / (-
g/h+c/d))~(1/2)*((x+e/f)/(-g/h+e/£) )~ (1/2) / (d*f*h*x~3+cxf*h*x"2+d*exh*x~2+d
*xfxg*x”"2+ckexh*x+ckfxgrx+d*rexgkx+cxexg) ~(1/2) *((-g/h+c/d)*E1llipticE(((x+g/h

)/ (g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*EllipticF (((x+g/h) /(g
/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.13 (sec) , antiderivative size = 682, normalized size of antiderivative = 2.34

abB — a*C + b*Bzx + b*Cx? .
(a + bzx)vVc+dzve+ fr/g+ hr

2 £2 .2 (42 2 2,2 2 £2\p2 3 £33 __ 3, £2 2 £3\ 23 _
2 (3 \/df_thdfhweierstrassZeta<4 (&1 (d eerCdJ; 329?;;(2(1 e —edefte’ )R )a _ACE g8 (el ed [)gh 3

[In] integrate((Cxb~2*x~2+Bxb~2xx+B*axb-Cxa~2)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] -2/3%(3*sqrt(d*f*h)*C*b*d*fxh*xweierstrassZeta(4/3*x(d"2*xf"2%g~2 - (d"2*xexf +
ckd*f~2)*gxh + (d"2xe”2 - cxdxexf + c”2xf72)xh~2)/(d"2*x£72xh"2), -4/27*(2*
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d~3*f"3%g"3 - 3%(d"3%e*f"2 + cxd"2*f"3)*g"2xh - 3%(d"3%e”2*f - 4xc*d"2*xexf”
2 + c72%d*f73) *g*h~2 + (2xd"3%e”3 - 3xc*kd"2*e"2xf - 3kc"2xdxexf"2 + 2xc”3*f
~3)*h~3)/(d"3%f"3%h"3), weierstrassPInverse(4/3*(d"2*f"2*xg"2 - (d"2xexf + c
*xd*xf~2)*gxh + (d"2%e”2 - ckd*exf + c”2*%f72)*h~2)/(d"2*f"2¥h~2), -4/27*(2*d~
3%f"3%g™3 - 3%(d"3xexf"2 + cxd"2xf£73)*g"2%h - 3%(d"3*%e”2%f - 4kckd 2%e*xf"2
+ c72%d*f"3) *g*h~2 + (2%xd"3%e”3 - 3xc*d"2%e"2xf - 3kc"2xdxe*f"2 + 2xc”3*f"3
)*h~3)/(d"3*%£"3*%h"3), 1/3*%(3*d*f*h*x + d*f*xg + (d*e + c*f)x*h)/(d*fxh))) + (
Cxbxd*f*g + (Cxbxdxe + (C*b*c + 3%(C*a - B*b)*d)*f)*h)*sqrt(d*f*h)*weierstr
assPInverse(4/3*(d"2*xf72xg"2 - (d"2%e*f + ckd*f~2)*gxh + (d"2%e”2 - c*d*exf
+ c"2x£72)*h~2) /(d"2%x£72xh~2), -4/27x(2*d"3*f"3%g"3 - 3*(d"3*exf"2 + c*d"2
*x£73)*xg~2x%h - 3% (d"3*%e"2xf - 4xcxd"2%e*f~2 + c”2*d*f~3)*gxh~2 + (2%d"3%e”3

- 3kckd"2%e"2xf - 3xc”2xd*e*f"2 + 2%c”~3*f~3)*h~3)/(d"3*%f"3*%h"3), 1/3*%(3*xd*xf
xhxx + dxfxg + (dxe + c*xf)#*h)/(d*fx*h)))/(d"2*x£"2*h"2)

Sympy [F]

/ abB — a’C + b*Bz + b*Cz? e — Bb— Ca+ Cbx .
(a+bx)Vc+dzve+ fx/g+ hx Ve+dzye+ fry/g+ hx

[In] integrate ((Ckb**2xx**2+B*b**2xx+Bxaxb-Cxax*2)/(b*x+a)/(d*x+c)**(1/2)/(f*x+e
)*x(1/2) / (h*x+g) **(1/2) ,x)

[Out] Integral((Bxb - C*a + C*b*x)/(sqrt(c + dxx)*sqrt(e + f*x)*sqrt(g + h*x)), x
)

Maxima [F]

/ abB — a?C + b?Bzx + b*Cz? dp — / Cv?z? + Bb*z — Ca® + Bab .
(a + bx)vc+ dx/e + fr\/g+ hx (bx + a)Vdx + cv/fr +evhz + g

[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*xb-C*a~2)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/
2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((C*b~2%x~2 + Bxb~2xx - Cxa~2 + Bxaxb)/((b*x + a)*sqrt(d*x + c)*sq
rt(f*x + e)*sqrt(h*x + g)), x)
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Giac [F]

/ abB — a®>C + b®>Bz + b>Cx? - Cb’2? + Bb’x — Ca? + Bab
(a+bx)Vc+dzve+ fx/g+ hx (bx + a)Vdz + cv/fr +evhz + g

[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*xb-C*a~2)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/

2)/ (h*x+g)~(1/2) ,x, algorithm="giac")
[Out] integrate((C*b~2%x~2 + Bxb~2xx - Cxa~2 + Bxaxb)/((b*x + a)*sqrt(d*x + c)*sq

rt(fxx + e)*sqrt(h*x + g)), x)

Mupad [F(-1)]

Timed out.
abB — a®’C + b*Bz + b*Cx?

(a + bx)vc+ dz/e + fr\/g+ hx

dx = Hanged

[In] int((C*b~2*x"2 - C*a"2 + B*a*b + B*b~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + b*x)*(c + d*x)~(1/2)),x)

[Out] \text{Hanged}
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abB—a?C+b? Bz+b*Ca?

3.19 f (a+bx)2y/c+dz\/e+fr\/gF+hT dx

Optimal result . . . . . . . . . . . e N rdrd
Rubi [A] (verified) . . . . . . . . . 1T
Mathematica [C] (verified) . . . . . . . . ... L 180
Maple [A] (verified) . . . . . . . . . 181
Fricas [F(-1)] . . . . o 18Tl
Sympy [F(-1)] . . o 182
Maxima [F] . . . . . . 182
Giac [F] . . . o o 182
Mupad [F(-1)] . . . 182

Optimal result
Integrand size = 60, antiderivative size = 309
abB — a’C + b* Bz + b*Cz? .
(a + bx)2v/c+ dz/e + fr\/g + hz
20 /_de ¥ cf\/d(e-i—fw) d(g+hx) ElhpthF <aI'CSin (\/f\/c-‘rdm) (de—cf)h)

de—cf dg—ch v/—de+cf ) ? f(dg—ch)
dvfve+ fx/g+ hx
2(bB — 2aC)y/=de + of | L) /44 BllipticPi (- Jael), arcsin (Y14 ) | (el )

(bc — ad)\/fv/e + fr\/g + hx

[Out] 2*C*EllipticF(£~(1/2)*(d*x+c)~(1/2)/(c*f-dxe)~(1/2), ((-c*f+d*e)*h/f/(-c*h+d
xg)) ~(1/2) ) *(c*xf-d*e) ~(1/2) x (d* (f*x+e) / (-cxf+dxe) )~ (1/2) * (d* (h*x+g) / (-cxh+d
xg))~(1/2)/d/£~(1/2) / (f*x+e) ~(1/2) / (h*x+g) = (1/2) -2% (B¥b-2*C*a) *E1lipticPi (f
~(1/2)*(d*x+c) ~(1/2) / (c*xf-d*e) " (1/2) ,~-bx (—c*f+d*e) / (-axd+b*c) /£, ((-cxf+d*e)
xh/f/(-cxh+d*g))~(1/2) ) *(cxf-d*e) ~(1/2) *(d* (f*xx+e) / (-cxf+d*e) )~ (1/2) * (d* (hx*

x+g) / (—cxh+dx*g) ) ~(1/2) / (—axd+bxc) /£~ (1/2) / (fxx+e) ~(1/2) / (h*x+g) ~(1/2)

Rubi [A] (verified)

Time = 0.52 (sec) , antiderivative size = 309, normalized size of antiderivative = 1.00,

number of steps used = 10, number of rules used = 8, dumber of rules _ 133 Ryjes used
integrand size
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= {24, 1621, 175, 552, 551, 12, 122, 121}

abB — a?C + b®Bzx + b*Cz? .
(a + bx)2v/c+ dz/e + fr\/g + hz

B 2C\/cf — de\/ d((iitjcc Jf) dc(l*;’] "_";Z) EllipticF <arcsin (‘/\chfc:;‘im) , %Z;Efc X;)

dvVfve+ fr/g+ hx
d(e+fx d(g+hz Y . b(de—cf . Vetdo de—cf)h
~ 2(bB — 2aC)+/cf — de\/ z(ie—cf) \/ fii—ch) EllipticPi <—(£c_ad)}, arcsin (\/jcf—-tle > , ;(dg_cgl»
VIVt For/a T a(be — ad)

[In] Int[(a*bxB - a"2*C + b~2*B*x + b~2*C*x~2)/((a + b#*x) "2*Sqrt[c + d*x]*Sqrt[e
+ f*x]*Sqrt[g + h*x]),x]

[Out] (2xC+Sqrt[-(d*e) + cxf]l*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[(d*(g + h*x))/
(d*g - cxh)]*EllipticF[ArcSin[(Sqrt[f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + cxfl],

((d*e - cxf)xh)/(f*(d*g - cx*h))])/(d*Sqrt[f]l*Sqrtle + f*x]*Sqrtl[g + h*x]) -

(2% (b*B - 2xaxC)*Sqrt[-(dxe) + c*f]xSqrt[(d*x(e + f*x))/(d*e - c*xf)]*Sqrt[(
dx(g + h*x))/(d*g - cxh)]*EllipticPi[-((b*(d*e - c*xf))/((b*c - axd)*f)), Ar
cSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]l], ((d*e - cxf)*h)/(fx(dxg -
c*¥h))]1)/((b*c - axd)*Sqrt[f]l*Sqrt[e + f*x]*Sqrt[g + hx*x])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
QLu, (b_)*(v_) /; FreeQ[b, x1]

Rule 24

Int[(u_.)*((a)) + (b_)*(v_))"(m_)*((A_.) + (B_.)*x(v_) + (C_.)*(v_)"2), x_S
ymbol] :> Dist[1/b~2, Int[u*(a + b*v)~(m + 1)*Simp[b*B - a*C + b*C*v, x], x
1, x] /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*bxB + a~2+C, 0] && LeQ[
m, -1]

Rule 121

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol]l :> Simp[2*(Rt[-b/d, 2]1/(b*Sqrt[(b*e - a*xf)/b]l))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - axd)/b])], f*((b*c - axd)/(dx*(
bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] & GtQ[b/(b*c - a*xd), 0]
&& GtQ[b/(bxe - axf), 0] && SimplerQ[a + bxx, c + d*x] && SimplerQ[a + bx*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_ ) + (£f_.)*(x
1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(b*c - a*d))]/Sqrtlc + d*x], Int[
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1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]x*Sqrtle + f*x
1), x1, x] /; FreeQ[{a, b, c, d, e, f}, x] & !'GtQ[(bxc - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 175

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I1xSqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
a*d - b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*x(x72/d), x]]1*Sqrt[Simp[(d*g -
cxh)/d + hx(x~2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && !'SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"21*Sqrtl(e_ ) + (f_.)*(x
2)721), x_Symbol] :> Simp[(1/(axSqrt[c]*Sqrtlel*Rt[-d/c, 2]1))*EllipticPi[b*
(c/(axd)), ArcSin[Rt[-d/c, 2]1*x], c*(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] && !GtQ[d/c, 0] && GtQlc, O] &% GtQle, 0] && !( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 552

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (£f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d/c)*x"2]/Sqrtl[c + d*x~2], Int[1/((a +
bxx~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, 4, e
, £}, x] && 'GtQ[c, 0]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£
_Ox(x ) (p_I)*((g_.) + (h_.)*x(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder[Px, a + b*x, x], Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*x(g + h*x)~q
, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)~(m + 1)*(c + dx*
x)"nx(e + f*x) px(g + h*x)"q, x] /; FreeQ[{a, b, c, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rubi steps
b2 (bB—aC)+b°Cx da
integral = (at+bz)/ C+dwb\ge+fm\/g+hz
J o dz .
Vet+dzy/e+ fry/g+hx
= v b‘f V9 + (bB — 2aC) / i
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1
Ve+dzy/e+ fx/g+ hx

dz — (2(bB

—2aC))Subst / ! dz,z,Vc+ dx

(bc—ad—ba:2)\/e—%-i—fff\/g—%-i-hffi2

dz

(C d(e-l—fz)) f 1
de=cf v c+dm\/de of +dgff:f Vg+hx

ve+ fz
(bB — 2aC)/ %D ) Qubst | [ 1 —dx,z,v/c +dx
— =7 g T

C d(e+fzx) g+hz)> 1 d

( \/ demef \/ dg—ch f W\/ded—ecf—i_dg{if dg— ch+d;lhaéh !
ve+ fx\/g+ hx

(2(bB — 2aC’)\/ dHet] J”f) dégt’;?) Subst | [ 1f —— dz,z,Vc+dz
(bc—ad—be)\/l-i- (efﬁ) 1+d(gf%)
B ve+ fx\/g+ hx
5 /de+fz) [d(g+hz) —1 ( /fVetdz \ | (de—cf)h

i 20V —de + Cf\/ de—cf dz ch F<S111 ' (x/—de—}-cf) |f(dg ch )

dvfve+ fx\/g+ hx

d(e+fz) /d(g+hx) b(de—cf) . s — Vetdz \ | (de—cf)h
2(bB — 2aC)v/—de + cf \/ de—cf df; h H( (be—ad) £ S ' (ﬁde—i—cf) | f(dg—ch))
(bc — ad)v/fv/e+ fav/g+ha

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 22.06 (sec) , antiderivative size = 249, normalized size of antiderivative = 0.81

abB — a?’C + b*Bzx + b*Cx? .
(a+ bx)2Vc+dzve+ fx/g+ hx

[_cyde
2iv/e + [T/ (— <(bcC — bBd + aCd) EllipticF (z’arcsinh( A ) : jf;g:gi’;)) + (=bB + 2aC)d

Ve+dz

(~bo+ad)\[—c+ %\ /e g+ he

[In] Integrate[(a*b*B - a~2*%C + b~2*B*x + b~2*C*x~2)/((a + b*x) 2+Sqrt[c + d*x]=*
Sqrt[e + fxx]*Sqrt[g + hx*x]),x]
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[Out] ((2xI)*Sqrtle + f*xx]*Sqrt[(d*(g + h*x))/(h*x(c + d*x))I*(-((bxcxC - b*Bxd +
a*C*d)*EllipticF [I*ArcSinh[Sqrt[-c + (d*e)/f]1/Sqrtlc + d*x]], (dxfxg - c*f*
h)/(d*exh - c*f*h)]) + (-(b*B) + 2*a*C)*d*EllipticPi[-((b*c*f - axdx*f)/(b*xd

*e — b*cxf)), I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (d*fxg - cxfxh)/
(d*exh - cxf*h)]))/((-(b*c) + axd)*Sqrt[-c + (d*e)/f]1*f*Sqrt[(dx(e + f*x))/
(f*(c + d*x))]1*Sqrtlg + h#*x])

Maple [A] (verified)

Time = 3.03 (sec) , antiderivative size = 475, normalized size of antiderivative = 1.54

method | result

g € g -9
20(-%) ety | =tg SIS (N N et
RPN T-FN-F+E\-7+F g\ -7+

Qoo

z+ 4 z+ < z
) Gt e

dz+c)(fz+e)(hz+ +
VI )(fote)(haty) \/dfh z3+cfha?+tdeh x2+df g 22+cehz+cfgr+degztceg b\/dfh z3+cfha2+deh z2+df g z2+c
elliptic Vdz+c/frte/hz+g
(hz+g)f [(dztc)h [(fz+e)h (hz+g)f (eh—fg)b [(eh—fg)d (hz+g) f
default 2vhatg VfzteVdete \/_ ch—fo \ ch-dg \ eh—7g (BH< —eh—fo * f(ah=gb)"V f(ch—gg))behz_BH< — Ao
erau -

[In] int ((C*b~2*xx~2+B*b~2*x+B*a*b-Cxa~2)/(b*x+a) 2/ (d*xx+c)~(1/2)/(f*xx+e)~(1/2)/(
h*x+g) ~(1/2) ,x,method=_RETURNVERBOSE)

[Out] ((d*x+c)*(fxx+e)*(h*x+g))~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2) / (h*x+g)~(1/2)*(
2x%C*(g/h-e/f) *((x+g/h) / (g/h-e/£))~(1/2) *((x+c/d) / (-g/h+c/d)) = (1/2) *((x+e/f)
/(~g/h+e/£))~(1/2) / (d*f*xh*x~3+c*f*xh*x~2+d*exh*x~2+d*f*gkx~2+ckexh*kx+cxf*g*x
+d*xexgxx+ckxe*xg) ~(1/2)*EllipticF(((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h
+c/d)) " (1/2) ) +2* (Bxb-2xC+a) /b*(g/h-e/f) *((x+g/h) / (g/h-e/£) )~ (1/2) *((x+c/d) /
(-g/h+c/d))~(1/2)*((x+e/f)/(-g/h+e/£) )~ (1/2) / (d*fxh*x~3+cxfxh*x~2+d*exh*x"2
+d*fxgxx~2+ckexhkx+ckxf*gkx+dxexgrx+cxexg) ~(1/2)/(-g/h+a/b)*E1lipticPi(((x+g
/h)/(g/h-e/£))~(1/2),(-g/h+e/f)/(-g/h+a/b), ((-g/h+e/f)/(-g/h+c/d))~(1/2)))

Fricas [F(-1)]
Timed out.

dz = Timed out

/ abB — a®’C + b*Bz + b*Cx?
(a+bx)2Vc+dzve+ fx/g+ hx

[In] integrate((C*b~2xx~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a) "2/ (d*x+c)~(1/2)/(f*x+e)~(
1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out
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Sympy [F(-1)]
Timed out.
dz = Timed out

/ abB — a?C + b®Bzx + b*Cz?
(a + bx)?\/c+ dz/e + fr\/g + hx

[In] integrate((C¥b**2*x**2+B*b**2*x+Bkaxb-Cka*x*2) /(b*x+a)**2/(d*x+c)**(1/2)/(£f*
x+e) *x(1/2) / (h*x+g) **(1/2) ,x)

[Out] Timed out

Maxima [F]
/ abB — a’C + b*Bz + b?Cz? gy — Cv?2% + Bb’x — Ca® + Bab .
(a + bzx)?v/c+ dz/e + fr\/g + hx (bz + a)’Vdz + c/fr + ev/hz + g

[In] integrate((C¥b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a) "2/ (d*x+c)~(1/2)/(f*x+e)~(
1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2*x~2 + B*b~2*x - C*a~2 + Bxaxb)/((b*x + a) 2*sqrt(d*x + c)x*
sqrt(f*x + e)*sqrt(h*x + g)), x)

Giac [F]

/ abB — a®>C + b®>Bz + b*Cx? dp — / Cb%2? + Bb’x — Ca® + Bab .
(a+bz)*Vc+ dzv/e + fx\/g+ hx (bz + a)’Vdz + c/fr + ev/hz + g

[In] integrate((C*b~2xx~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a) "2/ (d*x+c)~(1/2)/(f*x+e)~(
1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2*x~2 + B*b~2%x - C*a~2 + Bxaxb)/((b*x + a) 2*ksqrt(d*x + c)*
sqrt(f*x + e)*sqrt(h*x + g)), x)

Mupad [F(-1)]
Timed out.
dx = Hanged

/ abB — a?C + b?Bzx + b*Cz?
(a + bx)2\/c+ dz\/e + fr\/g + hz

[In] int((Cxb~2%x~2 - Cxa~2 + B*axb + B*b~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + bxx)"2%(c + d*x)~(1/2)),x)

[Out] \text{Hanged}
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_ A2 2 b2C 2

2 abB—a*C+b*Bz+b°Cx
3.20 f (a+bx)3vc+dx\/e+ fz\/g+hz dz
Optimal result . . . . . . . . . . . e 183]
Rubi [A] (verified) . . . . . . . . . 184
Mathematica [C] (verified) . . . . . . . . ... L 188
Maple [A] (verified) . . . . . . . . . . 190
Fricas [F(-1)] . . . . o 1911
Sympy [F(-1)] . . o o 197
Maxima [F] . . . . . . o 1911
Giac [F] . . . o o 192
Mupad [F(-1)] . . . 192
Optimal result
Integrand size = 60, antiderivative size = 680

abB — a?C + b?Bz + b*Cz? . _P*(bB —2aC)Vc+dzve+ frv/g+ha
(a+bz)3Vc+dzve+ fa/g+he ~ (bc—ad)(be — af)(bg — ah)(a + bx)

b(bB — 2aC)\/f+/—de + cf %ﬁ”)m]ﬂ (arcsin (‘\//Ji@) |;‘i§;ﬁjgg>
(bc — ad)(be — af)(bg — ah)\/e + fz,/ %
(bB — 2aC)\/fv/—de + cf \/ dc(liﬁjf) d((izt};:) EllipticF (arcsin <£‘éﬁ> , ;‘ZZ;E’; 3:;)
(bc — ad)(be — af)ve+ fr/g+ hx
V—de + cf(4a3Cdfh + 2ab*B(df g + deh + cfh) — b3(Bdeg — c(2Ceg — Bfg — Beh)) — a*b(3Bdfh 1
(bc — ad)?\/f(be — af)(bg —

[Out] -b~2%(Bxb-2*C*a)*(d*x+c) ~(1/2)*(f*x+e) ~(1/2) * (h*x+g) ~(1/2)/(-a*d+bxc) /(-ax*f
+b*e) / (maxh+bxg) / (b*x+a) +b* (B¥b-2*C*a) *E11ipticE(£~(1/2) * (d*x+c) ~(1/2) / (c*£f
-dxe) ~(1/2), ((-cxf+d*e) *h/f/(-cxh+d*g) ) ~(1/2) ) *£~ (1/2) * (cxf-d*e) ~ (1/2) * (d*(
fxx+e) /(-cxf+dxe) )~ (1/2) * (h*x+g) ~(1/2) / (—a*d+b*c) / (-axf+bxe) / (~a*h+b*g) / (£*
x+e) " (1/2) / (d* (h*x+g) / (—cxh+d*g) )~ (1/2) - (4*a~3*%C*xd*f*h+2*a*xb~2xB* (cxf*xh+d*e
xh+d*f*g) b~ 3% (B*d*exg—c* (-Bkexh-Bxf*g+2*Ckexg) ) —a~2%b* (3*Bxd*f*h+2*C* (c*xf*
h+d*exh+d*f*g)))*E1lipticPi (£~ (1/2)*(d*x+c) ~(1/2)/(c*f-d*e)~(1/2) ,~-bx(—c*f+
dxe)/(-axd+b*c) /f, ((-c*f+d*e) *h/f/(-c*xh+d*g)) ~(1/2)) *(cxf-d*e) ~(1/2) *(d* (£*
x+e) / (-cxf+d*xe) )~ (1/2) * (d* (h*x+g) / (—c*xh+d*g) ) ~(1/2) / (~a*d+b*c) "2/ (-axf+b*e)
/ (—axh+bxg) /£~ (1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2) - (B*xb-2*C*a) *E11lipticF (£~ (1/
2) *(d*x+c) ~(1/2) / (cxf-d*e) ~(1/2) , ((-cxf+d*e) *h/f/(-cxh+dxg) )~ (1/2))*£~(1/2)
*(cxf-dke) ~(1/2) % (dx (f*x+e) / (-cxf+dxe) )~ (1/2) *(d* (h*x+g) / (-c*¥h+d*g) ) ~(1/2)/
(—axd+bxc)/(—axf+b*e) / (fxx+e) ~(1/2)/ (h*x+g) ~(1/2)

+
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Rubi [A] (verified)

Time = 1.13 (sec) , antiderivative size = 680, normalized size of antiderivative = 1.00,

number of steps used = 13, number of rules used = 11, number of rules _ 0.183, Rules
integrand size

used = {24, 1613, 1621, 175, 552, 551, 164, 115, 114, 122, 121}

abB — a?’C + b*Bz + b*Cx? .

(a + bz)3vc+ dz/e + fr\/g + hz

Vef —de de\/ detls) | A2 (4a3Cdf h — a?b(3Bdfh + 2C(cfh + deh + dfg)) + 2ab?B(cfh + deh + df g
B Vfve+ fryv/g+ hx(be — ad)?

Vf(bB — 2aC)+/cf — de\/ dgi’; jf) d((if]fi‘,f) EllipticF (arcsin <‘/jcvfc_7;‘ix> , %Z;i Z;)

ve+ fxv/g+ hx(be — ad)(be — af)
. bW/ g+ hz(bB — 2aC)/cf — de %E(arcsin (ggf_@‘?) |;‘f§;ﬁ’33>
ve+ fz(bc — ad)(be — af)(bg — ah),/ %

_ Vet dze+ fr/g+ ha(bB — 2aC)
(a + bx)(bc — ad)(be — af)(bg — ah)

[In] Int[(a*bxB - a~2*C + b~2*B*x + b~2*C*x~2)/((a + b#*x) "3*Sqrt[c + d*x]*Sqrt[e
+ fxx]*Sqrt[g + h*x]),x]

[Out] -((b~2*%(b*B - 2*xaxC)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x])/((b*c - a*d
)*(bxe - axf)*(bxg - axh)*(a + b*x))) + (b*(b*B - 2xaxC)*Sqrt [f]*Sqrt [-(d*e
) + cxf]*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sq
rt[f1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((dxe - c*f)*h)/(fx(d*g - c*h))])
/((b*c - axd)*(b*e - axf)*(bxg - axh)*Sqrt[e + f*x]*Sqrt[(d*(g + hx*x))/(d*g
- cxh)]) - ((b*B - 2xaxC)*Sqrt [f]*Sqrt[-(dxe) + cxf]*Sqrt[(d*(e + f*xx))/(d
xe — c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrt(c
+ dxx])/Sqrt[-(d*e) + cxf]], ((d*e - c*f)*h)/(f*(d*g - cxh))])/((bxc - axd
)x(bxe - axf)*Sqrtle + fxx]*Sqrt[g + h*x]) - (Sqrt[-(d*e) + c*xf]*(4xa~3*Cxd
xfxh + 2%axb~2*B*(d*f*g + dxexh + ckfxh) - b~ 3*(Bxdxe*xg - c*x(2xCkexg — B*fx*
g — Bxexh)) - a”2%b*x(3*Bkd*fxh + 2*%Ckx(d*f*g + d*exh + cxfxh)))*Sqrt[(d*(e +
fxx))/(dxe - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticPi[-((b*(d*e -
c*f))/((b*c - axd)*f)), ArcSin[(Sqrt[f]l*Sqrtlc + d*x])/Sqrt[-(dxe) + c*fl],
((d*e - c*f)*h)/(fx(d*g - cxh))])/((bxc - axd) ~2*Sqrt [f]*(b*e - axf)*(b*g
- axh)*Sqrt[e + f*x]*Sqrt[g + h*x])

Rule 24

Int[(u_.)*((a_) + (b_)*(v_ )) " (m )*((A_.) + (B_.)*(v_) + (C_.)*(v_)"2), x_S
ymbol] :> Dist[1/b72, Int[ux(a + b*v)~(m + 1)*Simp[b*B - a*C + b*C*v, x], x
1, x] /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*bxB + a~2*xC, 0] && LeQ[
m, -1]
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Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x] /Rt [-(b*c - axd)/d, 2]], £x((b*c - axd)/(d*(b*e - axf)))], x] /; Free
Qf{a, b, c, d, e, f}, x] && GtQ[b/(b*xc - axd), 0] && GtQ[b/(b*xe - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c
- a*xd), 0] && GtQ[d/(d*e - cxf), 0] && !LtQ[(bxc - a*d)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(bxc - a*d))]/(Sqrt
[c + dxx]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
*xf*(x/(b*xe - axf))]/(Sqrtla + b*x]*Sqrt[b*(c/(bxc - axd)) + b*dx(x/(bxc - a
xd))]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - a*xd), 0]
&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-(b*c - axd)/d, 0]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[2*x(Rt[-b/d, 2]1/(b*Sqrt[(b*e - axf)/bl))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - a*d)/bl)], £*x((b*c - axd)/(d*(
bxe - axf)))], x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*xd), O]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - a*xd)) + bxd*(x/(b*c - axd))]*Sqrt[e + f*x
1), x]1, x]1 /; FreeQ[{a, b, c, d, e, f}, x] & 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl[(c_) + (d_.)*(x_)]*
Sqrtl[(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla
+ bxx]*Sqrtlc + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 175

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_
)1*Sqrt(g_.) + (b_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
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a*d - b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*(x"2/d), x]]1*Sqrt[Simp[(d*g -

cxh)/d + h*x(x"2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 551

Int[1/(((a ) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"21*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQl{a, b, c, d, e,
£}, x] && 'GtQ[d/c, 0] && GtQlc, 0] && GtQl[e, 0] && !'( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 552

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d/c)*x~2]/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & 'GtQ[c, 0]

Rule 1613

Int[(((a_.) + (b_.)*(x_))"(m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1xSgrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp[(
A¥b~2 - axb*B)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]
/(@ + 1)*(bxc - axd)*(b*e - axf)*(b*g - a*h))), x] - Dist[1/(2x(m + 1)*(b*
c - axd)*(b*e - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrtlg + h*x]))*Simp[A*(2%¥a~2*d*fxh*x(m + 1) - 2%a*bx(m + 1)=*(d*
fxg + d*exh + cxfxh) + b™2%(2+m + 3)*(d*e*xg + cxf*g + ckxexh)) - b*Bx(ax(d*e
xg + cxf*xg + ckexh) + 2xb*ckxexgk(m + 1)) - 2%x((A*b - a*B)*(axd*fxhx(m + 1)
- bx(m + 2)*(d*fxg + dxexh + cxfxh)))*x + d*f*h*(2*m + 5)*(A*b~2 - a*b*B)*x
=2, x1, x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+m]
&& LtQ[m, -1]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*x((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£
_x(x)))"(p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder[Px, a + b*x, x], Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*x(g + h*x)~q
, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*xx)"(m + 1)*(c + dx*
x)"n*(e + f*x) p*(g + h*x)"q, x] /; FreeQ[{a, b, c, d, e, f, g, h, m, n, p,
q}, x] & PolyQ[Px, x] && EqQ[m, -1]
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Rubi steps
b2(bB—aC)+b3C d
integral _ (a+bw)2\/c+dxb\2/e+fx\/g+hx

b2 (bB — 2aC)v/c + dz+/e + fz\/g + hx
(bc — ad)(be — af)(bg — ah)(a + bx)
f b2 (b2C(2bceg—a(deg-+cfg+ceh))—(bB—aC) (2a2df h-+b%(deg+cfg+ceh)—2ab(df g+deh+cfh))) +2ab3 (bB—2aC)df hz+b* (bB-
(a+bz)v/ct+dz/e+fz\/g+hx

+ 2% (b — ad)(be — af)(bg — ah)
ab® Bdfh—2a2b2Cdfh+ (b* Bdf h—2ab3Cdfh)«
B b*(bB — 2aC)vc + dzv/e + fx/g + hz / \/c_{_dz\/e-{-(fm\/g_}-hm 2 4o

(bc — ad)(be — af)(bg — ah)(a + bx) 2b%(bc — ad)(be — af)(bg — ah)
(4a3Cdfh + 2ab? B(df g + deh + cfh) — b3(Bdeg — c(2Ceg — Bfg — Beh)) — a?b(3Bdfh + 2C

+ 2(bc — ad)(be — af)(bg — ah)

V(B —2aC)Vc+dzv/e+ fz\/g+ ha
~ (bc— ad)(be — af)(bg — ah)(a + bz)

(B = 2000) | ez i 0 (OB = 2000d) [ 752 - du
h 2(bc — ad)(be — af) 2(bc — ad)(be — af)(bg — ah)

(4a®Cdfh + 2ab? B(df g + deh + cfh) — b3(Bdeg — c(2Ceg — Bfg — Beh)) — a?b(3Bdfh + 2C

(bc — ad)(be — af)(bg

b2(bB — 2aC)Vc + dzv/e + fz\/g + hx
(bc — ad)(be — af)(bg — ah)(a + bx)

bB — 2aC)df /42 ) L
(( a ) f de—cf f m\/d‘;ﬁgcf_i_d;iia;f\/m

2(bc — ad)(be — af)ve+ fz

dz

((4a3Cdfh + 2ab?B(df g + deh + cfh) — b*(Bdeg — c(2Ceg — Bfg — Beh)) — a®b(3Bdfh + 2

(bc — ad)(be — af)(

dg + dhx
b bB _ 2(10 df / d(e+fx) \/m) dg—ch T dg—ch d.T
< ( ) de—cf f /70+dx\/detﬁgcf+dgfzf

2(bc — ad)(be — af)(bg — ah)ve + fzy/ %

+
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b2(bB — 2aC)vc + dz+/e + fx\/g + hx
(bc — ad)(be — af)(bg — ah)(a + bx)

b(bB — 200)V/TV=de F of \/ LD [gF haB (sin™! (YI4E ) |Semelh )
(be — ad)(be — af)(bg — ah)/e+ fz/ “ethe)
B_9 d(e+fz) /d(g+hx) 1
<(b aC)df\/ de_Cf dg_Ch ) f m\/deﬂecf—'_dg{if dg(?ch—'_d;liﬁh

2(bc — ad)(be — af)v/e+ fx\/g + hx

+

dz

((4a30dfh + 2ab*B(df g + deh + cfh) — B¥(Bdeg — c(2Ceg — Bfg — Beh)) — a2b(3Bdfh + 2C

(bc — ad)(be — af)(b

b*(bB — 2aC)v/c + dx+/e + fz\/g + hx
(bc — ad)(be — af)(bg — ah)(a + bz)

b(bB — 20C)VFv/=de T of \/ Ut [gF R (sin ! (LJEE ) | el
d(g+hz
(bc — ad)(be — af)(bg — ah)\e + fzy/ %
d(e+fx d(g+hx P Vetdx de—cf)h
(bB — 2aC)v/Fv/=de F cf | UL | JUotha) p (sint (YLyebes ) |Lemelh )
(bc — ad)(be — af)ve+ fr/g+ hx
V—de + cf(4a®Cdf h + 2ab*B(df g + deh + cfh) — b*(Bdeg — c(2Ceg — Bfg — Beh)) — a?b(31
(be — ad)?+/f(be — af)(bg -

_|_

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 34.66 (sec) , antiderivative size = 3419, normalized size of antiderivative = 5.03

/ abB — a®C + b®’Bz + b*Cx?

dzr = Result too large to show
(a + bzx)3vc+ dz/e + fr\/g+ hz

[In] Integrate[(axb*B - a~2xC + b~2*Bxx + b~2xCxx~2)/((a + bx*x) 3xSqrt[c + d*x]*
Sqrt[e + fxx]*Sqrtl[g + h#*x]),x]

[Out] -((b~2*%(b*B - 2*axC)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x])/((b*c - a*d
)*(bxe - axf)*(bxg - axh)*(a + b*x))) - ((c + d*x)~(3/2)*(b"3*Bxc*Sqrt[-c +

(d*e) /f]1*f*h - 2*%a*b~2*xc*C*xSqrt[-c + (dxe)/f]l*fxh - axb~2*Bxd*Sqrt[-c + (d
xe) /f]*f*h + 2%a~2*%bxC*d*Sqrt[-c + (d*e)/f]l*f*h + (b~3*Bxc*d 2*e*xSqrt[-c +
(dxe)/fl*g)/(c + d*x)~2 - (2%a*b~2xcxCxd~2*exSqrt[-c + (d*e)/flxg)/(c + d*x

)"2 - (a*b~2*Bxd~3*e*xSqrt[-c + (dxe)/fl*xg)/(c + d*x)~2 + (2*%a~2xbxC*d~3*e*S
qrt[-c + (d*e)/fl*g)/(c + d*x)~2 - (b~ 3*B*c~2xdxSqrt[-c + (d*e)/fl*fx*g)/(c
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+ d*x) 72 + (2xaxb~2*xc"2xCxd*Sqrt[-c + (dxe)/fl*f*xg)/(c + d*x)~2 + (a*b~2xBx
cxd"2xSqrt[-c + (d*e)/f]1xf*g)/(c + d*x)~2 - (2%a~2*b*cxCxd~2*Sqrt[-c + (dxe
)/£1xf*xg) /(c + d*x)~2 - (b~3*B*c~2*d*e*Sqrt[-c + (d*e)/fl*h)/(c + d*x)~2 +
(2%xaxb~2*xc~2xCxd*e*Sqrt [-c + (d*e)/f]l*h)/(c + d*x)~2 + (a¥*b~2*Bxc*d~2*e*xSqr
t[-c + (d*e)/fl*h)/(c + d*x)~2 - (2%a"2*bxcxCxd~2*e*xSqrt[-c + (d*e)/f]xh)/(
c + d*x)~2 + (b~3*xBxc~3*Sqrt[-c + (d*e)/fl*fxh)/(c + d*x)~2 - (2%axb~2%c~3x%
CxSqrt[-c + (d*e)/f]1*fxh)/(c + d*x)~2 - (axb~2*B*c~2xd*Sqrt[-c + (d*e)/f]l*f
*h)/(c + d*x)~2 + (2%a”~2%bxc~2*Cxd*Sqrt[-c + (dxe)/flxfxh)/(c + d*x)~2 + (b
“3xBxckd*Sqrt[-c + (d*e) /f]l*fxg)/(c + d*x) - (2*%axb~2*c*Ckd*Sqrt[-c + (d*e)
/f1*xf*xg) /(c + d*x) - (a*b”2+#B*d~2+Sqrt[-c + (d*e)/fl*xf*xg)/(c + d*x) + (2*a”
2xbxCxd~2*Sqrt [-c + (dxe)/fl*xfxg)/(c + d*x) + (b~3*Bxcxd*exSqrt[-c + (dxe)/
f1*h)/(c + d*x) - (2xa*xb~2*c*Cxdxe*Sqrt[-c + (dxe)/f]l*h)/(c + d*x) - (a*xb~2
*Bxd~2*e*xSqrt[-c + (d*e)/flxh)/(c + d*x) + (2*a~2xbxC*xd~2*exSqrt[-c + (d*e)
/£1*h)/(c + d*x) - (2¥b~3*Bxc~2*Sqrt[-c + (d*e)/fl*fxh)/(c + d*x) + (4*axb~
2%c"2%C*xSqrt [-c + (dxe)/fl*fxh)/(c + d*x) + (2*%a*b~2*Bkckd*Sqrt[-c + (dxe)/
flxfxh)/(c + d*x) - (4*a~2xbxcxCxd*Sqrt[-c + (d*e)/fl*fxh)/(c + d*x) + (Ixb
*(b*B - 2%a*C)*(-(bxc) + a*d)*(-(dxe) + c*f)xhxSqrt[1 - c/(c + d*x) + (d*e)
/(fx(c + d*x))]*Sqrt[1 - c/(c + d*x) + (d*g)/(h*x(c + d*x))]*EllipticE[I*Arc
Sinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (d*f*g - cxf*h)/(d*exh - cxfxh)])/S
grtlc + d*x] + (Ixd*(2*axb*Bkd*xf - 2%a~2xCkd*f + b~2*(2*c*xCxe - B*d*e - B*c
*xf))*(-(b*g) + axh)*Sqrt[l - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[1l - c/
(c + d*x) + (d*g)/(h*(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqr
tlc + d*x]], (d*f*g - cxfxh)/(d*exh - c*f*h)])/Sqrtlc + d*x] + ((2*I)*b~3*c
*CxdxexgxSqrt[1 - c/(c + d*x) + (d*e)/(f*x(c + d*x))]*Sqrt[l - c/(c + d*x) +
(d*g)/(h*(c + d*x))]*EllipticPi[-((b*c*f - axdxf)/(b*d*e - b*c*f)), I*ArcS
inh[Sqrt[-c + (dxe)/fl/Sqrtlc + d*x]], (dxf*xg - cxfxh)/(d*exh - c*fxh)])/Sq
rtlc + d*x] - (I*b~3*B*d~2*exgxSqrt[1l - c/(c + d*x) + (d*e)/(fx(c + dx*x))]*
Sqrt[1 - c/(c + d*x) + (dxg)/(h*(c + d*x))]*EllipticPi[-((bxc*f - axdxf)/(b
*d*xe - bxcxf)), IxArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (dxfxg - cxf*h
)/ (d*exh - c*xf*h)])/Sqrtlc + d*x] - (I*b~3*Bkc*d*f*g*Sqrt[l - c/(c + d*x) +
(d*e)/(fx(c + d*x))]1*Sqrt[1 - c/(c + d*x) + (d*g)/(h*(c + d*x))]*EllipticP
i[-((b*c*f - axd*f)/(b*d*e - b*c*f)), I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc +
d*x]], (dxfxg - c*f*h)/(dxexh - cxfxh)])/Sqrtlc + d*x] + ((2%I)*a*xb~2xB*d"~
2xfxgxSqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[l - c/(c + d*x) + (d
*xg)/(h*(c + d*x))]*EllipticPi[-((bxc*f - axd*f)/(b*d*e - b*c*f)), I*ArcSinh
[Sqrt[-c + (d*e)/f]1/Sqrtlc + d*x]], (d*fxg - cxfxh)/(dxexh - cxfxh)])/Sqrt[
c + dxx] - ((2%I)*a~2*b*Cxd~2xf*g*Sqrt[1 - c/(c + dxx) + (d*e)/(f*(c + d*x)
)I*Sqrt[1 - c/(c + d*x) + (d*g)/(h*x(c + d*x))]*EllipticPi[-((b*c*f - axdx*f)
/(bxdxe - bkxcxf)), IxArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - cx
f*h)/(d*exh - c*f*h)])/Sqrtlc + d*x] - (I*b~3*B*c*d*exh*Sqrt[l - c/(c + d*x
) + (d*e)/(f*x(c + d*x))]1*Sqrt[1l - c/(c + d*x) + (d*g)/(h*x(c + d*x))]*Ellipt
icPi[-((bxc*f - axd*f)/(b*d*e - b*c*f)), I*ArcSinh[Sqrt[-c + (dxe)/f]/Sqrtl[
c + dxx]], (dxfxg - c*fxh)/(d*exh - cxfxh)])/Sqrtlc + d*x] + ((2%I)*axb~2*B
*xd~2*exh*Sqrt[1 - c/(c + d*x) + (dxe)/(fx(c + d*x))]1*Sqrt[l - c/(c + d*x) +
(d*g)/(h*(c + d*x))]*EllipticPi[-((b*c*f - a*d*f)/(b*d*e - b*c*f)), IxArcS
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inh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]1], (d*f*g - cxf¥h)/(d*exh - c*f*h)1)/Sq
rtlc + d*x] - ((2*I)*a~2*b*Cxd~2*exh*Sqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d
*x))]1#Sqrt[1 - c/(c + d*x) + (d*g)/(h*(c + d*x))]*E1lipticPi[-((b*cxf - a*xd
*f) /(b*d*e - bkc*f)), I*ArcSinh[Sqrt[-c + (d*e)/f1/Sqrtlc + d*x]1, (d*f*g -
cxfxh)/(d*exh - c*f*h)])/Sqrtlc + d*x] + ((2%I)*axb~2*Bkcxd*f*h*Sqrt[1 - c
/(c + d*x) + (d*e)/(fx(c + d*x))]1*Sqrt[1 - c/(c + d*x) + (d*g)/(hx(c + d*x)
)1*E1lipticPi[-((b*c*f - a*d*f)/(bxdxe - b¥c*f)), IkArcSinh[Sqrt[-c + (d*e)
/£1/Sqrtlc + d*x]], (d*f*g - c*fxh)/(d*exh - cxfxh)1)/Sqrtlc + d*x] - ((2*I
) *¥a~2*bkcxCkd*xf*xh*Sqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[1 - c/(c
+ d*x) + (d*g)/(h*x(c + d*x))]*EllipticPi[-((bxcxf - axdxf)/(b*d*e - b*c*f)
), IxArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - c*f*h)/(d*exh - c*
£¥h)1)/Sqrt[c + d*x] - ((3%I)*a~2%b*Bxd~2xf*h*Sqrt[1 - c/(c + d*x) + (dxe)/
(£x(c + dxx))]*Sqre[1 - ¢/(c + dxx) + (dxg)/(hx(c + d*x))]*ELLipticPi [-((b*
cxf - axdxf)/(bxdxe - bkcxf)), IxArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]],
(dxfxg - cxfxh)/(d*exh - cxfxh)])/Sqrtlc + d*x] + ((4*I)*a~3*C*d~2*fxh*Sqr
t[1 - c/(c + dkx) + (d*e)/(f*(c + d*x))1*Sqrt[1 - c/(c + d*x) + (d*g)/(h*(c
+ d*x))]*E11lipticPi[-((bxcxf - akxd*f)/(bkd*e - bxcxf)), I*ArcSinh[Sqrt[-c
+ (d*e)/£]/Sqrtlc + d#x]], (dxfxg - cxf*h)/(dxexh - cxf*h)])/Sqrtlc + d*x])
)/ (dx(bxc - axd)*(-(bxc) + axd)*Sqrt[-c + (d*e)/f]1*(-(bxe) + axf)*(-(bxg) +
a*h)*Sqrt[e + ((c + d*x)*(f - (cxf)/(c + d*x)))/dl*Sqrtlg + ((c + d*x)*(h
- (c*h)/(c + d*x)))/d])

Maple [A] (verified)

Time = 3.93 (sec) , antiderivative size = 1211, normalized size of antiderivative = 1.78

method | result size
elliptic | Expression too large to display | 1211

default | Expression too large to display | 13369

[In] int((C*b~2*xx~2+B*xb~2*x+B*a*xb-Cxa~2)/(b*x+a) ~3/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(
h*x+g)”(1/2),x,method=_RETURNVERBOSE)

[Out] ((d*x+c)*(f*x+e)* (h*x+g))~(1/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/ (hxx+g) ~(1/2) *(
b~2/(a”3*d*f*h-a~2*b*c*f*h-a~2*b*d*e*xh-a~2*b*d*f*g+axb~2*ckxexh+axb~2xcxf*g+
axb~2xd*e*xg-b~3xcke*g) * (Bxb—-2*Cx*a) * (d*f*h*x~3+cxf*h*x"2+d*exh*x~2+d*f*g*x~2
+ckexhxx+cxf*gkx+dxexgrx+cxexg) ™ (1/2) / (bxx+a) —axd*f*h* (B¥b-2xC*xa) / (a~3xd*f*
h-a~2xbxc*xf*h-a”2*b*d*exh-a~2xbxd*f*g+a*xb~2*ckexh+axb™2xcxf*xg+axb~2xd*e*xg-b
“3xcxexg) *(g/h-e/f)* ((x+g/h) /(g/h-e/£))~(1/2) *((x+c/d) / (-g/h+c/d) )~ (1/2) * ((
x+e/f)/(-g/h+e/£))~(1/2) / (d*f*h*x~3+c*f*h*x~2+d*exh*x~2+d*f*g*x~2+ckexh*x+c
*xfxgrx+dkexgxx+ckexg) ~(1/2)*E1llipticF (((x+g/h)/(g/h-e/£))~(1/2),((-g/h+e/f)
/(-g/h+c/d))~(1/2) ) -d*f*h*b* (Bxb-2*C*a) / (a~3*d*f*h-a”~2*bkc*xf*h-a~2*b*d*e*h-
a~2xbxd*f*g+axb~2*ckexh+axb~2*ckf*xg+axb~2xd*exg-b~3*ckexg) *(g/h-e/f) * ((x+g/
h)/(g/h-e/£))~(1/2)*((x+c/d)/ (-g/h+c/d)) ~(1/2) *((x+e/f) /(-g/h+e/£))~(1/2) /(

dxfxhxx”3+cxfxhkx~2+d*kexhkx ™ 2+d*f*gkx~2+ckexh*x+cxf*grx+d*re*xgrx+crexg) = (1/2
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)*((-g/h+c/d) *E11ipticE(((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))~(
1/2))-c/d*E1llipticF(((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))~(1/2)
) ) +(3*B*a~2xb*d*f *h-2*B*a*b~2xcxf*h-2*Bxaxb~2*d*exh-2*B*axb~2xd*f *g+Bxb~3*c
*xe*h+B*b~3kc*f*g+Bxb~3*d*exg-4*Cka~3xd*f*h+2+Cxa”~2xb*c*f*xh+2*C*a~2xb*d*e*h+
2%Cka~2¥b*xd*f*g-2*%C*b~3*cke*g) / (a~3*d*f*h-a~2*b*c*f*h-a~2*b*d*e*xh-a~2*b*d*f
xg+axb~2kckexh+a*xb~2xcxfxg+a*b~2xdxe*xg-b~3*cxexg) /bx(g/h-e/f) *((x+g/h)/(g/h
-e/£))~(1/2)*((x+c/d) /(-g/h+c/d))~(1/2) *((x+e/f) /(-g/h+e/£) )~ (1/2) / (d*f*h*x
~3+cxfxhxx"2+d*exhkx"2+d*fxgkx"2+ckexhkx+cxfxgrx+drexgrx+ckexg) ~(1/2) /(-g/h
+a/b)*EllipticPi(((x+g/h)/(g/h-e/£))~(1/2),(-g/h+e/f)/(-g/h+a/b), ((-g/h+e/f
)/ (-g/h+c/d))~(1/2)))

Fricas [F(-1)]

Timed out.

dz = Timed out

/ abB — a?’C + b*Bz + b*Cz?
(a + bx)3v/c+ dz/e + fr\/g+ hx

[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a) "3/ (d*x+c)~(1/2)/(f*xx+e)~(
1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)]

Timed out.

dz = Timed out

/ abB — a*C + b*Bz + b*Cx?
(a+bx)3vc+dzv/e + fx/g+ hx

[In] integrate ((C*b**2*x**2+B*b**2*x+B*axb-C*a*x*2) /(b*x+a)**3/(d*x+c)**(1/2)/(£*
x+e)**(1/2) / (hxx+g)**(1/2) ,x)

[Out] Timed out

Maxima [F]
/ abB — a*’C + b*Bz + b*Cz? i — Cb%z? + Bb*z — Ca® + Bab .
(a+bz)3vc+dzve+ fx/g+ hz (bz + a)’Vdz + c/fx +ev/ho + g

[In] integrate((C*b~2xx~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a) "3/ (d*x+c)~(1/2)/(f*x+e)~(
1/2) / (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((C*b~2%x~2 + Bxb~2%x - C*a~2 + Bxaxb)/((b*x + a) " 3*sqrt(d*x + c)*
sqrt(£xx + e)*sqrt(h*x + g)), x)
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Giac [F]
/ abB — a*C + b*Bz + b*Cx? dp — Cb*z? + Bb*x — Ca® + Bab .
(a+bz)3vVe+dzve+ favg+he ) (br+a)’Vdz +c/fr+e/hz+ g

[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a) 3/ (d*x+c)~(1/2)/(f*x+e)~(
1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")
[Out] integrate((Cxb~2*x~2 + B*b~2%x - C*a~2 + Bxaxb)/((b*x + a) 3*sqrt(d*x + c)*

sqrt(f*x + e)*sqrt(h*x + g)), x)

Mupad [F(-1)]

Timed out.
dx = Hanged

/ abB — a*C + b*Bx + b*Cx?
(a + bx)3v/c+ dz/e + fr\/g+ hx

[In] int((C*b~2%x~2 - Cxa~2 + B*axb + B*b~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + bxx)"3*(c + d*x)~(1/2)),x)

[Out] \text{Hanged}
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3.91 f Va+bz (abB—a?C+b*Br+b*Cx?) d
) \/c+d:1:\/e—|— fr/g+hz

Optimal result . . . . . . . . . . . e 193]
Rubi [A] (warning: unable to verify) . . . . . ... ... ... .. L. 194
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... 198
Maple [B] (verified) . . . . . . . . . .. 199
Fricas [F(-1)] . . . . . o o 2001
Sympy [F] . . o o 200
Maxima [F] . . . . . . 200
Giac [F] . . . o o 200
Mupad [F(-1)] . . o o 201]

Optimal result

Integrand size = 62, antiderivative size = 980

dz

/ va + bx(abB — a?C + b* Bz + b*Cz?)
Ve+dzy/e+ fx\/g+ hx
b(4bBdf h + C(adfh — 3b(df g + deh + cfh)))Va + bx\/e + fr\/g + hx
4df?h?\/c + dz
b20\/a + bzv/c+ dz/e + fx\/g+ hx
2dfh
b/dg — chv/Fg — eh(4bBdfh + C(adfh — 3b(dfg + deh + cfh)))va + bz /—%E(amsm (
AP G VO T T
(be — af)v/bg — ah(aCdfh — b(4Bdfh — C(3df g + 3deh + cfh))) / G N /g + ha EllipticF (

25,2 — _ (be—af)(g+hz)
4df h \/fg eh\/c + dx (fg—eh)(a+bzx)

V—=dg T ch((adfh + b(dfg + deh + cfh))(4bBdfh + C(adfh — 3b(dfg + deh + cfh))) + 4dfh(2a2Cdf

_|_

[Out] -1/4*((axd*fxh+b*(c*f*h+d*exh+d*f*g))* (4*xb*xBxd*f*h+C* (a*d*fxh-3*b* (c*f*h+d*
exh+d*f*g) ) ) +4*d*xfxh* (2%xa~2+C*d*f*xh+b~2%C* (cxexh+cxfxg+d*e*xg) —axb* (4*Bxd*f*
h-C#* (cxf*h+d*exh+d*f*g))))* (bxx+a)*E1lipticPi ((~a*d+bxc)~ (1/2)* (h*xx+g) ~(1/2
)/ (cxh-d*g) ~(1/2) / (b*x+a) ~(1/2) ,-b* (-c*h+d*g) / (-a*d+b*c) /h, ((-axf+b*e) * (-c*
h+d*g) / (-a*d+b*c) / (-exh+fxg) ) ~(1/2) ) *(c*h-d*g) = (1/2) * ((—axh+bxg) * (d*x+c) /(-
cxh+d*g) / (b*x+a)) =~ (1/2) * ((—a*h+bxg) * (f*x+e) / (-exh+f*g) / (b*x+a)) ~(1/2)/d"2/f
~2/h~3/(-axd+b*c) ~(1/2)/(d*x+c) ~(1/2) / (£*x+e) = (1/2) +1/4%b* (4*b*B*d*f*h+C* (a
*xdxf*h-3*%bx (ckxfxh+d*xexh+d*xf*xg)) ) * (b*kx+a) " (1/2) * (£xx+e) ~(1/2) * (h*x+g) ~(1/2)/
d/£72/h72/ (d*x+c)~ (1/2)+1/2*b~2*%C* (bxx+a) = (1/2) * (d*x+c) ~(1/2) * (fxx+e) ~(1/2)
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*x (h*xx+g) ~(1/2) /d/f/h+1/4* (—a*f+bxe) * (a*Ckd*fxh-b* (4*xB*d*f*h-Cx (c*xfxh+3*d*ex*
h+3*d*f*g)))*E1lipticF ((-axh+b*g) ~(1/2)*(f*x+e) ~(1/2) / (—exh+f*xg)~(1/2) / (b*x
+a) ~(1/2), (- (—a*d+b*c) * (-exh+f*xg) / (—~c*xf+d*e) / (maxh+bxg) ) ~(1/2) ) * (—axh+b*g) ~
(1/2)*((—axf+bxe) * (d*x+c) / (-cxf+d*e) / (bxx+a) ) ~(1/2) * (h*x+g) ~(1/2)/d/£72/h~2
/ (mexh+f*g) ~(1/2) / (d*x+c) = (1/2) / (- (ma*xf+b*e) * (h*x+g) / (~e*xh+f*g) / (b*x+a)) ~ (1
/2)-1/4%b* (4xb*B*d*f*xh+C* (a*xd*f*h-3*b* (cxfxh+d*exh+d*xf*g)))*E1lipticE((-c*h
+d*xg) ~(1/2) x (£*xx+e) " (1/2) / (~exh+f*xg) = (1/2) / (d*x+c) ~(1/2) , ((—a*d+b*c) * (—exh+
fxg)/(-axf+bxe) / (—c¥h+d*xg)) ~(1/2) ) * (-cxh+d*g) ~ (1/2) * (-exh+fx*g) ~(1/2) * (b*x+a
)~ (1/2) * (- (—c*f+d*e) * (h*x+g) / (-exh+f*g) / (d*x+c)) ~(1/2)/d~2/£72/h~2/((-c*xf+d
*e) * (bxx+a) / (-axf+bxe) /(d*x+c)) ~(1/2) / (h*x+g) ~(1/2)

Rubi [A] (warning: unable to verify)

Time = 1.89 (sec) , antiderivative size = 976, normalized size of antiderivative = 1.00,
number of steps used = 9, number of rules used = 9, umber of rules _ ( 145 Ryles used

' integrand size
= {1614, 1616, 1612, 176, 430, 171, 551, 182, 435}

/\/a—l-bz (abB — a*C + b*Bzx + b*Cz? )dx _ CVa+bxvc+dzye+ fr/g+ hab®
Ve +dzy/e+ fz/g+ hx B 2dfh

B Vdg — ch\/fg — eh(4bBdfh + aCdf h — 3bC(df g + deh + cfh))Va + bz —%E(arcmn (%

(de—cf)(atbz) /7
4d2f2h’2 (be—af)(c+dx) g+ hx
(4defh + aCdfh — 3bC(df g + deh + cfh))Va + bx+/e + fz\/g + hab
4df?h2\/c + dz

(be — af)v/bg — ah(4bBdfh — aCdfh — bC(cfh + 3d(fg + eh))) / G2 /g + ha EllipticF (arcs1

— (be—af)(g+hz)
4df2h?\/fg — ehn/c + dxz\/— —g o) (@t ba)

Veh —dg((adfh + b(dfg + deh + cfh))(4bBdfh + aCdfh — 3bC(dfg + deh + cfh)) + 4dfh(2Cdf ha? -

[In] Int[(Sqrt[a + b*x]*(a*b*xB - a~2*C + b~2*B*x + b~2*C*x~2))/(Sqrt[c + d*x]*Sq
rt[e + f*x]*Sqrt[g + h*x]),x]

[Out] (b*(4xbxBxd*fxh + a*xCkd*xfxh - 3*b*Ckx(d*f*g + d*exh + cxfxh))*Sqrt[a + b*x]*
Sqrt[e + fxx]*Sqrtl[g + h*x])/(4*d*f~2xh~2*Sqrt[c + d*x]) + (b~2*CxSqrt[a +
b*xx]*Sqrt [c + d*x]*Sqrtle + f*xx]*Sqrt[g + h*x])/(2*d*f*h) - (b*Sqrtld*g - c

xh] *Sqrt [fxg — e*h]*(4xbxBxd*f*h + axCkd*fxh - 3*b*Ck(d*f*g + dxexh + cxfxh
))*Sqrt[a + b*x]*Sqrt[-(((d*e - c*f)*(g + h*x))/((fxg - exh)*(c + d*x)))]*E
1lipticE[ArcSin[(Sqrt[d*g - cxh]*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrt[c + d
*x])], ((bxc - a*xd)*(f*g - exh))/((bxe — a*xf)*(d*g - cx*h))])/(4xd~2+f~2+h"2
*Sqrt [((d*e - cxf)*(a + b*x))/((bxe - a*f)*(c + d*x))]*Sqrtlg + h*x]) - ((b

xe — a*f)*Sqrt[b*g - axh]*(4*b*Bxdxfxh - a*Cxd*f*h - bxCx(cxfxh + 3*d*(f*g

+ exh)))*Sqrt[((b*e - axf)*(c + d*x))/((d*e - c*f)*x(a + bxx))]*Sqrt[g + h*x
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1*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrt[a
+ bxx])], -(((bxc - a*xd)*(f*g - exh))/((d*e - c*f)*(b*g - axh)))])/(4xd*f~2
*h~2xSqrt [f*g - exh]*Sqrtlc + d*x]*Sqrt[-(((bxe - axf)*(g + h*x))/((fxg - e
*h)*(a + bxx)))]) - (Sqrt[-(d*g) + c*h]*((axd*fxh + bx(dxf*g + d*exh + cxfx
h))* (4xb*B*d*fxh + a*Cxdxfxh - 3xbxCk(dxf*g + dxexh + c*xfxh)) + 4*dxfxh* (2%
a~2xCxd*f*h + b~2xC*(dxe*g + cxfxg + ckexh) - axbx(4xBxd*f*h - Cx(dxfxg + d
xexh + cxfxh))))*(a + b*x)*Sqrt[((b*g - a*h)*(c + d*x))/((d*g - c*h)*(a + b
*x))]1*Sqrt [((bxg - axh)*(e + f*x))/((f*g - exh)*(a + b*x))]*EllipticPi[-((b
*(dxg - c*h))/((b*c - axd)*h)), ArcSin[(Sqrt([bxc - a*d]*Sqrt[g + h*x])/(Sqr
t[-(d*g) + c*h]*Sqrt[a + b*x])], ((bxe - axf)*(d*g - c*h))/((b*c - a*xd)*(f*
g - exh))])/(4*d"2xSqrt [b*xc - axd]*f~2xh~3*Sqrt[c + d*x]*Sqrtl[e + fx*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
*h)*((c + d*x)/((d*g - cxh)*(a + bxx)))]1*(Sqrt[(b*g - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]1/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (b*c - axd)*(x"2/(d*g - c*h))]*Sqrt[1 + (b*e - axf)*(x"2/(f*xg -
exh))]), x], x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]*
Sqrt [(-(bxe - a*f))*((g + h*x)/((f*g - exh)*(a + bxx)))])), Subst[Int[1/(Sq
rt[1 + (b*c - axd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQl{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*x(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh))]
, X1, x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» ]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1/(Sqrt [a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*d))], x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
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0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]#*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 551

Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)"2]), x_Symbol] :> Simp[(1/(a*xSqrt[c]*Sqrt[el*Rt[-d/c, 2]))*EllipticPi [b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]1#*x], cx(f/(dxe))], x] /; FreeQ[{a, b, c, d, e,
£}, x] && !'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int[(C(A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(Ax*Db
- a*B)/b, Int[1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rule 1614

Int[(((a_.) + (b_)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_)*(x_)]1*Sqrtl(e_.) + (£_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x)1), x_S
ymbol] :> Simp[2*Cx(a + b*x) “m*Sqrt[c + d*x]*Sqrtl[e + f*xx]*(Sqrt[g + h*x]/(
d*f*h*(2*m + 3))), x] + Dist[1/(d*f*h*(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
qrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*A*d*fxh*(2*m + 3) - Cx(ax
(dxexg + cxfxg + ckexh) + 2xbxcxe*gm) + ((Axb + a*B)*d*f*xh*(2*m + 3) - Cx(
2xax (dxfxg + d*exh + c*xf*h) + b*(2#m + 1)*(d*e*g + cxf*g + cxexh)))*x + (bx
Bxdxfxh* (2*m + 3) + 2*%Ck(axd*fxh*m - bx(m + 1)*(d*f*g + d*exh + c*f*h)))*x"
2, x], x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B, C}, x] & IntegerQ[2%
m] && GtQ[m, 0]

Rule 1616

Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + fxx]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2*b*d*f*h), Int[(1/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtl[e +
fxx]*Sqrt[g + h*x]))*Simp [2*¥A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
xh — Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
c*f)*((d*g - cxh)/(2*bxd*f*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrt[e
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+ f*x]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, c, d, e, f, g, h, A, B, C},
x]

Rubi steps

b’Cva + bxv/c+ dz\/e + fr\/g + hx

integral =

2dfh
f 4a?(bB—aC)df h—b2C (bceg+a(deg+cfg+ceh))—2b(2a2Cdf h-+b2C(deg+cfg+ceh)—ab(4Bdf h—C(df g+deh+cfh))) z+b% (4bBdf h+aCdf
+ va+bz/c+dz/e+fx\/g+hx
4dfh
b(4bBdfh + aCdfh — 3bC(df g + deh + cfh))Va + bx/e + fz/g + he
4df?h2+/c + dz
b2C\/a + bxvc+ dzv/e + fx\/g + hz
2dfh
i —b(b(bdeg+acfh)(4bBdf h+aCdf h—3bC(df g+deh+cfh))—2df h(4a2(bB—aC)df h—b>C (bceg+a(deg+cfg+ceh)))) —b2 ((adf b
+ Va+bz/c+
8t
N (b(de — cf)(dg — ch)(4bBdfh + aCdf h — 3bC(df g + deh + cfh))) [ (c+dz)3/;j:f’;m\/g+hz dr
8d2 f2h2
b(4bBdfh + aCdfh — 3bC(df g + deh + cfh))Va + bx\/e + fz/g + ha
4df?h2\/c + dx
b2C\/a + bxvc+ dzv/e + fx\/g + hz
2dfh
~ ((be — af)(bg — ah)(4bBdfh — aCdfh — bC(cfh + 3d(fg + eh)))) | \/a+bx\/c+dx1\/e+fw\/g+hw dx
8df?h?
((adfh + b(df g + deh + cfh))(4bBdfh + aCdf h — 3bC(df g + deh + cfh)) + 4df h(2a*Cdf h +

8d2 f2h2

(b(dg — ch)(4bBdfh + aCdfh — 3bC(df g + deh + cfh))va + bz %) Subst ( Ii V
V

(de—cf)(atbx) /7~
d2f2h2 (be—af)(c+dzx) g+ hz
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b(4bBdfh + aCdfh — 3bC(df g + deh + cfh))Va + bzv/e + fz\/g + ha
B 4df2h2\/c + dx
bQC’\/a + bxvc+ dzv/e + fx\/g+ hx
2dfh

by/dg — ch\/Fg — eh(4bBdfh + aCdfh — 3bC(df g + deh + cfh))Va + bz %E(Sm

(de—cf)(a+bx)
4d2f2h2 (be—af)(c+dz) \/m

(((adfh +b(dfg + deh + cfh))(4bBdfh + aCdfh — 3bC(df g + deh + cfh)) + 4dfh(2a2Cdfh +

((be — af)(bg — ah)(4bBdfh — aCdfh — bC(cfh + 3d(fg + eh)))/ ezeDlerdn /g +_hx> Subs

4df?h*(fg — eh)Ve+ d | (et
b(4bBdfh + aCdfh — 3bC(df g + deh + cfh))Va + bxv/e + fz\/g + ha

4df?h2+/c + dz
bQC\/a + bzvc+ dzv/e + fx\/g+ hx
2dfh

b/dg — ch/Fg — eh(4bBdfh + aCdfh — 3bC(dfg + deh + cfh))va + bz —%E@m

de—cf)(a+bx
4d2‘f2h2 gbe aggcidw;\/m
(be — af)/bg = ah(4bBdfh — aCdfh — bC(efh+3d(fg + eh)))/ G=B 8 /g + haF (sin™
Lk Ty = e/ T o |- et

V—dg + ch((adfh + b(dfg + deh + cfh))(4bBdf h + aCdfh — 3bC(df g + deh + cfh)) + 4df h(2

Mathematica [B] (warning: unable to verify)

Leaf count is larger than twice the leaf count of optimal. 21961 vs. 2(980) = 1960.

Time = 36.91 (sec) , antiderivative size = 21961, normalized size of antiderivative = 22.41

dz = Result too large to show

/ va+ bx(abB — a?C + b?Bzx + b*Cxz?)
Ve +dzye+ fry/g+ hx

[In] Integrate[(Sqrt[a + b*x]*(axb*B - a~2xC + b~2xBxx + b~2xCxx~2))/(Sqrtlc + d
*x]*#Sqrt [e + f*x]*Sqrt[g + h*x]),x]

[Out] Result too large to show
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1833 vs. 2(897) = 1794.

Time = 5.28 (sec) , antiderivative size = 1834, normalized size of antiderivative = 1.87

method | result size
elliptic | Expression too large to display | 1834

default | Expression too large to display | 56432

[In] int((b*x+a)~(1/2)*(Cxb~2%x~2+B*xb~2%x+B*a*xb-C*xa~2) /(d*x+c) ~(1/2)/(f*x+e)~(1/
2)/(h*x+g)‘(1/2),x,method=_RETURNVERBOSE)

[Out] ((bxx+a)*(d*x+c)*(fxx+e)*(h*x+g))~(1/2)/(bxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)
~(1/2) / (h*x+g) " (1/2) * (1/2%Cxb~2/d/f /h* (b*d*f*h*x~4+a*xd*f*h*x~3+b*c*f*h*x~3+
bxdxexh*x~3+b*d*f*gkx~3+a*xckfxhxx~2+a*xd*exh*x™2+a*d*fxgkx™2+bxcxexh*x~2+b*c
*xfxg*x"2+bxdxe*xg*x~2+axckexh*kx+axcxf*xgrx+arxdrexgrx+brcrexgrx+akckexg) ™ (1/2)
+2% (a"2*¥b*B-C*a~3-1/2*%C*b~2/d/f/h* (1/2*xaxcxexh+1/2xaxcxfxg+1l/2xaxd*exg+1/2%
bxc*exg))*(g/h-a/b)*((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2) *(x+c/d) "2
*((-c/d+a/b)*(x+e/f)/(-e/f+a/b) /(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/
b)/(x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (b*d*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x
+g/h))~(1/2)*EllipticF (((-g/h+c/d) *(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-
c/d)*(g/h-a/v) /(-a/b+e/f)/(-c/d+g/h)) "~ (1/2))+2* (2*xaxb~2*B-C*a~2*b-1/2*Cxb~2
/d/f/hx (axc*fxh+axdrexh+a*d*fxg+bxckexh+b*cxf*xg+bxdrexg))*(g/h-a/b)*((-g/h+
c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2) *(x+c/d) "2*((-c/d+a/b) * (x+e/f) / (-e/f+
a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~(1/2) / (-g/h+c/d
)/ (-c/d+a/b) / (b*d*fxh* (x+a/b)* (x+c/d) * (x+e/f) *(x+g/h) )~ (1/2) *(-c/d*Elliptic
F(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+
e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b)*E1lipticPi (((-g/h+c/d)*(x+a/b)/(-g/h+a/b)
/(x+c/d))~(1/2),(-g/h+a/b)/(-g/h+c/d) , ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f)/(-c/d
+g/h))~(1/2)))+(B*b~3+C*b~2*a-1/2*C*b~2/d/f /h* (3/2*axd*fxh+3/2xbxcxf*h+3/2%
bxd*exh+3/2xbxd*f*xg))* ((x+a/b) *(x+e/f)*(x+g/h)+(g/h-a/b) *((-g/h+c/d) *(x+a/b
)/ (-g/h+a/b)/(x+c/d)) ~(1/2)*(x+c/d) ~2*((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d
))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d) )~ (1/2) *((a*xc/b/d-g/h*a/b+g/
hxc/d+c~2/d"2)/(-g/h+c/d) /(-c/d+a/b)*E11lipticF (((-g/h+c/d) *(x+a/b)/(-g/h+a/
b)/(x+c/d))~(1/2),((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(-a/b+
e/f)*EllipticE(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/
h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))/(-c/d+a/b)+(a*xd*f*h+b*c*f*h+b*d*e*h+b*
d*f*g)/b/d/f/h/(-g/h+c/d)*E1lipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d)
)~(1/2),(g/h-a/b)/(-c/d+g/h), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~ (1
/2))))/ (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/f) *(x+g/h)) ~(1/2))
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Fricas [F(-1)]
Timed out.

dz = Timed out

/\/a+bx (abB — a®C + b*Bzx + b*Cz?)
Ve+dzve+ fry/g + hr

[In] integrate((b*x+a)~(1/2)*(C¥b~2%x~2+B*b~2*x+B*a*b-C*a~2)/(d*x+c)~(1/2)/(f*x+

e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")
[Out] Timed out

Sympy [F]

/\/a+bx (abB — a?C + b*Bzx + b*Cz?) i — / (a—i—bx)g (Bb— Ca + Cbz)
Ve+dzye+ fx/g+ hx Ve+dzye+ fx/g+ hx

[In] integrate((b*x+a)**(1/2)* (Cxb**2kx**x2+Bxbx*2*x+B*ka*b-Cka**2)/(d*x+c)**(1/2)
/ (£xx+e)*x(1/2) / (h*x+g) **(1/2) ,x)

[Out] Integral((a + b*x)**(3/2)*(B*b - Cxa + C*bxx)/(sqrt(c + d*x)*sqrt(e + f*x)*
sqrt(g + h*x)), x)

Maxima [F]

/\/a—l-bac (abB — a*C + b*Bz + b*Cz? )dx_/(Cb2w2+Bb2x—Ca +Bab)\/bx+a
Ve+dzye+ fx/g+ hx Vdr +cv/fr+evhz +g

[In] integrate((b*x+a)~(1/2)*(C*b~2%x~2+B*b~2*x+B*a*b-C*a~2) /(d*x+c)~(1/2)/ (f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2*x~2 + Bxb~2*x - C*a~2 + B*axb)*sqrt(b*x + a)/(sqrt(d*x + c
)ksqrt (fxx + e)*sqrt(h*x + g)), x)

Giac [F]

/ va+ bz(abB — a®C + b*Bzx + b*Cz?) g — / (CH*z? + Bb?z — Ca? + Bab)V/bz + a,
Ve+dzye+ fx/g+ hx Vdr +cv/fr+evhz +g

[In] integrate((b*x+a)~(1/2)*(C¥b~2%x~2+B*b~2*x+B*a*b-C*a~2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/(h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2%x~2 + Bxb~2*x - C*a~2 + B*axb)*sqrt(b*x + a)/(sqrt(d*x + c
Yksqrt (fxx + e)*sqrt(h*x + g)), x)
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Mupad [F(-1)]

Timed out.

/ va+ bz(abB — a?C + b*Bzx + b*Cz?) i
Ve+dzye+ fx/g+ hx
/m —Ca’+Bab+CH a2’ +B¥z) .
Vet frzg+hzve+dzx

[In] int(((a + b*x)~(1/2)*(C*b~2%x~2 - C*a~2 + B¥axb + B*b~2xx))/((e + f*x)~(1/2
)*x(g + h*x)~(1/2)*(c + d*x)~(1/2)),x)

[Out] int(((a + b*x)~(1/2)*(Cxb~2*xx~2 - C*xa~2 + Bxaxb + B*b~2%x))/((e + f*xx)~(1/2
)*¥(g + h*x)~(1/2)*(c + d*x)~(1/2)), x)
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3.22 f abB—a?C+b?Bz+b*Ca? dx

) Va+bzy/c+dx/e+fr/g+hx
Optimal result . . . . . . . . . . . . e 202]
Rubi [A] (verified) . . . . . . . . .. 203
Mathematica [B] (warning: unable to verify) . . . . . ... ... ... ... ... .. 200
Maple [B] (verified) . . . . . . . .. 207l
Fricas [F(-1)] . . . . . o 208
Sympy [F] . . o 208
Maxima [F] . . . . . . 208
Giac [F] . . . o o 208
Mupad [F(-1)] . . . 209
Optimal result
Integrand size = 62, antiderivative size = 734

abB — a’C + b*Bz + b?’Cx? . bCva + bx+/e + fz+/g + hx
Va+brvc+ dzve+ fr/g+ hx fhvec+dx

bC’\/dg — ch\/fg — ehva+ bw\/— %E (arcsin (%%) |EZ§:‘;?))((J;Z:‘ZZ§>
PN
C(be — af)v/bg — ah %m EllipticF (arcsin (@%) ,— EZZ‘_Z‘?)(({;’:SZ;)
. fh/Fg—ehv/e doy /- Leeietha

~ V=dg+ ch(aCdfh — b(2Bdfh — C(dfg + deh + cfh)))(a + ba) )/ k) \/ (LUt BllipticPi

dv'bc — adfh?v/c+ dzv/e + fz

[Out] -(axCkxd*fxh-b* (2xBxd*f*xh-Cx (cxf*h+d*exh+d*f*g)))* (b*x+a)*E1lipticPi((-axd+b
*c) ™ (1/2) * (h*x+g) = (1/2) / (cxh-d*g) = (1/2) / (bxx+a) " (1/2) ,-b* (-c*h+d*g) / (-axd+b
xc) /h, ((~axf+bxe) * (—~c*h+d*g) / (-axd+b*c) / (—exh+f*xg)) ~(1/2)) * (cxh-d*g) ~(1/2) *
((-axh+b*g) * (d*x+c) / (—~c*h+d*g) / (b*x+a) ) ~ (1/2) * ((—a*h+bxg) * (f*x+e) / (-exh+f*g
)/ (b*x+a))~(1/2)/d/£/h~2/ (—a*d+b*c) = (1/2) / (d*x+c) " (1/2) / (fxx+e) ™ (1/2) +b*Cx(
bxx+a) ~(1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /£/h/ (d*x+c) " (1/2) -Cx (—a*f+b*e) *E11l
ipticF((-a*h+b*g) ~(1/2) * (f*x+e) ~(1/2) / (mexh+f*xg) ~(1/2) / (bxx+a) ~(1/2) , (-(-a*
d+bxc) *x (—exh+f*g) / (-cxf+dxe) / (—a*xh+b*xg)) ~(1/2) ) * (—~a*h+b*xg) ~ (1/2) * ((—axf+b*e
)k (d*x+c) / (-cxf+d*e) / (b*x+a)) ~(1/2) * (h*x+g) ~(1/2) /£/h/ (-exh+f*g) = (1/2) / (d*x
+c)~(1/2) / (- (—axf+b*e) * (h*xx+g) / (—~exh+f*g) / (b*x+a)) ~(1/2) -b*C*E1llipticE((-c*
h+d*g) ~(1/2) * (fxx+e) " (1/2) / (mexh+f*g) = (1/2) / (d*x+c) " (1/2) , ((-a*d+b*c) *(-e*h
+f*g) / (-axf+bxe) /(-cxh+d*g) ) ~(1/2) ) * (-c*h+d*g) = (1/2) * (~exh+f*g) = (1/2) * (b*x+
a) " (1/2) * (- (—c*f+d*e) * (h*x+g) / (-exh+fxg) / (d*x+c)) ~(1/2) /d/f/h/ ((—c*xf+d*e) * (
bxx+a) / (—a*f+bxe) / (d*x+c)) ~(1/2)/ (h*x+g) ~(1/2)
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Rubi [A] (verified)

Time = 0.48 (sec) , antiderivative size = 732, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 8 number of rules _ 0.129, Rules used

' integrand size
= {1600, 1610, 176, 430, 182, 435, 171, 551}

abB — a?C + b*Bz + b*Cx? .
Vva+bzv/c+ dzv/e + fx\/g+ hx
(a + bx)\/ch — dg dg\/ reteaal) | [ D09 (—aCdf h+ 2bBdf h — bC(cfh + deh + df g)) EllipticPi (
dfh?\/c + dz+/e + fr\/bc — ad
c+dz)(be—af sogs s vbg—ah/e+fz bc—ad)(fg—eh
~ CVg + hz(be — af)\/bg — ah,/ —Eaibzggde_cfg EllipticF (arcsm (in;—eh\/ai{m> ,— Ede_cf))((bg_ahg)

[ (g+hz)(be—af)
fh\/C'Fd.’L'\/fQ —eh —m
(g+hz)(de—cf) i [ VYdg—chv/etfz \ | (bc—ad)(fg—eh)
b Va+bry/dg — ch/fg — eh\| =& B (afcsm (\/fZ—eh\/c—f-dm) |(be—af>(d§—ch))
T 1. /(atbz)(de—cf)
dfh g+ hx (ct+dz)(be—af)
N bCva + bx\/e + fr\/g+ hx
fhve+dx

[In] Int[(a*b*B - a"2*C + b~2*B*x + b~2*C*x~2)/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrt
[e + f*x]*Sqrtl[g + h*x]),x]

[Out] (bxC+Sqrt[a + bxx]*Sqrtl[e + f*x]*Sqrtl[g + h*x])/(fxh*Sqrtlc + d*x]) - (b*Cx
Sqrt [d*g - c*h]*Sqrt[f*g - exh]*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*(g + h*x)
)/ ((fxg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtle + f*x]
)/ (Sqrt[f*g - exh]l*Sqrtlc + d*x])], ((b*c - axd)*(fxg - exh))/((bxe - axf)*
(d*g - c*h))])/(d*fxh*Sqrt [((d*¥e - c*f)*(a + b*x))/((b*xe - a*xf)*(c + d*x))]
*xSqrt[g + h*x]) - (Cx(b*e - axf)*Sqrt[bxg - axh]*Sqrt[((bxe - a*f)x*(c + d*x
))/((d*e - cxf)*(a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - a*h]
xSqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrtla + b*x])], -(((b*c - axd)*(f*g - exh
))/((d*e - cxf)*(b*g - a*h)))])/(fxh*Sqrt [f*g - exh]*Sqrtlc + d*x]*Sqrt[-((
(bxe - a*f)*(g + h*x))/((f*g - exh)*(a + b*x)))]) + (Sqrt[-(d*g) + cxh]*(2x
b*B*d*f*h - a*Ckd*fxh - b*Ck(d*f*g + dxexh + cxfxh))*(a + b*x)*Sqrt[((b*xg -
axh)*(c + d*x))/((d*g - cx¥h)*(a + b*x))]*Sqrt [((b*g - a*h)*(e + f*x))/((f*
g - exh)x(a + b*x))]*EllipticPi[-((b*(d*g - cxh))/((b*c - a*d)*h)), ArcSin[
(Sqrt[bxc - a*d]*Sqrt[g + h*x])/(Sqrt[-(d*g) + c*h]*Sqrt[a + b*x])], ((b*e
- axf)*(d*g - c*h))/((bxc - axd)*(f*g - exh))])/(d*Sqrt[b*c - axd]*f*h~2*Sq
rt[c + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(b*g - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]1*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
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- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (bxc - a*d)*(x~2/(d*g - c*h))]*Sqrt[1 + (b¥e - a*f)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,

f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)
*(x_)1*Sqrt[(g_.) + (h_.)*(x_)]1), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*g - exh)*Sqrt[[c + d*x]x*
Sqrt[(-(b*e - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (bxc - axd)*(x72/(d*e - cxf))]1*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(b*e - axf))*((g + h*x)/((f*xg - exh)*(a + b*x)))]1/((b*e - axf)*Sqrt[g + h
*xx]*Sqrt [(bxe - a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - a*d)*(x"2/(d*e - c*£))1/Sqrt[1 - (bxg - axh)*(x"2/(f*g - e*h))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» ]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]1*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]l :> S
imp[(1/(Sqrt [a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*xd))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrtlcl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*xd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQld/c] && GtQ[c, 0] && GtQ[a, O]

Rule 551

Int[1/(((a_ ) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)721), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrt[e]l*Rt[-d/c, 2]))*EllipticPi [b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*(f/(d*e))], x] /; FreeQl[{a, b, c, d, e,
£}, x] && !'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && '( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)
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Rule 1600

Int[(u_.)*(Px_)~(p_.)*(Qx_)"(q_.), x_Symbol] :> Int[u*PolynomialQuotient [Px
, Qx, x]17p*xQx~(p + q), x] /; FreeQlq, x] &% PolyQ[Px, x] && PolyQ[Qx, x] &&
EqQ[PolynomialRemainder [Px, Qx, x], 0] && IntegerQ[p] && LtQ[p*q, O]

Rule 1610

Int[(Sqrtl(a_.) + (b_)*(x_)]1*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x_
)IxSqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[B*
Sqrt[a + bxx]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(fxhxSqrt[c + d*x])), x] + (-Dis
t [Bx(b*xe - axf)*((bxg - axh)/(2¥b*f*h)), Int[1/(Sqrt[a + bxx]*Sqrtlc + d*x]
*Sqrt [e + f*x]*Sqrtlg + h*x]), x], x] + Dist[Bx(d*e - c*f)*((d*g - c*h)/(2*
dxfxh)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrt[e + f*x]*Sqrtlg + h*x]), x
1, x] + Dist[(2xAxb*d*fxh + B*(axd*f*h - bx(d*fxg + d*exh + c*fxh)))/(2%b*d
xfxh), Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]), x], x
1) /; FreeQl{a, b, c, d, e, f, g, h, A, B}, x] && NeQ[2+Axd*f - Bx(d*e + c*
), 0]

Rubi steps

) va+bz(bB — aC + bCx)
integral = dx
Ve+dzve+ fr/g+ hx

. bC\/a + bfL‘\/e + f.'E\/g + hz _ (C(be - a‘f) (bg - a’h)) f \/a—i-bx\/c—i—d:rl\/e-l—fx\/g—i—hx dx

fhv/c+dzx 2fh
| 00 e = cf)dg = ) | gyt
2dfh
, (2068 — aC)dsh + bC(adfh — b(dfg +deh + cfM) [ G Ve s 0

2bdfh
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_ bCVa+bxv/e+ fr/g+ ha
B fhy/c + dz

((zb(bB — aC)dfh +bC(adfh — b(dfg + deh + cfh)))(a + br) | =yl g;{j;_‘jj,?)gy;;g) Su

_|_

bdfhv/c + dz+/e + fz

(C(be — af)(bg — ah) EZZ iggz—iﬁ:; m> Subst f \/1 (be— ad)m 1\/1 (bg—ah)a? dz, z, ﬁm
+ de—cf fg—eh

(—be-+af)(g+ha)
fh(fg —eh)Vc+ dx (fg—eh)(cf—i—bac)
/ 2
de+-c hx) 1+(7ll77€5+?1‘?m vetfz
<bC(dg - Ch)\/ a+ bx %) Subst f T d.’E, z, \/c:li_—%
1— (dg )
\/ fg—eh
(de—cf)(atbz) /T 7
dfh (be—af)(ct+dz) g+hz
_ bCVa+bzv/e+ fr/g+ ha
fhvc+ dx

| bOVAg = chyTg— e+ ba (e B (sin ! (VSRR ) et
[P T
Clbe — af) oy = ahy[{E=efi Vo + FF (sin™ (VEEVerke) 1- ey
B fh\/fg—eh\/c-l-dx\/—— %
V=dg+ ch(2bBdfh — aCdfh — bC(df g + deh + cfh))(a+ bx) | B=geriad [bo—eilettaimy
dv/bc — adfh?v/c + dz+\/e + fx

+

Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 8107 vs. 2(734) = 1468.

Time = 42.83 (sec) , antiderivative size = 8107, normalized size of antiderivative = 11.04

abB — a®C + b®’Bz + b*Cx?

dzr = Result too large to show
va+bxvec+dxve+ fxy/g+ hx

[In] Integrate[(a*b*B - a~2*%C + b~2*B*x + b~2xC*x"2)/(Sqrt[a + b*x]*Sqrt[c + d*x
1xSqrt[e + f*x]*Sqrtlg + h*x]),x]

[Out] Result too large to show
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1551 vs. 2(669) = 1338.

Time = 4.90 (sec) , antiderivative size = 1552, normalized size of antiderivative = 2.11

method | result size

elliptic | Expression too large to display | 1552

default | Expression too large to display | 20101

[In] int((Cxb~2xx~2+B*xb~2*x+B*axb-C*xa~2)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2) / (h*x+g)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)* (f*x+e)* (h*x+g))~(1/2)/(bkx+a)~(1/2)/(d*x+c)~(1/2)/ (f*x+e)
~(1/2) / (h*x+g) = (1/2) * (2% (B*a*b-C*a~2) * (g/h-a/b) * ((-g/h+c/d) *(x+a/b) / (-g/h+a
/0)/ (x+c/d))~(1/2) ¥ (x+c/d) "2 ((-c/d+a/b) * (x+e/f) / (-e/f+a/b) / (x+c/d) )~ (1/2) *
((-c/d+a/b)*(x+g/h) / (-g/h+a/b) / (x+c/d))~(1/2) / (-g/h+c/d) / (-c/d+a/b) / (bkd*f*
h*(x+a/b) *(x+c/d) * (x+e/f) *(x+g/h)) ~(1/2) *EllipticF (((-g/h+c/d) *(x+a/b) / (-g/
h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f)/(-c/d+g/h)) ~(1/2) ) +2x*
B*b~2%(g/h-a/b)*((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d) )~ (1/2) * (x+c/d) ~2x ((-
c/d+a/b)*(x+e/f)/(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) /(
x+c/d))~(1/2)/ (-g/h+c/d) / (-c/d+a/b) / (b*d*fxh* (x+a/b) * (x+c/d) * (x+e/f) *(x+g/h
))~(1/2)*(-c/d*E1lipticF (((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d))~(1/2) , ((e/
f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b)*E1llipticPi (((-g/h+
c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), (-g/h+a/b) / (-g/h+c/d) , ((e/f-c/d)*(g/
h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))+C*b~2x ((x+a/b) * (x+e/f) * (x+g/h) +(g/h-a
/b)*((-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) “2x ((-c/d+a/b) * (x+
e/f)/(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~(1/2
)*((a*xc/b/d-g/h*a/b+g/h*c/d+c~2/d"~2) /(-g/h+c/d) /(-c/d+a/b)*E1llipticF (((-g/h
+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) / (-c
/d+g/h))~(1/2))+(-a/b+e/f) *E11lipticE(((-g/h+c/d) *(x+a/b)/(-g/h+a/b) / (x+c/d)
)~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f) /(-c/d+g/h))~(1/2)) / (-c/d+a/b)+(a*dx*
fxh+bxc*f*h+bxdxexh+b*d*f*g) /b/d/f/h/(-g/h+c/d)*E1lipticPi(((-g/h+c/d)* (x+a
/b)/(-g/h+a/b) /(x+c/d))~(1/2), (g/h-a/b)/(-c/d+g/h), ((e/f-c/d)*(g/h-a/b)/(-a
/b+e/f)/(-c/d+g/h))~(1/2)))) / (bxd*f*h*(x+a/b)* (x+c/d) * (x+e/f) *(x+g/h) )~ (1/2
)
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Fricas [F(-1)]
Timed out.
abB — a?’C + b*Bzx + b*Cx?

dzr = Timed out
Vva+brvec+ dxy/e + fx/g+ hx

[In] integrate((Cxb~2%x~2+Bxb~2*x+B*axb-C*a~2)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out

Sympy [F]
abB — a®’C + b*Bzx + b*Cz? / va+ bx(Bb— Ca + Cbz) .
\/a-l-bm\/c-l-dx\/e-l-fz\/g-l-hx Ve+dove+ fr/g + hx

[In] integrate ((Ckb**2xx**2+Bxbkx2*xx+Bxa*b-Cka**2)/(b*x+a)**(1/2)/(d*x+c)**(1/2)
/ (£xx+e) **%(1/2) / (h*x+g) **(1/2) ,x)

[Out] Integral(sqrt(a + b*x)*(B*b - C*a + Cxbxx)/(sqrt(c + d*x)*sqrt(e + f*x)*sqr
t(g + h*x)), x)
Maxima [F]

abB — a?’C + b*Bz + b?Cz? - Cv?2% + Bb’x — Ca® + Bab .
va+brvc+ dzy/e + fx/g+ hx Vbx + avdx + c/fr +ev/hz + g

[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(£*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((C*b~2%x~2 + Bxb~2xx - C*a~2 + Bxaxb)/(sqrt(b*x + a)*sqrt(d*x + c
)*sqrt (f*x + e)*sqrt(h*x + g)), x)

Giac [F]
/ abB — a?’C + b*Bzx + b*Cx? - / Cb?z? + Bb’xz — Ca® + Bab .
Va+bze+doe+ fa/g+he ) Vbz+avdr+c/fr+evhz +g

[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*b-C*a~2)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((Cxb~2%x~2 + Bxb~2*x - C*a~2 + B*axb)/(sqrt(b*x + a)*sqrt(d*x + c
Yksqrt (fxx + e)*sqrt(h*x + g)), x)
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Mupad [F(-1)]
Timed out.

abB — a’C + b*Bzx + b*Cz? dp — —Cad*+Bab+Cb 2>+ Bb’zx .
Vatbrve+dzvet fzvg+hz  J Vet fzVg+hrvatbzve+dr

[In] int((C*b~2*x"2 - C*a"2 + B*a*b + B*b~2*x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + b*x)~(1/2)*(c + d*x)~(1/2)),x)
[Out] int((C*b~2*x~2 - C*a~2 + B*a*b + Bxb~2*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*
(a + bxx)~(1/2)*(c + d*x)~(1/2)), x)
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3.23 f abB—a2C+b2Bz+b2Cx? dx
) (a+b2)3/2\/c+dzr/e+ [z /g+hz
Optimal result . . . . . . . . . . . . e 210
Rubi [A] (verified) . . . . . . . . . 210
Mathematica [A] (verified) . . . . . . . . . .. 2131
Maple [B] (verified) . . . . . . . . ... 213
Fricas [F(-1)] . . . . . o 214
Sympy [F] . . o 215
Maxima [F] . . . . . . 215
Giac [F] . . . o o A
Mupad [F(-1)] . . . o 216
Optimal result
Integrand size = 62, antiderivative size = 436
be—af)(ct+dz bg—ah-
abB — a2C + b2Bz + b2Cx? i 2(bB — 2a0C) W\/g + hz EllipticF (arcsm (\/f‘;feh\
O N N N i Woew N

(bg—ah)(c+dz) [ (bg—ah)(e+fz) b(dg—ch) : Vbc—ady/g+hz (be—af)(dg
2Cy/—dg + ch(a + bx)\/ r Zh)(:+bz) ( o aeh)(i+b2) EllipticPi ( (bcia(;)h’ arcsin <\/—dg+ch\$;a+bz> ’ (bi—Zd)(fg-

Vbe — adhv/c + dzv/e + fx

_|_

[Out] 2*C*(b*x+a)*EllipticPi((-a*d+b*c)~(1/2)*(h*x+g)~(1/2)/(c*xh-d*g)~(1/2)/(b*x+
a)~(1/2) ,-b*(-cxh+d*g) / (~a*d+bxc) /h, ((-axf+b*e) * (~c*h+d*g) / (-axd+b*c) / (—e*h
+£%g)) " (1/2) ) * (c*h-d*g) ~ (1/2) * ((-a*h+b*g) * (d*x+c) / (-c*h+d*g) / (b*x+a) )~ (1/2)

* ((-a*h+b*g) * (f*x+e) / (-exh+f*g) / (bxx+a) )~ (1/2) /h/ (-a*xd+b*c) ~(1/2) / (d*x+c) ™ (

1/2) / (fxx+e) = (1/2) +2* (Bxb-2*C*a) *E11lipticF ((-axh+bxg) ~(1/2) * (f*x+e) ~(1/2) /(
—exh+f*xg) ~(1/2) / (bxx+a) " (1/2) , (- (maxd+b*c) * (—~exh+f*g) / (-cxf+d*e) / (~a*h+b*g)

)~ (1/2) ) *((—a*f+bxe) * (d*x+c) / (-cxf+dxe) / (b*x+a)) ~(1/2) * (h*x+g) ~(1/2) / (—a*h+

bxg) ~(1/2) / (-exh+f*g) ~(1/2) / (d*x+c) " (1/2) / (- (—a*xf+b*e) * (h*x+g) / (—exh+f*g) / (
bxx+a))~(1/2)

Rubi [A] (verified)

Time = 0.37 (sec) , antiderivative size = 436, normalized size of antiderivative = 1.00,

_ _ » number of rules
number of steps used = 6, number of rules used = 6, integrand size = 0.097, Rules used
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= {24, 1612, 176, 430, 171, 551}

Vbg—a
Vfg—e

/ abB — a2C + b2 Bz + b2Cz? . 2v/g + hz(bB — 2aC),/ % EllipticF (arcsm <
(

z =
a + bx)3/2\/c + dz+\/e + fr\/g + hx Vc+ dzy/bg — ah/Fg — eh

2C(a + bz)+/ch — dg \/ (ctde)(bg—ah)  [(etfz)(bo—ah) fyyipticPpy (— bdg—ch) aresin ( vbe—adyg+he

__ (g+hz)(be
(a+bz)(fe

(be—af)(dg—c

(atbe)(dg—ch) \/ (a+bz)(Ffg—ch) (be—ad)h’ Veh—dgy/a+ba

? (be—ad)(fg—e

_|_

hv/c + dzv/e + frv/bec — ad

[In] Int[(a*xb*B - a"2*C + b~2*B*x + b~2*C*x~2)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sq

rtle + fxx]*Sqrtlg + h*x]),x]

[Out] (2%(b*B - 2*a*C)*Sqrt[((bxe - a*f)*(c + d*x))/((d*xe - c*xf)*(a + b*x))]*Sqrt

[g + hxx]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e + f*x])/(Sqrt[f*g - exh]
*Sqrt[a + bxx])], -(((b*c - axd)*(f*g - e*h))/((d*e - c*f)*(bxg - axh)))])/
(Sqrt [bxg - axh]*Sqrt[f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((b*e - axf)*(g + h*x
))/((fxg - exh)*(a + b*x)))]) + (2xC+Sqrt[-(d*g) + c*h]*(a + b*x)*Sqrt [((b*
g - axh)*(c + d*x))/((dxg - c*h)*(a + b*x))]*Sqrt[((b*g - axh)*(e + f*x))/(
(fxg - exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c*h))/((bxc - a*d)*h)), ArcS
in[(Sqrt[b*c - axd]*Sqrtl[g + h*x])/(Sqrt[-(d*g) + cxh]*Sqrtl[a + b*x])], ((b
xe — axf)*(d*g - c*h))/((b*c - a*xd)*(f*g - e*h))])/(Sqrt[b*c - a*d]*h*Sqrt[
c + d*x]*Sqrt[e + fx*x])

Rule 24

Int[(u_.)*((a)) + (b_)*(v_))"(m )*((A_.) + (B_.)*x(v_) + (C_.)*(v_)"2), x_S
ymbol] :> Dist[1/b~2, Int[u*(a + b*v)~(m + 1)*Simp[b*B - a*C + b*C*v, x], x
1, x]1 /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*b*B + a~2*C, 0] && LeQ[
m, -1]

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + £*xx)/((f*xg
- exh)*(a + bxx)))]1/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (b*c - axd)*(x"2/(d*g - c*h))]*Sqrt[1 + (b*e - axf)*(x"2/(f*xg -
exh))]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((fxg - ex*h)*Sqrtlc + d*x]*
Sqrt[(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - axd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
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)1), x1, x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g,
h}, x]

Rule 430

Int[1/(Sqrt[(a_) + (b_.)*(x_)"2]1*Sqrtl[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1/(8qrt[a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*d))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl[(c_) + (d_.)*(x_)"2]1*Sqrtl(e ) + (f_.)*(x
_)~2]), x_Symbol] :> Simp[(1/(a*xSqrt[c]*Sqrt[el*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], cx(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] && 'GtQ[d/c, 0] && GtQl[c, 0] && GtQle, 0] && !'( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Dist[(A*b
- a*B)/b, Int[1/(Sqrtla + b*x]*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),
x], x] + Dist[B/b, Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B}, x]

Rubi steps

b2(bB—aC)+bCx dz
Va+bz/ct+dz+/e+ fr\/g+hx
b2

va+ bz

integral =

1

=C dz+(bB—2aC / dx
Ve +dzye+ fx/g+ hx ( ) Va + bxvc+ dxv/e + fr\/g+ hx

fg—eh

(bg—ah)(c+dz) /(bg—ah)(e+f
<2C(a + bx)\/ (df; Zh) Z+b§) (f% ih)(;bﬁ ) Subst( (h—b 2)\/
T

1+ (b(;ga((i:)ha:2 \/1+(be af)z?

Y

Vgt+hz

’ Va+bx

|

Ve+doye+ fr

1+(bc ad)z?

1— (bg—ah)z?
de—cf

fg—eh

(2(bB — 2aC) EZZ i}?g:ﬁg Vg + hx) Subst ( i \/ 1 \/ dz,x, \/Zi{z

|

+
/ (=betaf)(g+hz)
(fg - €h) c+dz (fg— eh)((f—i—bz)
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(be—af)(ct+dz) /Y7 vbg—ah+/e+fzx bc—ad —eh
2(bB QGC) de c;gga—:—bx; g+ hzF (SlIl (\/I}Z_ef’ll\/a-:ix) |_Ede—cf))((£_g—ahg>

Vbg — ahy/fg—ehv/c+ dz, |- Gaiatia)

(bg—ah)(ct+dz) /(bg—ah)(e+fz) b(dg—ch) . .. —1 [ vbc—ad/gthz (be—af)(
2Cv/—dg + ch(a + bz) (dgg]]—ch)(a-‘rbx) (fgg—eh)(a+bx)H(_(bciad)h’Sln <\/—dg+chja+bx> |(bc ad)(

Vbc — adhv/c + dz\/e + fx

Mathematica [A] (verified)

Time = 25.18 (sec) , antiderivative size = 583, normalized size of antiderivative = 1.34

2(a + bx)3/?

(bg—ah)(e+fz) s ’
(bg—ah)(c+dz) bB (Fo—ei) (arba) (g+ha) EllipticF (arCL
(dg—ch)(a-+bz) (bg—ah)(a+bx)

abB — a?C + b?Bz + b?Cz? .
(a + bx)3/2\/c + dz/e + fr\/g + hx

[In] Integrate[(axb*B - a~2*C + b~2xBxx + b~2xC*xx~2)/((a + bxx)~(3/2)*Sqrt[c + d
*xx] *Sqrt[e + f*x]*Sqrt[g + h*x]),x]

[Out] (2x(a + b*x)~(3/2)*Sqrt[((bxg - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(-
((b*B*Sqrt [((bxg - a*h)*(e + f*x))/((f*g - exh)*(a + b*x))]*(g + h*x)*Ellip
ticF[ArcSin[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*g - exh)*(a + b*x))]1], ((-(
bxc) + a*xd)*(-(fxg) + exh))/((bxe - axf)*(d*g - c*h))])/((b*g - axh)*(a + b
*x) *Sqrt [((-(b*e) + axf)*(g + h*x))/((fxg - exh)*(a + b*x))])) - (2xa*Cx3Sqr
t[((b*g - axh)*(e + f*xx))/((f*g - exh)*(a + b*x))]*(g + h*x)*EllipticF[ArcS
in[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*xg - exh)*(a + b*x))]], ((-(b*c) + a*
d)*(-(f*g) + exh))/((b*xe - axf)*(d*g - cxh))])/((-(bxg) + axh)*(a + b*x)*Sq
rt[((-(bxe) + a*f)*(g + h*x))/((f*g - e*h)*(a + b*x))]) + (Cx(-(fxg) + e*h)
*Sqrt [-(((bxe - a*f)*(bxg - axh)*(e + f*x)*(g + h*x))/((f*xg - exh)"2*(a + b
*x)~2))]*E1lipticPi[(bx(-(f*g) + exh))/((b*e - a*f)x*h), ArcSin[Sqrt[((-(bxe
) + axf)*(g + h*x))/((f*g - exh)*(a + b*x))]], ((-(b*c) + a*xd)*(-(f*g) + ex
h))/((bxe - a*xf)*x(d*g - c*h))])/((b*xe - axf)*h)))/(Sqrtlc + d*x]*Sqrt[e + £
*xx]*Sqrt [g + h*x])

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 855 vs. 2(398) = 796.

Time = 6.31 (sec) , antiderivative size = 856, normalized size of antiderivative = 1.96
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method | result

)(=+5)

+ |+
<ie

2(Bb—Ca)(£-¢) (=

—|
—~
8
+
Qo [ole
—
—~
8
+
alo
N—
|
o [Qlo

(-4
)e+d) \ (-7
(

/(bz+a)(dz-+c)(fz+e) (ha+g)

oo | Si®

7\
e
_+_
alo
S~—
—~
|
alo
+

elliptic

default | Expression too large to display

[In] int((Cxb~2xx~2+B*b~2*x+B*axb-C*xa~2)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2) / (h*x+g)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)* (£*x+e)* (h*x+g))~(1/2)/ (b*x+a)~(1/2)/(d*x+c)~(1/2) / (f*x+e)
~(1/2) / (h*x+g) = (1/2) * (2% (Bxb-C*a) * (g/h-a/b) * ((-g/h+c/d) *(x+a/b) / (-g/h+a/b) /
(x+c/d))~(1/2) *(x+c/d) "2%((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d) )~ (1/2) *((-c
/d+a/b)*(x+g/h) /(-g/h+a/b) /(x+c/d))~(1/2)/ (-g/h+c/d) / (-c/d+a/b) / (b*xd*f*h* (x
+a/b) *(x+c/d) * (x+e/f) *(x+g/h)) ~(1/2) *EllipticF (((-g/h+c/d) *(x+a/b) / (-g/h+a/
b)/(x+c/d))~(1/2), ((e/f-c/d)*x(g/h-a/b) / (-a/b+e/f) /(-c/d+g/h) )~ (1/2) ) +2*Cxbx
(g/h-a/b)*((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) ~2*((-c/d+a/
b)*(x+e/f)/(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d)
)~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (bxd*fxh* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) ) ~(1/
2)*(-c/d*EllipticF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2),((e/f-c/d)
*(g/h-a/b) /(-a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b) *E11lipticPi (((-g/h+c/d) *(
x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), (-g/h+a/b) /(-g/h+c/d) , ((e/f-c/d) *(g/h-a/b)
/(-a/b+e/f)/(-c/d+g/h))~(1/2))))

Fricas [F(-1)]

Timed out.

dz = Timed out

/ abB — a’C + b*Bzx + b*Cz?
(a + bx)3/2\/c + dz\/e + fr\/g + hz

[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*b-C*a~2)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] Timed out
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Sympy [F]

/ abB — a®>C + b>Bz + b>Cx? dp — / Bb— Ca+ Cbx s
(a+bz)32/c+dae+ favg+he ) Va+bzve+dae+ fag+ ha

[In] integrate ((Ckb**2*x**2+B*b**2*x+Bxaxb-Cka**2) /(b*x+a)**(3/2)/(d*x+c)**(1/2)
/ (£xx+e) *xx(1/2) / (hxx+g) **(1/2) ,x)

[Out] Integral((Bxb - C*a + C*b*x)/(sqrt(a + bxx)*sqrt(c + d*x)*sqrt(e + f*x)*sqr
t(g + h*x)), x)

Maxima [F]

dx

abB — a?’C + b*Bzx + b*Cz? p _/ Cb?z? + Bb*x — Ca® + Bab
(a +b2)3/2Vc +dzve + fzv/g + h (bx—i—a)%\/dz-l—c\/fx—l-e\/hx-l-g

[In] integrate((C*b~2*%x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((Cxb~2*x~2 + B*b~2*x - C*a~2 + B*axb)/((b*x + a)~(3/2)*sqrt(d*x +
c)*sqrt (fxx + e)*sqrt(h*x + g)), x)

Giac [F]

dz

abB — a*’C + b?Bzx + b*Cz? p _/ Cb?z? + Bb*x — Ca® + Bab
(a+bx)*2v/ e+ dzve+ fr/g+ ho (bx+a)%\/dx+c\/fx+e\/hx+g

[In] integrate((C*b~2%x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((C*b~2%x~2 + B*b~2%x - Cxa~2 + Bxaxb)/((b*x + a)~(3/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)
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Mupad [F(-1)]

Timed out.
abB — a®C + b’ Bz + b*Cz? —Ca?+Bab+CV 2>+ Bbx
dx = 32 dx
(a + bx)3/2\/c + dz/e + fr\/g + hx Ve+ fzg+hr(a+bx)’ Ve+dzx

[In] int((C*b™2*x"2 - C*a~2 + B*a*b + Bxb~2+x)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + bxx)~(3/2)*(c + d*x)~(1/2)),x)

[Out] int((C*b~2*x~2 - C*a~2 + B*a*b + Bxb~2*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*
(a + bxx)~(3/2)*(c + d*x)~(1/2)), x)
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abB—a?C+b%>Bz+b*Cx?

3.24 f (a+b2)®/2\/c+dz~/e+ fx\/g+hz dz

Optimal result . . . . . . . . . . . e 217
Rubi [A] (verified) . . . . . . . . 218
Mathematica [A] (verified) . . . . . . . . . ... 227
Maple [B] (verified) . . . . . . . . . ...
Fricas [F] . . . . . . o 223
Sympy [F(-1)] . . o o 223
Maxima [F] . . . . . o 223
Giac [F] . . o o 224]
Mupad [F(-1)] . . . . o 224

Optimal result

Integrand size = 62, antiderivative size = 616

abB — a®’C + b*Bz + b*Cz? i — 2b(bB — 2aC)dva + bz+/e + fz+\/g + hx
(a+ bz)%2v/c+ dz\/e + fx\/g+ hz (bc — ad)(be — af)(bg — ah)V/c + dx
20?(bB — 2aC)v/c + dz+/e + fr\/g + hx
- (bc — ad)(be — af)(bg — ah)va + bz

(de—cf)(g+hx) . /dg—chy/e+fz \ | (bc—ad)(fg—eh)
_2b(bB — 2aC)+/dg — ch\/fg — ehv/a + bx\/— — Fa—ch) et dz) eh)(gc+dz)E(arcsm (\/fz eh\/c+dm> |(be af)(dg ch)>
de—cf)(a+bx
(be — ad)(be — af)(bg — ah) | == g + he

(be—af)(ctdz) Vbg—ah /et fx (be—ad)(fg—eh)
2(beC — bBd + aCd) {de—cf)(atta) V9 + hz EllipticF (arcsm (\/f‘;_eh\/aerx) ,— (de_cf)(bg_ah)>

_|_
(b — ad)/bg — ahv/Fg — ehv/c + dx\/%

[Out] 2*b* (B*b-2%Cxa)*d* (b*x+a)~(1/2)*(f*x+e)~(1/2)* (h*x+g) ~(1/2)/(-a*d+b*c)/(-ax
f+bxe) / (—axh+b*g) / (d*x+c) ~(1/2) -2%b~2* (Bxb-2*C*a) * (d*x+c) ~(1/2) * (f*x+e) ~(1/
2) * (h*xx+g) ~(1/2) / (-axd+b*c) / (~a*f+bxe) / (—axh+b*g) / (bxx+a) ~ (1/2) +2% (-Bxb*d+C
*xaxd+C*b*c) *E1lipticF ((-axh+b*g) ~(1/2)* (f*x+e) ~(1/2)/(-exh+f*g) ~(1/2) / (b*x+
a)~(1/2), (-(-a*d+b*c) * (—exh+f*g) / (-cxf+d*e) / (—axh+b*g) )~ (1/2) ) * ((-axf+b*e) *
(d*x+c) / (-cxf+dxe) / (b*x+a)) ~(1/2) * (h*x+g) ~(1/2) / (-a*d+b*c) / (-axh+b*xg) ~(1/2)
/ (—exh+fxg)~(1/2) / (d*x+c) ~(1/2) / (- (-a*xf+bxe) * (h*x+g) / (-exh+f*g) / (b*x+a) )~ (1
/2) —2xb* (Bxb-2*C*a) *E11lipticE((-cxh+d*g) =~ (1/2) * (f*x+e) ~(1/2) / (—exh+f*g) ~(1/
2)/(d*x+c)~(1/2), ((-a*xd+b*c) *x (-exh+f*g) / (-axf+b*xe) / (-c*h+d*g) ) ~(1/2) ) *(-c*h
+d*g) = (1/2) * (-exh+f*g) = (1/2) * (bxx+a) = (1/2) ¥ (- (-c*xf+d*e) * (h*x+g) / (-exh+f*g) /
(d*x+c))~(1/2) / (-a*d+b*c) / (-axf+b*e) / (-a*xh+bxg) / ((-cxf+d*e) * (bxx+a) / (-axf+b
*e) /(dxx+c))~(1/2) / (h*x+g)~(1/2)
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Rubi [A] (verified)

Time = 0.81 (sec) , antiderivative size = 616, normalized size of antiderivative = 1.00,

number of steps used = 8, number of rules used = 8, number of rules _ 0.129, Rules used
integrand size

= {24, 1613, 1616, 12, 176, 430, 182, 435}

ctdx)(be—af soys .
abB — a2C + b2Bz + b2Cx? o 2v/g + hz(aCd — bBd + bcC) Wde_cf; EllipticF (arcsm |

(a +bx)52Ve+dzve+ fz/g + ha Ve + dz(be — ad)y/bg — ah\/fg — eh\/—
hz)(de—c . Vdg—che+fx bc—ad —eh
2bva + bx(bB — 2aC)+/dg — ch\/fg — eh, /——Eiidm))((fg_egE(arcmn (\/‘Jicz_e’;l\/cigz) |§be_af))((£f]_ch§>
Vg + hz(bc — ad)(be — af)(bg — ah) %
B 20%v/c + dz+/e + fx\/g + hx(bB — 2aC) N 2bdva + bxv/e + fz/g + hx(bB — 2aC)
va+ bx(bc — ad)(be — af)(bg — ah) Ve + dz(be — ad)(be — af)(bg — ah)

[In] Int[(a*b*B - a"2*C + b~2*B*x + b~2*C*xx~2)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sq
rt[e + f*x]*Sqrt[g + h*x]),x]

[Out] (2xb*(b*xB - 2*a*C)*d*Sqrt[a + b*x]*Sqrtle + f*xx]*Sqrtl[g + h*x])/((b*c - a*d
)*(bxe — axf)*(bxg - axh)*Sqrtl[c + d*x]) - (2%b~2%(b*B - 2xaxC)*Sqrt[c + d*
x]*Sqrt[e + fxx]*Sqrtlg + h*x])/((bxc - a*d)*(bxe - axf)*(b*xg - axh)*Sqrt[a
+ b*xx]) - (2xbx(b*B - 2*a*C)*Sqrt[d*g - c*h]*Sqrt[f*g - exh]*Sqrt[a + b*x]
*Sqrt [-(((d*e - cxf)*(g + h*x))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[
(Sqrt[d*g - cxh]*Sqrtle + f*x])/(Sqrt[f*g - exh]*Sqrtlc + d*x])], ((bxc - a
*d) *(fxg - exh))/((bxe - a*f)*(d*g - cxh))])/((bxc - a*xd)*(bke - axf)*(b*g
- axh)*Sqrt[((dxe - c*xf)*(a + b*x))/((b*xe - axf)*(c + d*x))]*Sqrt[g + h*x])
+ (2% (b*c*C - b*B*d + a*C*d)*Sqrt[((b*e - a*f)*(c + d*x))/((d*xe - cxf)*(a
+ b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[bxg - axh]*Sqrt[e + f*x])/(Sq
rt[f*g - exh]*Sqrt[a + b*x])], -(((bxc - a*d)*(fxg - exh))/((d*e - c*f)*(b*
g - axh)))])/((bxc - a*d)*Sqrt[b*g - axh]*Sqrt[f*g - e*h]*Sqrt[c + d*x]*Sqr
t[-(((b*e - axf)*(g + h*x))/((fxg - exh)*x(a + b*x)))])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (b_)*(v_) /; FreeQ[b, x]]

Rule 24

Int[(u_.)*((a)) + (b_)*(v_))"(m )*((A_.) + (B_.)*(v_) + (C_.)*(v_)"2), x_S
ymbol] :> Dist[1/b~2, Int[u*(a + b*v)~(m + 1)*Simp[b*B - a*C + b*C*v, x], x
1, x]1 /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*b*B + a~2*C, 0] && LeQ[
m, -1]

Rule 176
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Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*x(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]*
Sqrt [(-(bxe - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (bxc - a*xd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - e*h)
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQl{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(b*xe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (b*xg - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» ]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~"2]*Sqrt[(c_) + (d_.)*(x_)~"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*d))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
)1, x]1 /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 1613

Int [((Ca_.) + (b_)*(x_)) " (m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
JIxSqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - a*b*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*(Sqrt[g + h*x]
/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2*(m + 1)*(b*
c - axd)*(bxe - a*f)*(bxg - a*h)), Int[((a + b*x)~(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]))*Simp[A*(2*¥a~2*d*fxh*(m + 1) - 2*a*xbx(m + 1)*(d*
fxg + d*xexh + cxfxh) + b™2*%(2#m + 3)*(d*e*xg + cxf*xg + ckxexh)) - b*Bx(ax(d*e
xg + c*xf*xg + ckxexh) + 2%bkxckxexg*x(m + 1)) - 2x((A*b - axB)*(axd*fxhx(m + 1)
- bx(m + 2)*(d*f*g + dxexh + cxfxh)))*x + dxfxh*x(2*m + 5)*(A*b~2 - a*b*B)*x
=2, x1, x1, x] /; FreeQ[{a, b, ¢, 4, e, f, g, h, A, B}, x] && IntegerQ[2+m]
&% LtQ[m, -1]

Rule 1616
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Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + fxx]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*¥A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
xh - Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
c*f)*((d*g - cxh)/(2*bxd*xf*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rubi steps

b2(bB—aC)+b2Czx
(a+bx)3/2v/c+dz/eF fr\/g+hx dzx
b2
_20*(bB — 2aC)Vc +dave+ frv/g + ha
(bc — ad)(be — af)(bg — ah)va + bz
i b2 (b2C (beeg—a(deg-+cf g+ceh)) —a(bB—aC) (adf h—b(df g+deh-+cfh))) +b3 (bB—2aC) (adf h4-b(df g+deh-+cf h))z+2b* (bB—2a0)
Va+bz/ct+dz+/e+ fr\/g+hz
b2(bc — ad)(be — af)(bg — ah)
_ 2b(bB — 2aC)dv/a + bz+/e + fr\/g+ ha
(bc — ad)(be — af)(bg — ah)vc + dx
2b3d(beC—bBd+aCd) f (be—af)h(bg—ah
B 20?(bB — 2aC)v/c + dz+/e + fr\/g + hx / (\/a+bx\/:+d$\)/£i fz\/J;)Jr;(,f ) dx
(bc — ad)(be — af)(bg — ah)Va + bz 2b3d(bc — ad) f (be — af)h(bg — ah)
(b(bB — 2aC)(de — cf)(dg — ch)) [ (c+dx)3/g\‘;:f;x\/g+hx dz
(bc — ad)(be — af)(bg — ah)
_ 2b(bB — 2aC)dva + bz+/e + fr\/g+ ha
(bc — ad)(be — af)(bg — ah)vc + dx
_ 20*(bB — 2aC)Vc+dzve+ fr/g+ ha
(bc — ad)(be — af)(bg — ah)va + bx

integral =

+

1
+ (bCC — bBd + aCd) f Va+bz/c+dz+/e+ fr\/gF+hT dx
bc — ad
Jp [ Cderel)(g+ha) SR Jeife
<2b(bB — 2010)(dg - Ch) a+ bz W) Subst f W d.’L', x, ot da
fg—eh

(bc — ad)(be — af)(bg — ah) %\MH— hx
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_ 2b(bB — 2aC)dva + bzve + fr/g+hx  20*(bB — 2aC)Vc+dzve+ fr/g+ ha
(bc — ad)(be — af)(bg — ah)v/c + dz (bc — ad)(be — af)(bg — ah)va + bz

[ (de—cf)(g+hz) s —1 ( v/dg—chvetfz \ | (be—ad)(fg—e
B 2b(bB — 20,0)\/dg — Ch\/fg — eh\/a + bz mE(Sﬂl 1 <\/f£;—eh\/c+dx> |(be—af)(dz—a

(be — ad)(be — af)(bg — ah)/ G=BetD /ohy

(be—ad)x? (bg—ah)z?
1+ de—cf 1- fg—eh

e—af)(ct+dz vet+fx
( (beC — bBd + aCd), | Le=eleria) /g +_hac) Subst ( [ ] ! 7 dz, z, Wi{a,)

’ (bc — ad)(fg — eh)vc+ dx %m
_ 2b(bB — 2aC)dv/a + bave + fz/g+hz  20*(bB — 2aC)vc +dave+ fa/g + hz
(bc — ad)(be — af)(bg — ah)vc + dx (bc — ad)(be — af)(bg — ah)va + bz
2b(bB — 2aC)+/dg — ch\/fg — ehv/a + bz, [/ — %E(sin_1 (ﬂ%) |EZZ:Z‘;))((’;§:
. (be — ad)(be — af)(bg — ah) [ E=DED /g

be—af)(c+dzx) /1= Vbg—ahy/ bc—ad —eh
Q(bCC —bBd + a‘Cd) Ede cg(aibw; g+ hzF <Sln (Vfi]—ihdiiii) |_ Ede—cf))(({g—ahg>

(be—af)(g+hz)
(be — ad)v/bg — ahv/fg — eh/c+ dz\ | — =5 0S

_|_

Mathematica [A] (verified)

Time = 26.04 (sec) , antiderivative size = 340, normalized size of antiderivative = 0.55

abB — a*C + ¥Be +1°Ca® 2(be — af)y/ T (e + fx)%?(g + ha)*? (b(bB — 2aC
€T =
(a + bx)5/2\/c + dz/e + fz\/g + hz

[In] Integrate[(axb*B - a~2*C + b~2*Bxx + b~2xC*xx~2)/((a + b*x)~(5/2)*Sqrt[c + d
*x]*Sqrt [e + f*x]*Sqrt[g + h*x]),x]

[Out] (2%(b*e - axf)*Sqrt[((b*g - a*h)*(c + d*x))/((d*g - c*h)*(a + b*x))]*(e + f
*x) " (3/2)*(g + h*x)~(3/2)*(b*(b*B - 2*axC)*(d*g - c*h)*EllipticE[ArcSin[Sqr
t[((-(b*e) + a*xf)*(g + h*x))/((f*g - exh)*(a + b*x))]], ((bxc - axd)*(f*g -
exh))/((b*e - axf)*(d*g - cxh))] + (bxc*C - b*Bxd + a*Cxd)*(b*g - axh)*Ell
ipticF[ArcSin[Sqrt [((-(b*e) + axf)*(g + h*x))/((fxg - exh)x(a + b*x))]], ((

bxc - axd)*(fxg - exh))/((bxe - a*xf)*(dxg - c*h))]1))/((bxc - axd)*(f*g - ex
h)~3x(a + bxx)~(5/2)*Sqrt[c + d*x]*(-(((bxe - a*f)x*(bxg - a*h)*(e + f*x)*(g

+ h*x))/((f*g - exh)™2x(a + b*x)~2)))"(3/2))
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 2248 vs. 2(562) = 1124.

Time = 7.51 (sec) , antiderivative size = 2249, normalized size of antiderivative = 3.65

method | result size

elliptic | Expression too large to display | 2249

default | Expression too large to display | 18867

[In] int((Cxb~2*xx~2+B*xb~2*x+B*axb-C*xa~2)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2) / (h*x+g)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(fxx+e)* (h*xx+g))~(1/2)/(bkxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)
~(1/2) / (h*x+g) ~ (1/2) * (2% (bxd*f*h*x~3+bkckfxh*x"2+b*d*e*xh*x~2+bkd*f*xg*x~2+b*
ckexhxx+b*xc*xf*gxx+b*xd*e*xgkx+bxcke*xg) *b/ (a~3*d*f*xh-a~2*b*c*f*xh-a~2*b*d*exh-a
~2xb*d*f*g+axb~2*ckexh+axb~2kckxfxg+taxb~2xd*exg-b~3*kckxexg) * (B¥b-2xCxa) / ((x+a
/b) * (bxd*fxh*x~3+bxcxf*h*x~2+bkd*exh*x~2+bxd*f*gkx~2+bkckexhkx+bkckf*gkx+b*
dxexgxx+bkckexg) )~ (1/2)+2% (C+(a~2xd*f*h-a*xbkckf*h-a*bkd*exh-a*b*xd*f*g+b~2*c
*xexh+b~2xcxf*g+b~2xd*e*g) * (Bxb-2%C+*a) / (a~3*d*f*h-a~2*b*cxf*h-a~2*bxd*exh-a"~
2xbxd*f*g+axb~2xckxexh+axb~2xc*f*g+axb~2xd*e*xg-b~3xc*e*g) - (bxckxexh+b*cxf*g+b
xdxex*g) xb/ (a~3*d*f*h-a~2xb*c*f*h-a~2*b*d*exh-a~2*b*d*f*g+a*xb~2kckexh+a*b™ 2%
cxf*gtaxb~2*d*e*xg-b~3*c*ex*g) * (Bxb-2xCxa) ) * (g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g
/h+a/b) /(x+c/d)) =~ (1/2) *(x+c/d) "2x((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d))~(1
/2)*((-c/d+a/b)*(x+g/h) / (-g/h+a/b) /(x+c/d))~(1/2) /(-g/h+c/d) / (-c/d+a/b) / (bx
dxfxh* (x+a/b) *(x+c/d)* (x+e/f) *(x+g/h) )~ (1/2) *E1llipticF (((-g/h+c/d) *(x+a/b) /
(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f) /(-c/d+g/h))~(1/2)
) +2% (-b* (a*d*fxh-b*c*f*xh-bxd*e*h-bxd*f*g) * (Bxb-2xCx*a) / (a~3xd*f*h-a~2xbxc*f*
h-a~2%b*d*exh-a~2*¥bxd*f*g+axb~2xckxexh+axb~2xc*f*g+axb~2*xd*e*xg-b~3*xcke*xg) - (2
*b*c*f ¥h+2xb*d*exh+2xb*d*f*g) b/ (a~3*d*f*h-a~2xbxcxf*h-a~2xb*d*exh-a~2*b*d*
fxg+axb~2*ckexh+axb~2kcxfxg+a*xb~2xd*exg-b~3*kckexg) * (B¥b-2xCxa) ) * (g/h-a/b) * (
(-g/h+c/d)*(x+a/b) /(-g/h+a/b) /(x+c/d) )~ (1/2) *(x+c/d) ~2x ((-c/d+a/b) *(x+e/f)/
(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d) )~ (1/2) / (-g
/h+c/d) / (-c/d+a/b) / (bxd*fxh* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) )~ (1/2) * (-c/d*El
lipticF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/
(-a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b) *E11lipticPi(((-g/h+c/d) *(x+a/b)/(-g/
h+a/b)/(x+c/d))~(1/2), (-g/h+a/b)/(-g/h+c/d) , ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f)
/(-c/d+g/h))~(1/2)))-2*d*f*h*b~2* (Bxb-2*C*a) / (a~3*d*f*h-a~2xb*c*f*h-a~2*b*d
*xexh-a~2xbxd*f*xg+axb~2kckexh+axb~2kckxf*xg+axb~2kd*ke*xg-b~3*cke*g) *x ((x+a/b) *(x
+e/f)*(x+g/h)+(g/h-a/b) *((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d) )~ (1/2) * (x+c/
d) "2x((-c/d+a/b)*(x+e/f) /(-e/f+a/b) / (x+c/d)) " (1/2) *((-c/d+a/b) *(x+g/h) / (-g/
h+a/b)/(x+c/d))~(1/2)*((axc/b/d-g/h*a/b+g/h*c/d+c~2/d"2) /(-g/h+c/d) / (-c/d+a
/b)*E1llipticF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/h
-a/b)/(-a/v+e/f)/(-c/d+g/h))~(1/2))+(-a/b+e/f) *E1lipticE(((-g/h+c/d) * (x+a/b
)/ (-g/h+a/b) /(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/
2))/ (-c/d+a/b)+(axd*f*h+b*c*f*xh+bxd*exh+b*dxf*g) /b/d/f/h/(-g/h+c/d)*E1lipti
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cPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2),(g/h-a/b) /(-c/d+g/h), ((e/
f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))) / (b*xd*f*h* (x+a/b) * (x+c/d) *(
x+e/f)*(x+g/h))~(1/2))

Fricas [F]

dz

/ abB — a?C + b®Bzx + b*Cz? p _/ Cb%z? + Bb*xz — Ca® + Bab
(a +b2)*/2Vc +dzve + fzv/g + h (bx+a)g\/dx+c\/fx+e\/hx+g

[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="fricas")

[Out] integral ((Cxb*x - C*a + B*b)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt
(h*xx + g)/(b~2xd*f*h*x~5 + a~2*kckexg + (b~2*d*f*xg + (b~2xd*e + (b~2%c + 2xa

xbxd) *f)*h) *x"4 + ((b~"2*d*e + (b~2xc + 2*axbxd)*f)*g + ((b~2%c + 2xaxb*d)*e

+ (2%axbxc + a~2*xd)*f)*h)*x~3 + (((b"2%c + 2%a*b*d)*e + (2*axbxc + a~2*d)*

f)*xg + (a"2xcxf + (2%a*bxc + a~2*d)*e)*h)*x"2 + (a”2*c*exh + (a~2*cxf + (2%
axbkxc + a”~2%d)*e)*g)*x), X)

Sympy [F(-1)]
Timed out.

dz = Timed out

/ abB — a?C + b*Bzx + b*Cz?
(a + bx)5/2\/c + dz\/e + fr\/g + hz

[In] integrate ((Cxb**2xx**2+B*b*x2*x+B*axb-Ckax*2)/(b*x+a)**(5/2)/(d*x+c)*x(1/2)

/ (£xx+e)**(1/2) / (h*xx+g) **(1/2) ,x)
[Out] Timed out

Maxima [F]

dz

abB — a?C + b®Bx + b*Cz? dp — / Cb%xz? + Bb*x — Ca® + Bab
(a4 bz)5/2\/c+ dzv/e + fov/g + ha (bz + a)g\/dm +c/fr+evhr+g

[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*b-C*a~2)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((C*b~2%x~2 + B*b~2%x - Cxa~2 + Bxaxb)/((b*x + a)~(5/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)
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Giac [F]
abB — a*C + b*Bz + b*Cz? B / Cb*z? + Bb’z — Ca® + Bab i
(a +bx)52v/c+ dzve+ fr/g+ hx (bx + a)g\/dm +c/fr+ev/hr+g

[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*b-C*a~2)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(£*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((C*b~2%x~2 + B*b~2%x - Cxa~2 + Bxaxb)/((b*x + a)~(5/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Mupad [F(-1)]

Timed out.
abB — a®’C + b’Bz + b?Cx? gy — —Ca’4+ Bab+Cbz?>+Bb’z i
(a4 bx)5/2\/c + dzv/e + far/g+ ha Vet fzg+hz(a+bz)*Verdr

[In] int((C*b~2%x"2 - C*a~2 + B*axb + B*b~2*x)/((e + f*x)~(1/2)*(g + h*xx)~(1/2)*
(a + bxx)~(5/2)*(c + d*x)~(1/2)),x)

[Out] int((C*b~2%x~2 - C*a~2 + Bxaxb + Bxb~2xx)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*
(a + b*x)~(5/2)*(c + d*x)~(1/2)), x)



225

abB—a?C+b?Bx+b>Ca?

3.25 f (a+b2)7/2\/c+dzr/e+ [z /g+hz dz

Optimal result . . . . . . . . . . . e 225
Rubi [A] (warning: unable to verify) . . . .. ... .. ... ... ... 226
Mathematica [B] (verified) . . . . . . . . . .. 2301
Maple [B] (verified) . . . . . . . . . .. 231
Fricas [F] . . . . . . o 232
Sympy [F(-1)] . . o o 233
Maxima [F] . . . . . o 233
Giac [F] . . . o o 2331
Mupad [F(-1)] . . . o 233

Optimal result

Integrand size = 62, antiderivative size = 1128

abB — a®’C + b*Bz + b*Cz? dpe 2bd(9a®*Cdfh — b3(2Bdeg — ¢(3Ceg — 2B fg — 2Beh)) + ab?

(a + bx)"/2\/c + dz/e + fr\/g + hx
20?(bB — 2aC)v/c + dz+/e + fr\/g + hx
 3(bc — ad)(be — af)(bg — ah)(a + bzx)3/>
20?(9a®*Cdfh — b3(2Bdeg — ¢(3Ceg — 2B fg — 2Beh)) + ab*(C(deg + cfg + ceh) + 4B(df g + deh + cfh
- 3(bc — ad)?(be — af)%(bg — ah)?Va +
2b0\/dg — ch\/fg — eh(9a3Cdf h — b*(2Bdeg — c(3Ceg — 2Bfg — 2Beh)) + ab*(C(deg + cfg + ceh) + 4.

3(bc — ad)?(be —
2(3a3Cd?fh — b3 (2Bd*eg — B fh — cd(3Ceg — Bfg — Beh)) — 3a?bd(Bdfh + C(dfg + deh — cfh)) +

3(bc — ad)?(be — af)|

[Out] 2/3%bxd*(9*a~3*Ckd*f*xh-b~3* (2*B*xd*e*xg—c* (-2*Bkexh-2*B*f*g+3*xCxe*g) ) +axb~2x (
Ck (ckexh+cxfxg+d*kexg) +4*Bx (cxfxh+d*xexh+d*f*g) ) —a~2%b* (6*Bxd*f*xh+5*C* (c*f*h+
dxexh+d*xf*xg)) ) * (b*x+a) ~(1/2) * (fxx+e) = (1/2) * (h*xx+g) ~(1/2) / (-axd+b*c) ~2/ (-axf
+b*e) ~2/ (-axh+b*g) ~2/ (d*x+c) ~(1/2) -2/3*b~2* (Bxb-2*C*a) * (d*x+c) ~(1/2) * (f*x+e
)~ (1/2) * (h*xx+g) = (1/2) / (~a*d+bxc) / (—axf+b*e) / (~a*h+bxg) / (b*x+a) ~(3/2)-2/3%b"
2% (9%a~3*xCxd*f*h-b~3* (2*Bxd*e*g-c* (-2*B*xexh—-2*Bxf*g+3*Ckexg) ) +a*b~2x (C*k (c*e
xh+c*f*g+drexg) +4xB* (cxfxh+d*exh+d*f*g) ) —a~2xb* (6*xB*xd*f*h+5xC* (cxf*h+d*exh+
dxf*g)) ) * (d*x+c) ~(1/2) * (fxx+e) =~ (1/2) * (h*xx+g) ~ (1/2) / (ma*d+b*c) ~2/ (—axf+b*e)”
2/ (—axh+b*g) ~2/ (b*x+a) ~(1/2)-2/3* (3*a~3*C*d~2*fxh-b~3% (2*¥B*d~2*e*xg-B*xc~2xf*
h-c*d* (-Bxexh-B*f*g+3xCxe*g) ) —3*xa~2*b*d* (B*d*f*h+C* (-cxf*h+d*xexh+d*f*g))+a*
b~ 2% (3%B*d~2* (exh+f*g) +C* (-2%c~2*f *h-c*d*exh-c*xd*f*g+d~2xex*g) ) ) *E1lipticF ((
-axh+b*g) " (1/2) * (fxx+e) " (1/2) / (-exh+f*xg) ~(1/2) / (b*xx+a) = (1/2) , (- (-a*xd+b*c) *(
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—exh+f*g) / (-cxf+dxe) /(—a*h+b*xg)) ~(1/2)) * ((—a*xf+b*e) * (d*x+c) / (—~c*f+d*e) / (b*x
+a) )~ (1/2) * (h*x+g) ~(1/2) / (maxd+b*c) ~2/ (-axf+bxe) / (—~a*xh+b*g) ~(3/2) / (—e*xh+f*g
)~ (1/2)/ (d*x+c) =~ (1/2) / (- (-axf+b*e) * (h*x+g) / (-e*xh+f*g) / (bkxx+a) ) ~(1/2) -2/3%bx*
(9*a~3*Cxd*f*xh-b~ 3% (2*B*d*e*xg—c* (-2*B*xexh-2*Bxf*xg+3*xCxe*xg) ) +axb~2* (C* (ckxexh
+ckfxgdrexg) +4*Bx (ckfxh+d*exh+d*f*g) ) —a~2xb* (6*Bkd*f*h+5*Ck (cxfxh+d*exh+d*
f*xg)))*E1llipticE((-cxh+d*g) ~(1/2)* (f*x+e) ~(1/2) /(—e*h+£f*xg)~(1/2) /(d*x+c)~ (1
/2) , ((maxd+bx*c) * (—~exh+f*g) / (-axf+b*e) / (—~c¥h+d*g) ) ~(1/2) ) * (~cxh+d*g) ~ (1/2) *(
—exh+f*xg) = (1/2) * (bxx+a) = (1/2) * (- (-cxf+d*e) * (hxx+g) / (—exh+f*g) / (d*x+c) )~ (1/2
)/ (ma*d+bxc) 2/ (—a*xf+b*e) 2/ (-axh+b*g) ~2/ ((-c*f+d*e) * (b*xx+a) / (-a*xf+b*e) / (d*
x+c))~(1/2) / (h*x+g) ~(1/2)

Rubi [A] (warning: unable to verify)

Time = 2.99 (sec) , antiderivative size = 1119, normalized size of antiderivative = 0.99,
number of steps used = 9, number of rules used = 8, Lumber of rules _ 0.129, Rules used

' integrand size
= {24, 1613, 1616, 12, 176, 430, 182, 435}

abB — a*’C + b*Bz + b*Cz? .

(a + bx)"/2\/c + dz/e + fr\/g + hx
2(9Cdfha® — b(6Bdfh + 5C(df g + deh + cfh))a® + b*(C(deg + cfg + ceh) + 4B(df g + deh + cfh))a + b
B 3(bc — ad)?(be — af)%(bg — ah)?Va + bx

2(bB — 2aC)v/c + dz+/e + fx\/g + hxb?
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2

2/dg — ch\/fg — eh(9Cdf ha® — b(6 Bdfh + 5C(df g + deh + cfh))a? + b*(C(deg + cfg + ceh) + 4B(df g

3(bc — ad)?(be — a

N 2d(9Cdf ha® — b(6Bdfh + 5C(df g + deh + cfh))a? + b*(C(deg + cfg + ceh) + 4B(df g + deh + cfh))a +
3(bc — ad)?(be — af)?(bg — ah)?vc+ dz

2(3Cd2 fha® — 3bd(Bdfh + C(dfg + deh — cfh))a? + b*>(3B(fg + eh)d? + C(—2fhc® — df gc — dehc + d?e

3(bc — ad)?(be — af)

[In] Int[(a*xb*B - a"2*%C + b~2*Bxx + b~2*Cxx~2)/((a + b*x)~(7/2)*Sqrt[c + d*x]*Sq
rt[e + f*x]*Sqrt[g + h*x]),x]

[Out] (2xb*d*(9%a~3*Cxd*xfxh + b~3x(3*cxCxe*xg — 2xBxd*e*xg - 2xBxc*(fxg + exh)) + a
*b~ 2% (Cx(d*xexg + cxfxg + ckexh) + 4*Bx(d*fxg + d*exh + cxfxh)) - a~2%b*(6*B
xdxf*xh + 5xCx(dxfxg + d*exh + c*f*h)))*Sqrt[a + bxx]*Sqrt[e + f*x]*Sqrt([g +
h*x])/(3*%(bxc - axd) "2x(bxe - a*xf) 2*x(bxg - axh)“2xSqrt[c + d*x]) - (2xb~2
*(bxB - 2%axC)*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(3*(b*c - axd)*(b
xe — a*xf)*(bxg - axh)*(a + b*x)~(3/2)) - (2¥b~2%(9*a~3*xCxd*f*h + b~3*(3xc*C
xexg — 2%Bxdxexg — 2xBxcx(fxg + exh)) + a*xb”~2x(Ck(dxe*xg + cxfxg + ckxexh) +
4xBx (dxfxg + d*exh + c*f*h)) - a~2%b*x(6*%Bkd*fxh + 5*Ck(d*f*g + d*exh + cxfx
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h)))*Sqrt[c + d*x]*Sqrtle + f*xx]*Sqrtl[g + h*x])/(3*x(bxc - a*d) "2*(bxe - axf
)"2%(b*g - axh)~2xSqrt[a + b*x]) - (2%bxSqrt[d*g - c*h]*Sqrt[f*g - exh]* (9%
a~3*%Ckd*f*h + b7~3%(3xcxCxexg — 2¥Bxd*xexg — 2*¥Bkck(fxg + exh)) + axb~2x(Cx(d
xexg + ckxfxg + ckexh) + 4*xBx(dxfxg + dkexh + cxfxh)) - a~2%b*(6*B*xd*fxh + 5
*Ck (dxf*g + dxexh + cxfxh)))*Sqrtla + b*x]*Sqrt[-(((d*e - c*f)*(g + hx*x))/(
(fxg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtle + f*xx])/(
Sqrt [fxg - exh]*Sqrt[c + d*x])], ((b*c - axd)*(fxg - exh))/((bxe - a*xf)*(d*
g - c*h))])/(3*%(b*c - axd) " 2*x(b*e - a*f) 2x(bxg - a*h) 2+Sqrt[((d*e - c*f)*
(a + bxx))/((bxe - axf)*(c + d*x))]*Sqrt[g + h*x]) - (2x(3*%a~3*%C*d~2*f*h -
b~3% (2%B*d~2%exg — Bkxc 2xfxh - cxdx(3xCxexg — Bxfxg — Bxexh)) - 3%a~2xbkdx(
Bxdxf*h + Cx(d*fxg + d*exh - cxfxh)) + axb™2%(3*xB*d~2*x(f*g + exh) + Cx(d~2x
exg — ckd*f*xg - ckxd*exh - 2xc~2*xfxh)))*Sqrt[((bxe - a*f)*(c + d*x))/((d*e -
cxf)*(a + b*x))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[bxg - axh]*Sqrt[e +
fxx])/(Sqrt[fxg - exh]*Sqrt[a + b*x])], -(((bxc - a*d)*(fxg - e*h))/((d*e -
cxf)*(bxg - a*h)))])/(3*(b*c - a*d) "2x(bxe - axf)*(b*g - axh)~(3/2)*Sqrt[f
xg — exh]*Sqrtc + d*x]*Sqrt[-(((bxe - a*xf)*(g + h*x))/((f*g - exh)*(a + bx*
x)))1)

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] & !Match
Qlu, (b_)*(v_) /; FreeQ[b, x1]

Rule 24

Int[(u_.)*((a_) + (b_)*(v_))"(m_ )*x((A_.) + (B_.)*(v_) + (C_.)*x(v_)"2), x_S
ymbol] :> Dist[1/b72, Int[ux(a + b*v)~(m + 1)*Simp[b*B - a*C + b*Cxv, x], x
1, x] /; FreeQ[{a, b, A, B, C}, x] && EqQ[A*b~2 - a*bxB + a~2*C, 0] && LeQ[
m, -1]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]x*
Sqrt [(-(bxe - a*f))*((g + h*x)/((f*g - exh)*(a + bxx)))])), Subst[Int[1/(Sq
rt[1 + (b*c - axd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x1, x, Sqrtle + f*x]/Sqrtla + b*x]], x] /; FreeQl{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)]1/(((a_.) + (b_.)*(x_))~(3/2)*Sqrt(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + bxx)))]/((bxe - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - axd)*(x"2/(d*e - cxf))]/Sqrt[1 - (b*xg - axh)*(x"2/(f*g - exh))]
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, x], x, Sqrtle + fxx]/Sqrtla + bxx]], x] /; FreeQ[{a, b, c, d, e, £, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt [a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*xd))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, 0]

Rule 1613

Int[((C(a_.) + (b_.)*(x_)) " (m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
)1xSqrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*(Sqrt[g + h*x]
/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2*(m + 1)*(bx
c - a*d)*(bxe - axf)*(bxg - a*h)), Int[((a + bxx)~(m + 1)/(Sqrt[c + d*x]*Sq
rt[e + fxx]*Sqrtlg + h*x]))*Simp[A*(2*%a~2*d*fxh*(m + 1) - 2%a*bx(m + 1)*(d*
fxg + d*exh + cxfxh) + b™2*%(2#m + 3)*(d*e*xg + cxf*xg + cxexh)) - b*Bx(ax(d*e
xg + cxf*xg + cxexh) + 2*bkxckxexg*x(m + 1)) - 2x((A*b - axB)*(axd*fxhx(m + 1)
- bx(m + 2)*(d*f*g + dxexh + cxfxh)))*x + dxfxh*x(2*m + 5)*(A*b~2 - a*b*B)*x
~2, x1, x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+*m]
&& LtQ[m, -1]

Rule 1616

Int [((A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrt[(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbo
1] :> Simp[CxSqrt[a + b*x]*Sqrt[e + f*x]*(Sqrt[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*A*b*d*fxh — Ck(b*d*exg + a*xc*fxh) + (2¥b*Bxdxf
*h - Ck(axd*fxh + bx(d*xfxg + d*exh + c*fxh)))*x, x], x], x] + Dist[Cx(d*e -
cxf)*((d*g - c*h)/(2%b*d*f*h)), Int[Sqrtl[a + b*x]/((c + d*x)~(3/2)*Sqrt[e
+ fxx]*Sqrtlg + h*x]), x1, x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},
x]

Rubi steps
b2(bB—aC)+b°Cz dr

(a+bx)3/2y/c+dx/e+ fr/g+ha
b2

integral =
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20%(bB — 2aC)v/c + dz+/e + fx\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
f b2 (b2C(3bceg—a(deg-+cfg+ceh))—(bB—aC) (3a2df h-+2b? (deg+cf g+ceh)—3ab(df g+deh+cfh)) ) +b3 (bB—2aC) (3adf h—b(df g-
(a+bx)3/2y/c+dz/e+ fr/g+ha
3b2(bc — ad)(be — af)(bg — ah)

__20*(bB —2aC)Vc+dzve+ frv/g+ha
~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
_ 2b*(9a°Cdfh + b°(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab*(C(deg + cfg + ceh) + 4B(df g + de

3(bc — ad)?(be — af)?(bg — a
f b2 (b2(bB—2aC) (bceg—a(deg+cfg+ceh))(3adf h—b(df g+deh+cfh))—a(adf h—b(df g+deh+cfh)) (b2C(3bceg—a(deg+cf g+ceh)

+

+

_ 2bd(9a*Cdfh + b*(3cCeg — 2Bdeg — 2Bc(fg + eh)) 4+ ab®(C(deg + cfg + ceh) + 4B(df g + deh
3(bc — ad)?(be — af)?(bg — ah)

_ 20°(bB — 2aC)Vc+dzv/e + frv/g+ ha
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
_ 26°(9a°Cdfh +b°(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab?*(C(deg + cfg + ceh) + 4B(df g + d¢
3(bc — ad)?(be — af)?(bg — a
f _ 2b3df (be—af)h(bg—ah) (3a3Cd? fh—3a2bd(Bdf h+C(df g+deh—cfh))—b3 (2Bd?eg—Bc? fh—cd(3Ceg— B(fg+eh)))+ab? (3E
+ va+bz/c+dz/e+ fr/g+hx
6b3d(bc — ad)? f(be — af)?h(bg — ah)?
(b(de — cf)(dg — ch) (9a*Cdfh + b*(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab*(C(deg + cfg + ¢
3(bc — ad)?(be —

+

_ 2bd(9a*Cdfh + b*(3cCeg — 2Bdeg — 2Bc(fg + eh)) 4+ ab®(C(deg + cfg + ceh) + 4B(df g + deh
3(bc — ad)?(be — af)%(bg — ah)

20?(bB — 2aC)v/c + dz+/e + fx\/g + hx

~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
20%(9a3Cdfh + b3(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab*(C(deg + cfg + ceh) + 4B(df g + de
B 3(bc — ad)?(be — af)?(bg — a
(3a*Cd? fh — 3a2bd(Bdfh + C(dfg + deh — cfh)) — b3(2Bd?eg — Bc®fh — cd(3Ceg — B(fg -
3(bc — ad)?(be -

(zb(dg — ch) (9a3Cdfh + b*(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab*(C(deg + cfg + ceh) + 4.

3(bc — ad)?(l
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_ 2bd(9a*Cdfh + b*(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab*(C(deg + cfg + ceh) + 4B(df g + deh 4
3(bc — ad)?(be — af)?(bg — ah)?-

_ 20*(bB — 2aC)Vc+dzve+ fr/g+ ha
3(bc — ad)(be — af)(bg — ah)(a + bx)3/?
_ 26°(9a°Cdfh +b°(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab?*(C(deg + cfg + ceh) + 4B(df g + deh
3(bc — ad)?(be — af)?(bg — ah
20\/dg — ch\/fg — eh(9a*Cdf h + b*(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab*(C(deg + cfg + ce

3(bc — ad

(2(3a30d2fh — 3a?bd(Bdfh + C(dfg + deh — cfh)) — b3(2Bd*eg — Bc®fh — cd(3Ceg — B(fg

3(bc — ad)

_ 2bd(9a*Cdf h + b*(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab?*(C(deg + cfg + ceh) + 4B(df g + deh 4
B 3(bc — ad)?(be — af)?(bg — ah)?-

_ 20*(bB — 2aC)Vc+dzve+ fr/g+ ha
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
_ 26°(9a°Cdfh +b°(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab*(C(deg + cfg + ceh) + 4B(df g + deh
3(bc — ad)?(be — af)?(bg — ah
2b\/dg — ch+/fg — eh(9a*Cdfh + b°(3cCeg — 2Bdeg — 2Bc(fg + eh)) + ab?(C(deg + cfg + ce

3(bc — ad

2(3a®Cd%fh — b*(2Bd?eg — B fh — cd(3Ceg — Bfg — Beh)) — 3a?bd(Bdfh + C(dfg + deh —
3(bc — ad)?(be —

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 10836 vs. 2(1128) = 2256.

Time = 40.01 (sec) , antiderivative size = 10836, normalized size of antiderivative = 9.61

dz = Result too large to show

/ abB — a?C + b®Bzx + b*Cz?
(a+ bx)"/2\/c+ dz\/e + fr\/g + hz

[In] Integrate[(a*b*B - a~2*%C + b~2*B*x + b~2xC*x~2)/((a + bxx)~(7/2)*Sqrt[c + d
*xx]*Sqrt [e + fxx]*Sqrtlg + h*x]),x]

[Out] Result too large to show
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 3424 vs. 2(1056) = 2112.

Time = 10.27 (sec) , antiderivative size = 3425, normalized size of antiderivative = 3.04

method | result size

elliptic | Expression too large to display | 3425

default | Expression too large to display | 110289

[In] int((Cxb~2*x~2+B*xb~2*x+B*axb-C*xa~2)/(b*x+a)~(7/2)/(d*x+c)~(1/2)/(f*x+e)~(1/
2) / (h*x+g)~(1/2) ,x,method=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(fix+e)* (h*x+g))~(1/2)/(bkxx+a)~(1/2)/(d*x+c)~(1/2)/ (f*x+e)
~(1/2)/ (h*xx+g) ~(1/2) *(2/3/ (a~3*d*fxh-a~2*bxc*f*h-a~2xb*d*exh—-a~2xbxd*fxg+ax*
b~2*ckexh+axb~2*ckfxg+axb~2xd*exg-b~3*ckexg) * (B¥b—2*%C*a) * (b*d*f*xh*xx~4+a*xd*f
*h*x”3+b*ckxfxh*x™3+bxd*xexh*x~3+b*d*f*gkx~3+a*xckfxhxx~2+axd*xexh*x™2+a*xd*f*xg*
X" 2+bxcxexh*xx~2+b*c*xf*g*x"2+b*d*exgkx~2+axckexh*x+akxckf*gkx+axdrexgkx+bxckxe
xgxx+axckexg) ~(1/2) /(x+a/b) ~2+2/3* (bkd*f*h*kx~3+bkckf*h*kx~2+bkd*exh*x™2+b*d*
f*g*x"2+b*ckexhxx+bkckfxgrx+bkd*exgkx+b*ckexg) *b/ (a~3xd*f*h-a~2xbkc*f*h-a~2
*xbxd*exh-a”~2xb*d*f*g+axb~2*ckexh+axb~2*kckf*g+axb~2kd*exg-b~3*ckexg) “2% (6*B*
a”2xb*xd*xfxh-4*xBxaxb~2*c*xf*h-4*B*xaxb~2*xd*exh—-4*xBxaxb~2*xd*f*g+2*Bxb~3*c*xexh+2
*Bxb~3kcxf*g+2*B*b~3kd*exg—9*Cka”3kd*f*h+5xCka~2¥bkckxf*h+5*Cka~2¥b*kd*e*xh+5*
Cka~2¥bkxd*f*g-Cka*xb~2kckexh-Cka*xb~2*c*f*g-Cka*xb~2*d*e*g-3*Cxb~3*c*exg) / ((x+
a/b) * (b*d*f*h*x~3+b*c*f*h*x"2+b*d*e*h*x~2+b*d*f *g*x~2+b*c*xexh*x+b*xc*xf*g*x+b
xdxexg*x+bxcxexg) )~ (1/2) +2% (-1/3* (3*Bxaxb*d*f*h-Bxb~2*c*f*xh-B*xb~2*d*exh-B*b
~2xd*fxg-6xCxa~2xd*f*xh+2xCkaxbkckxf*xh+2*xCkaxbkd*kexh+2xCkaxbxd*f*g) / (a~3*d*f*
h-a~2xbxc*xf*h-a~2*b*d*exh-a~2xbxd*f*g+a*xb~2*c*exh+axb™2xcxf*xg+axb~2*xd*e*xg-b
“3xckex*xg)+1/3% (a~2*kd*fxh-a*xbkxckxfxh-a*xbkxd*exh-a*xb*d*f*g+b~2*ckexh+b~2*c*xf*xg+
b~2xd*exg) * (6%xBxa”~2xbxd*f*xh-4*Bxaxb”~2*c*xf*h-4*Bxaxb~2xd*exh-4*B*axb~2*d*f*g
+2xB*b~3*c*xexh+2*B*b 3k ckf*g+2xBxb~3*kd*exg-9*kCka~3xd*f*h+5*xCxa”~2¥b*c*xf*h+5%
Cxa~2xb*xd*exh+5xCxa~2xbxd*f*g-Ckaxb~2xckexh-Cxaxb~2xcxf*xg-Cxa*xb~2*xd*exg-3*C
*xb~3*cke*xg) / (a~3*d*f*xh-a~2*b*ckfxh-a~2*b*d*exh-a~2*bxd*f*g+a*b~2*cxexh+a*xb”
2xcxfxgtraxb~2xdxe*xg-b~3kckexg) “2-1/3% (b*ckexh+bxckf*g+bkd*exg) *b/ (a~3*d*f*h
—-a”~ 2*¥bxcxf*h-a”2xb*d*exh-a~2xb*d*f*xg+axb™2xckexh+a*b~2kc*xfxg+axb™2*xd*e*xg-b~
3kckexg) “2x (6*Bxa~2*b*xd*fxh-4*Bkxaxb~2xc*f*h-4*Bxaxb~2*xd*exh-4*Bkxaxb~2xd*f*g
+2*Bxb~ 3k ckexh+2*%Bxb~3*kckf*g+2xBxb~ 3kd*xexg-9xCxa~3*xd*f*h+5xC*xa~2xb*xc*xf*xh+5x*
Cxa~2xb*xd*exh+5xCxa~2xb*xd*f*g-Ckaxb~2xckexh—-Cxaxb~2xcxf*xg-Cxa*xb ™ 2*xd*exg-3*C
*b~3*c*e*xg))*x(g/h-a/b) *((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d
)~2%((-c/d+a/b)*(x+e/f)/(-e/f+a/b) /(x+c/d))~(1/2) *((-c/d+a/b) *(x+g/h) / (-g/h
+a/b)/(x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/f)
*(x+g/h))~(1/2)*E1lipticF (((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2), ((e
/f-c/d) *(g/h-a/v) /(-a/b+e/f)/(-c/d+g/h)) ~(1/2))+2%(-1/3*b* (a*d*f*h-b*c*xf*h-
b*d*exh-bxd*f*g) * (6*xBxa~2*b*d*fxh-4*B*axb”~2xc*f*h-4*Bxa*xb~2*d*exh-4*B*a*xb~2
*xd*f*g+2*Bxb~ 3k ckexh+2*Bxb~ 3k c*xf*g+2*Bkb~3kd*ke*xg—9*kCka ™ 3kd*f*h+5*Cka~2*kb*c*
fxh+5+%Cxa”2xb*d*exh+5xCxa~2xbxd*f*xg-Cxaxb~2xc*exh-Cxaxb ™ 2xcxf*g-Ckxaxb~2*d*e
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*xg—-3*%C*b~3*cxexg) / (a~3xd*f*h-a~2xbxc*f*h-a~2xb*xd*exh—a~2xb*d*f*g+axb~2*ckex*
h+a*b~2xcxfxg+a*b~2xdxe*xg-b~3kcxexg) “2-1/3% (2*b*ckf*xh+2*xb*d*exh+2xb*xd*f*g) *
b/ (a”3*d*f*h-a~2xb*c*f*h-a~2*b*d*exh-a~2*b*d*f*g+a*xb~2kckexh+a*xb~2kcxfxg+ax
b~ 2*d*e*xg-b~3*kckexg) ~2% (6*%Bxa~2xb*d*fxh-4*B*axb~2xc*f*h-4*Bxa*b~2xd*exh-4*B
*axb”~2xd*f*g+2xBxb~3*ckexh+2xBxb~3*cxf*xg+2xB*b~3*xd*exg-9*C*a~3xd*xf*xh+5%Cxa”
2%b*xcxfxh+5xCxa~2xbxd*exh+5xC*a~2xb*d*fxg-Cxaxb~2xckxexh-Cxaxb~2*c*f*g-Cxaxb
~2xd*e*g-3*Cxb~3*c*xexg) ) *(g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/d) )~
(1/2) *(x+c/d) "2%((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d) )~ (1/2) *((-c/d+a/b) *(
x+g/h)/(-g/h+a/b) /(x+c/d))~(1/2) / (-g/h+c/d) / (-c/d+a/b) / (b*d*fxh* (x+a/b) * (x+
c/d)*(x+e/f)*(x+g/h))~(1/2) *(-c/d*EllipticF (((-g/h+c/d) *(x+a/b) /(-g/h+a/b)/
(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h)) ~(1/2))+(c/d-a/b)
*E1lipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), (-g/h+a/b)/(-g/h+
c/d), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))-2/3*d*fxh*xb~2* (6%B
*a”~2%b*d*f*xh-4*Bxaxb”~2*c*fxh-4*B*a*xb~2xd*e*h-4*Bxa*b~2xd*f*g+2*Bxb~3*c*exh+
2%B*b "3k c*f*g+2xB*b~3*d*exg-9*Cxa~3*d*f*h+5xC*ka”~2*b*cxf*h+5xCxa~2*b*d*exh+5
*Cxa~2*¥b*d*fxg—-Cka*xb~2xcxe*xh—-Ckaxb~2*c*f*g—Cxaxb~2xd*exg-3*C*xb~3*cxexg) /(a~
3*xdxfxh-a~2xbxcxfxh-a~2*b*d*e*h-a~2xbxd*xf*xg+axb™2xckxexh+a*xb™2*c*f*xg+axb™2x*d
*exg-b~3*ckexg) “2* ((x+a/b) *(x+e/f) * (x+g/h)+(g/h-a/b) * ((-g/h+c/d) *(x+a/b) / (-
g/h+a/b) /(x+c/d)) " (1/2) *(x+c/d) ~2*((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d) )~ (
1/2)*((-c/d+a/b)*(x+g/h) / (-g/h+a/b) / (x+c/d) )~ (1/2) * ((a*c/b/d-g/h*a/b+g/h*c/
d+c~2/d~2)/(-g/h+c/d)/(-c/d+a/b) *E11lipticF (((-g/h+c/d) *(x+a/b) /(-g/h+a/b) /(
x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/£f)/(-c/d+g/h))~(1/2))+(-a/b+e/f)
*E1lipticE(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d) *(g/h-a/
b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))/(-c/d+a/b)+(axd*fxh+bxcxfxh+bkxd*xexh+bxd*f*
g)/b/d/f/h/(-g/h+c/d)*E1lipticPi (((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1
/2),(g/h-a/b)/(-c/d+g/h), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))
))/ (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h)) ~(1/2))

Fricas [F]
abB — a?’C + b*Bzx + b*Cx? B / Cb?z? + Bb?’xz — Ca® + Bab i
(a +bx)/2c+dzv/e+ fa/g+ b (bx + a)%\/dx +ce/fr+eyhr+g

[In] integrate((C*b~2*x~2+B*b~2*x+B*a*b-C*a~2)/(b*x+a)~(7/2)/(d*x+c)~(1/2)/ (f*x+
e)~(1/2)/ (h*xx+g)~(1/2) ,x, algorithm="fricas")

[Out] integral((C*b*x - C*a + B*b)*sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt
(h*xx + g)/(b~3*d*f*h*x~6 + a~3*ckxexg + (b~3*d*xf*xg + (b~3xd*e + (b~3*c + 3xa
*b~2%d) *f)*xh) *x"5 + ((b"3*d*e + (b~3*c + 3*axb~2*d)*f)*g + ((b"3*c + 3*a*b”

2xd) *e + 3x(axb”2%c + a"2xbxd)*f)*h)*x"4 + (((b~3*c + 3*axb~2xd)*e + 3*(a*b

“2xc + a"2xbxd)*f)*g + (3x(a*b"2xc + a~2%bxd)*e + (3*a"2xb*c + a~3*d)x*f)x*h)

*x~3 + ((3*(axb™2*c + a~2*b*d)*e + (3*a~2xbxc + a~3xd)*f)*g + (a~3xcxf + (3
*a~2xbxc + a~3*d)*e)*h)*x"2 + (a"3*ckexh + (a~3xcxf + (3*%a"2%bkc + a”~3%d)*e

) *g) *x), X)
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Sympy [F(-1)]

Timed out.

dz = Timed out

/ abB — a?C + b?Bzx + b*Cz?
(a + bx)"/2\/c+ dz\/e + fr\/g + hz

[In] integrate ((Ckb**2*x**2+B*b**2%x+Bkaxb-Cka*x*2) /(b*x+a)**(7/2)/(d*x+c)**(1/2)

/ (£xx+e)*x*(1/2) / (h*xx+g) **(1/2) ,x)
[Out] Timed out

Maxima [F]

dz

abB — a?C + b*Bzx + b*Cz? p _/ Cb%z? + Bb*xz — Ca® + Bab
(a +b2)"/?Vc +dzve + fzv/g + h (bx+a)%\/dx+c\/fx+e\/hx+g

[In] integrate((C*b~2*x~2+B*b~2*x+Bxa*b-C*a~2)/(b*x+a)~(7/2)/(d*x+c)~(1/2)/(£*x+

e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="maxima")

[Out] integrate((C*b~2%x~2 + B*b~2%x - Cxa~2 + Bxaxb)/((b*x + a)~(7/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Giac [F]

dx

abB — a?’C + b*Bzx + b*Cz? p _/ Cv?z? + Bb*x — Ca® + Bab
(a+b2)"/?Vc +dzve+ fzv/g + h (bx—i—a)%\/dz—l-c\/fx—l-e\/hx-l-g

[In] integrate((C*b~2%x~2+B*b~2*x+B*axb-C*a~2)/(b*x+a) ~(7/2)/(d*x+c)~(1/2)/ (f*x+
e)~(1/2)/ (h*x+g)~(1/2) ,x, algorithm="giac")

[Out] integrate((C*b~2xx~2 + B¥b~2*x - Cxa~2 + B¥axb)/((bxx + a)~(7/2)*sqrt(d*x +
c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Mupad [F(-1)]

Timed out.
abB — a?’C + b*Bz + b*Cx? —Ca’+Bab+Cbz2+Bbz
dzr = T dz
(a + bx)"/2\/c + dz/e + fr\/g + hx Ve+fz/g+hr(a+bz)'"Ve+dzx

[In] int((Cxb~2*x~2 - C*a~2 + Bxa*b + B*b~2*x)/((e + £*xx)~(1/2)*(g + h*x)~(1/2)*
(a + bxx)~(7/2)*(c + d*x)~(1/2)),x)

[Out] int((C*b~2*x~2 - C*a~2 + B*a*b + Bxb~2*x)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*
(a + bxx)~(7/2)*(c + d*x)~(1/2)), x)



234

3.96 f \/Ca—l—b:c (A+Cz?)

+dx+/e+ fx/g+hx
Optimal result . . . . . . . . . . . e 234]
Rubi [A] (verified) . . . . . . . . 235
Mathematica [C] (verified) . . . . . . . . ... . L 240
Maple [A] (verified) . . . . . . . . . 24T]
Fricas [C] (verification not implemented) . . . . . . ... ... .. ... .. .. ..., 241]
Sympy [F] . . o o 243
Maxima [F] . . . . . . 243
Giac [F] . . . o o 243
Mupad [F(-1)] . . . o 244

Optimal result

Integrand size = 42, antiderivative size = 1097

(a+bz)? (A+ Cz?)
Ve+doye+ fry/g + hr
_ 2(4C(2adfh — 3b(dfg + deh + cfh))(adfh — 2b(dfg + deh + cfh)) + bbdf h(7Abdfh — C(5b(deg + cfg +
10503 f3h3
4C(2adfh — 3b(df g + deh + cfh))(a + bx)vc + dzv/e + fz/g + hx
3542 212
N 2C(a + bz)*v/c+ dz/e + fr\/g+ hz

7dfh
4/—de + cf (35a2C a2 f2h2(df g + deh + cfh) — Tabdfh(15Ad? f2h? + C(8c2f2h? + Tedfh(fg + eh) + d

2v/—de + cf(35a%d? f2h?*(3Adfh* + C(ch(fg — eh) + dg(2fg + eh))) — 14abdf h(15Ad? f2gh?® + C (4% f

_|_

[Out] 2/105%(4*Cx (2*axd*f*h-3*%b* (cxf*xh+d*xexh+d*f*xg))* (axd*f*h-2xb* (cxf*h+d*exh+d*
fxg) ) +5*b*d*fxhx* (7*xAxb*xd*f*h—C* (5xb* (ckexh+c*f*g+drexg) +2xax* (cxf*h+d*exh+d*
fxg))))*(d*x+c) ~(1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /d~3/£"3/h~3+4/35%C* (2*a*d
*fxh-3xb* (cxf*h+d*exh+d*xfxg) ) * (bkxx+a)* (d*x+c) ~(1/2) * (f*x+e) ~(1/2) * (h*x+g) ~(
1/2)/d72/£72/h"2+2/7*Cx (bkxx+a) 2% (d*x+c) = (1/2) * (fxx+e) = (1/2) * (h*xx+g) ~(1/2) /
d/f/h-4/105% (35%a~2*Cxd~2xf ~2*¥h~ 2% (ckf*xh+d*exh+d*f*g) —T*axb*xd*f*h* (15xA*d~2
*£72+%h~2+C* (8*c™2xf ~2+¥h~2+7*cxd*f*h* (exh+f*g) +d~ 2% (8*e~2xh~2+7*exfxg*xh+8*f~
2%g~2) ) ) +b~2x (35xAxd"2xf " 2xh~ 2% (c*f*h+d*exh+d*f*g) +2*C* (12%c~3*f ~3*h~3+10%c
~2xd*f~2xh”~2% (exh+f*g) +cxd~2xfxh* (10ke~2%h~2+9*ke*xf*gkh+10*f ~2xg~2) +2%d 3% (6
*x@~3*h~3+5%e"2xf*gxh~2+5*%exf " 2%g~2xh+6%f " 3%g~3) ) ) ) *E1lipticE(£f~(1/2)* (d*x+c
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)7(1/2) / (cxf-d*e) " (1/2) , ((-cxf+d*e) *h/f/ (-cxh+d*g) )~ (1/2) ) * (cxf-d*e) ~ (1/2) *
(d* (f*x+e) / (-cxf+dxe))~(1/2) * (h*x+g) ~(1/2)/d~4/£7(7/2) /h~4/ (f*x+e)~(1/2)/(d
* (h*x+g) / (-cxh+d*g) )~ (1/2)+2/105% (35%a~2%d~2*f ~2¥h~2% (3xAxd*fxh~2+Cx (c*h* (-
exh+f*g) +dxgx (exh+2*f*g) ) ) —~14*a*xb*d*f*h* (15%A*d~2*f ~2%g*xh~2+C (4*c™2%f*h~ 2%
(—exh+f*g) +cxd*xh* (-4*e~2¥h~2+e*xf*gkh+3*f ~2%g~2) +d~2xg* (4*e~2*¥h~2+3*e*f *g*h+
8*f72xg~2) ) ) +b~ 2% (35xA*d~2%f ~"2xh~2* (cxh* (~exh+f*g) +d*xg* (exh+2*f*g) ) +Cx (24*c
~3xf"2%h" 3% (—exh+f*g) +c~2xd*xfxh~2% (-23*%e~2%xh~2+6*e*f*xgxh+17*f " 2%g~2) +2*c*d”
2¥h* (-12xe~3xh~3+3*e"2xfxgxh~2+exf ~2xg~2xh+8%f " 3*g~3) +d~3*g* (24*xe~3xh~3+17*
e 2xfxgxh™2+16*e*xf " 2%g~2xh+48%f"3xg~3))) ) *E1llipticF (£~ (1/2) * (d*x+c)~(1/2) /(
cxf-dxe)~(1/2), ((-cxf+d*e) *h/f/(-cxh+d*g) )~ (1/2)) *(cxf-dxe) ~(1/2) * (d* (f*x+e
)/ (-cxf+d*e))~(1/2) *(d* (h*x+g) / (-cxh+d*g) ) ~(1/2) /d~4/£~(7/2) /h~4/ (f*x+e)~ (1
/2)/ (h*x+g) ~(1/2)

Rubi [A] (verified)

Time = 2.13 (sec) , antiderivative size = 1083, normalized size of antiderivative = 0.99,
number of steps used = 9, number of rules used = §, Lumber of rules _ 0.190, Rules used

integrand size
= {1615, 1614, 1629, 164, 115, 114, 122, 121}

(a+bx)? (A + Cz?) gy — 2CV/c+ dz+/e + fx\/g + hz(a + bx)?
Vet doye+ fag+ht 7dfh
4C(2adfh — 3b(df g + deh + cfh))Vc + dzv/e + fz/g + hx(a + bx)
+ 3542 212
4/cf — de((35Ad? f2(df g + deh + cfh)h? + 2C(2(6 f3g® + bef2hg® + 5e? fh2g + 6e3h3) d® + cfh(10f

2v/cf — de((35Ad2f%(ch(fg — eh) + dg(2fg + eh))h? + C(g(48f3g® + 16ef?hg* + 17> fh’g + 24€3h°
+

2 (80dfha2 — 38bC(df g + deh + cfh)a + 2CWatdehte/h) | 35 Ap2qrp, — 25b2C(deg + cf g + ceh)) ;

+ dfh
10542 f2h?

[In] Int[((a + b*x)~2%(A + C*xx~2))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),x
]

[Out] (2%(35%A*b~2%d*f*h + 8*a~2xCxdxfxh - 25%b~2*Ck(d*exg + cxf*g + ckexh) - 38
axbxC* (d*fxg + dxexh + c*xfxh) + (24*b~2xC*(d*fxg + d*exh + c*fxh)~2)/(d*fx*h
))*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(105%d~2*f~2xh~2) + (4*Cx(2*a
xdxf*h - 3xbx(dxfxg + d*exh + c*f*h))*(a + bxx)*Sqrt[c + d*x]*Sqrt[e + fx*x]
xSqrt [g + h*x])/(35%d"2*f£"2xh~2) + (2xCx(a + b*x)~"2+Sqrt[c + d*x]*Sqrtle +
fxx]*Sqrt[g + h*x])/(7xdxfxh) - (4*Sqrt[-(d*e) + c*f]*(35%xa~2xCxd~2xf~2xh"~2
*x(d*f*g + d¥exh + c*fxh) - T*xaxbkd*fxh*(15%A*d~2*f~2¥h~2 + C*(8*c~2xf~2xh~2

+ Txckxd*fxh*x(f*g + exh) + d"2*(8+xf~2%g~2 + Txexf*gxh + 8%e~2¥h~2))) + b~2%
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(35%A*d~2+f"2¥h~2x (d*f*g + d*exh + c*xfxh) + 2*%Ck(12xc~3*f~3%h~3 + 10%c™2%d*
£72xh~2% (fxg + exh) + cxd"2xf*h*(10*xf~2%g"2 + 9xexf*g*h + 10%e"2xh~2) + 2%d
~3%(6%f~3%g"3 + Lkexf 2kg~2xh + Ske 2xf*kgxh~2 + 6%e~3*h~3))))*Sqrt[(d*(e +

f*x))/(d*xe - cxf)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/S
qrt[-(d*e) + cxf]], ((d*e - c*f)*h)/(fx(d*g - c*h))])/(105*d~4*£f~(7/2)*h~4*
Sqrt[e + fxx]*Sqrt[(d*(g + h*x))/(d*g - c*h)]) + (2*Sqrt[-(d*e) + cxf]*(35%
a~2xd"2+f"2%h"2x (3*xAxd*f*h~2 + cxCxh*(f*g - exh) + Cxdxg*(2xf*g + exh)) - 1
4xaxbxd*fxh* (156%A*d~2%f"2%g*h~2 + Ck(4xc™2xfxh~2x(f*g - exh) + cxdxhx(3*f~2
*xg~2 + exfxgxh - 4*%e"2%h”2) + d"2xgx(8*f~2%g~2 + 3kexf*gkh + 4*%e”2%h"2))) +
b~2% (35%A*xd~2*f ~2¥h~2x (cxh* (f*g - exh) + d*gkx(2*f*g + exh)) + Cx(24*c™3*f~
2xh~3x(fxg - exh) + c™2xd*xfxh~2%(17*xf72%g"2 + 6xexf*gkh - 23%e”2xh~2) + 2*c
*d"2xh* (8%f~3*%g~3 + e*f~2%g~2xh + 3*ke"2xfxg*h~2 - 12%e"3xh~3) + d"3*g*(48xf
“3xg~3 + 16%e*xf"2xg~2+h + 17*e"2xfxg+xh~2 + 24*e~3xh~3))))*Sqrt[(d*(e + f*x)
)/ (d*xe - c*xf)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sq
rt[c + d*x])/Sqrt[-(d*e) + c*xf]], ((d*e - c*f)*h)/(fx(d*xg - c*h))])/(105%d"
4x£~(7/2)*h~4xSqrt[e + f*x]*Sqrtlg + h*x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x]/Rt[-(bxc - a*xd)/d, 211, f*((b*c - a*xd)/(d*(bxe - a*xf)))], x] /; Free
Ql{a, b, c, d, e, £}, x] && GtQ[b/(b*c - a*d), 0] && GtQ[b/(b*xe - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] & !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(bxc - a*d)/b, 01)

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(bxc - a*xd))]/(Sqrt
[c + d*x]*Sqrt[b*((e + f*x)/(bxe - axf))])), Int[Sqrt[b*(e/(b*e - a*f)) + b
*xf*(x/(bxe - a*f))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - axd)) + bxd*(x/(b*c - a
xd))]), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - a*xd), 0]
&& GtQ[b/(bxe - axf), 0]) && !LtQ[-(b*c - axd)/d, O]

Rule 121

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[2*(Rt[-b/d, 2]1/(b*Sqrt[(b*e - axf)/bl))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - axd)/b])], f*((b*c - axd)/(dx*(
bxe - a*f)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - ax*xd), O]
&& GtQ[b/(bxe - a*xf), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122
Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (£f_.)*(x
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_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]x*Sqrt[e + f*x
1), x], x]1 /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*x(x_)I*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrt[(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtl[a

+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq

rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 1614

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrt[
(c_.) + (d_)*(x_)]1*Sqrtl(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_S
ymbol] :> Simp[2*Cx(a + b*x) “m*Sqrt[c + d*x]*Sqrtl[e + fxx]*(Sqrt[g + h*x]/(
dxfxh*x(2*xm + 3))), x] + Dist[1/(d*fxh*x(2*xm + 3)), Int[((a + b*x)"(m - 1)/(S
qrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]))*Simp[a*A*d*f*h*(2*m + 3) - Cx(ax
(dxexg + cxfxg + ckexh) + 2xbxckxexgkm) + ((Axb + a*B)*d*fxh*(2*m + 3) - Cx(
2xax(dxfxg + d*exh + cxf*h) + b*(2*m + 1)*(d*e*xg + cxfxg + ckxexh)))*x + (bx
Bxdxf*h*(2+m + 3) + 2*Cx(axd*fxh*m - bx(m + 1)*(d*f*g + dxexh + cxfxh)))*x~
2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] & IntegerQ[2x
m] && GtQ[m, O]

Rule 1615

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*(x_)1*Sqrt[(e_.) + (f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Sim
p[2#C*x(a + b*x) “m*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtlg + h*x]/(d*f*h*(2*m +
3))), x] + Dist[1/(d*f*h*(2*m + 3)), Int[((a + b*x)~(m - 1)/(Sqrtlc + d*x]=*
Sqrt[e + fxx]*Sqrtl[g + h*x]))*Simp[a*xAxd*fxh*(2+m + 3) - Ck(ax(d*e*xg + c*f*
g + ckexh) + 2%bkxckxexgim) + (Axb*d*fxhx(2*m + 3) - Cx(2xax(d*fxg + d*kexh +
cxf*h) + bx(2km + 1)*(dxexg + cxfxg + ckexh)))*x + 2*%Cx(axd*fxh*m - bx(m +
1)x(d*f*g + dxexh + cxfxh))*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g,
h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1629

Int[(Px_)*((a_.) + (b_)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*((e_.) + (£
_)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simplk*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1)*((e + f*x)~(p +
1)/(d@*fxb"(q - D*(m + n +p + q + 1))), x] + Dist[1/(d*f*b"q*(m + n + p +
q + 1)), Int[(a + b*x)“m*(c + d*x) n*(e + f*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)%Px - d*fxkx(m + n + p + q + 1)*(a + bxx)"q + kx(a + b*x)"(q -
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2)*(a”2xd*f*(m + n + p + q + 1) - bk(bxcxex(m + q - 1) + ax(d*ex(n + 1) +
cxfx(p + 1))) + bx(axd*xf*x(2x(m + q) + n + p) - b*(d*ex(m + q + n) + cxfx(m
+q+ p))*x), x], x], x] /; NeQ[m + n + p + g + 1, 0]] /; FreeQ[{a, b, c,
d, e, f, m, n, p}, x] & PolyQ[Px, x]

Rubi steps
) _ 2C(a+bz)*Ve+dzy/e+ fzy/g+ ha
integral = 7dfh
f (a+bx) (—4bcCeg+TaAdf h—aC(deg+cf g+ceh)+(7Abdf h—5bC (deg+cfg+ceh)—2aC (df g+deh+cfh))z+2C(2adf h—3b(df g+deh+cfh))x?
+ Vetdzy/e+fx/g+hx
7dfh
_ 4C(2adfh — 3b(df g + deh + cfh))(a + bx)vc+ dzv/e + fo\/g+ hx
N 35d2 f2h?
N 2C(a + bx)?v/c + dzv/e + fr\/g + hx
7dfh
f —5adf h(4bcCeg—TaAdf h+aC(deg+cfg+ceh))—2C (2bceg+a(deg+cf g+ceh))(2adf h—3b(df g+deh+cfh))—2(C(3b(deg+cf g+ce
+
2 (35Ab2dfh, + 8a2Cdfh — 256*C/(deg + cfg + ceh) — 38abC(df g + deh + cfh) + 2LECf grachte] h
- 10542 f2h?
N 4C(2adfh — 3b(df g + deh + cfh))(a + bx)v/c + dzv/e + fr\/g + hx
35d? f2h?
N 2C(a + bx)*Vc+ dx/e + fr\/g + hx
7dfh
9 f 1d(35a2d? f2h2 (3 Adfh—C(deg+cfg+ceh))+28abCdfh(2d2eg(fg-+eh)+2c2 fh(fg+eh)+cd(2f2g2+3efgh+2e2h2)) —b? (35 A
+
2 (35Ab2dfh + 8a2Cdfh — 25b2C/(deg + cfg + ceh) — 38abC(dfg + deh + cfh) + 2 Lrchiofh
B 105d2 f2h2
N 4C(2adfh — 3b(df g + deh + cfh))(a + bx)vc + dz+/e + fr/g + hx
35d? f2h?
N 2C(a + bx)®v/c + dzv/e + fr\/g + hx

7dfh
(2(35a2Cd?f2h*(df g + deh + cfh) — Tabdf h(15Ad? f2h? + C(8c2 f2h? + Tcdfh(fg + eh) + d*(8

(35a2d2 f2h2(3Adfh? + cCh(fg — eh) + Cdg(2fg + eh)) — 1dabdf h(15Ad2 f2gh? + C(4c* fR2(f

+
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2 (35Ab2dfh +8a°Cdfh — 250°C(deg + cfg + ceh) — 38abC(df g + deh + cfh) + 2O Wotdehe

105d2 f2h?
4C(2adfh — 3b(df g + deh + cfh))(a + bx)Vc + dzv/e + fr\/g + hx
+ 3582 212
N 2C(a + bx)?v/c + dzv/e + fr\/g + hx

7dfh
((35a2d2 F2h2(3AdfR? + cCh(fg — eh) + Cdg(2fg + eh)) — 14abdfh(15Ad? f2gh? + C(4c* fh
+

(2(35a20d2 f2h%(dfg + deh + cfh) — Tabdf h(15Ad? f2h? + C(8c2 f2h? + Tcdfh(fg + eh) + d?

2 (35Ab2dfh +8a?Cdfh — 25b°C (deg + cfg + ceh) — 38abC(df g + deh + cfh) + 2EC U akdchte]

10582 212
N 4C(2adfh — 3b(df g + deh + cfh))(a + bx)vc + dzv/e + fr\/g + hx
3542 f2h?
N 2C(a + bx)*Vc+ dz/e + fr\/g + hx

7dfh
4v/—de + cf(35a2Cd% f2h2(df g + deh + cfh) — Tabdf h(15Ad? f2h? + C(8c® f2h% + Tedf h(fg

((35a2d2 F2h2(3Adfh? + cCh(fg — eh) + Cdg(2fg + eh)) — 14abdf h(15Ad2 f2gh? + C(AC2f

+

2 (35Ab2dfh +8a°Cdfh — 250°C(deg + cfg + ceh) — 38abC(df g + deh + cfh) + 2O Wetdehre

10542 f2h?
N 4C(2adfh — 3b(df g + deh + cfh))(a + bx)V/c + dzv/e + fr\/g + hx
3542 212
N 2C(a + bx)?v/c+ dzv/e + fr\/g + hx

7dfh
4/—de + cf (35a2Cd2f2h2(df g + deh + cfh) — Tabdfh(15Ad2 f2h? + C/(8¢2 f2h? + Tedf h(fg A

2v/—de + cf(35a%d? f2h?(3Adfh* + cCh(fg — eh) + Cdg(2fg + eh)) — 14abdf h(15Ad? f?gh? -
+
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 32.54 (sec) , antiderivative size = 1291, normalized size of antiderivative = 1.18
(a+bx)?* (A + Cz?)
Ve+dzye+ fx/g+ hx
2 (—2d2, [—c+ %(35a>Cd2 fh*(df g + deh + cfh) — Tabdfh(15Ad f2h + C(8¢2f2h* + Tedfh(fg + eh) -

[In] Integratel[((a + bxx)~2%(A + C*x~2))/(Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtlg + h
*x]) ,x]

[Out] (2%(-2%d~2*Sqrt[-c + (d*e)/f]*(35*%a~2*%Ckd~2*f ~2¥h~2*(d*f*g + d*exh + cxf*h)
- Tkaxbkd*f*h* (15%A*d~2*%f"2%h~2 + C*(8*c™2*xf"2¥h~2 + T*xckd*fxh*(f*xg + exh)
+ d72%(8xf72%g"2 + Txexf*xgkh + 8%e~2*%h~2))) + b~ 2% (35%Axd~2*f "2xh~2x (d*f*g
+ dxexh + cxfxh) + 2xC*x(12%c~3*xf"3+%h~3 + 10*c~2xd*f~2*h~2x(f*g + exh) + c*
d"2xfxh*x (10*£72%g~2 + 9kexf*xgkh + 10%xe”2xh~2) + 2%d~3*(6*f"3%g~3 + Bkxexf 2%
g 2xh + 5xe”2xf*g*h™2 + 6%e~3xh73))))*(e + f*x)*(g + h*x) + d™2*Sqrt[-c + (
dxe) /f]xfxh*x(c + d*x)*(e + f*x)*(g + h*x)*(35%a~2*C*d"2+xf"2*h"2 - 14*axb*Cx
dxfxh* (4xc*xf*h + dx(4xfxg + 4*xexh - 3*f*h*x)) + b~2%(35xA*d~2*f~2xh~2 + Cx*(
24%c”2xf£72xh"2 + cxdxfxh*(23*xfxg + 23xexh - 18*f*h*x) + d~2%(24*e"2xh"2 + e
xfxh* (23*%g - 18%h*x) + 3*xf~2%(8%g™2 - 6xgxh*x + 5xh~2%x72))))) - (2*I)*(dxe
- c*f)xh* (35%xa~2xCxd~2*xf"2xh~2* (d*f*g + d*exh + c*fxh) - T*xaxbkd*fxh*(15%A
*d"2*xf£72%h"2 + C*k(8%c™2%f"2xh~2 + 7Txcxdxfxhx(f*g + exh) + d™2x(8*f~2%g~2 +
Txexfxgxh + 8%e”2x¥h~2))) + b~2x(35%A*d~2*f~2xh~2*(d*f*g + dxexh + cxfxh) +
2%Cx (12%c~3*f"3xh~3 + 10*c”2xd*f~2+xh~2*%(f*g + exh) + cxd~2*f*xh* (10%xf~2*g~2
+ 9xexf*gkh + 10%e~2x¥h"2) + 2*%d~3*(6*f"3*xg~3 + bkexf~2+g~2*%h + 5xe 2*xf*xgxh~
2 + 6%e”3*h"3))))*x(c + d*x)~(3/2)*Sqrt[(d*(e + £*x))/(f*(c + d*x))]1*Sqrt[(d
*(g + hx*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc +
d*x]], (dxfxg - c*fxh)/(d*exh - cxfxh)] + I*dxh*(35*%a~2xd~2%f ~2%h~ 2% (3*Axd*
£72xh + c*Cxfx(-(fxg) + exh) + Cxd*ex(f*g + 2xexh)) - 14*axbxdxfxh*(15%xAxd~
2xexf~2+%h"2 + Cx(4xc™2xf 2*%h* (- (f*g) + exh) + cxdxf*(-4*f~2xg~2 + exfxgxh +
3*xe"2x¥h"2) + d"2%ex(4*xf72xg~2 + 3kexfxgkxh + 8*e”2%¥h"2))) + b~2x(35%A*d~2xf
~2xh"2x (ckf* (- (f*g) + exh) + d*ex(fxg + 2%exh)) + Cx(24xc~3*f~3xh~2x(-(£f*g)
+ exh) + c”2xd*f"2xhx(-23*%f"2%g~2 + 6*exf*gxh + 17*e"2xh~2) + 2*c*xd~2*fx*(-
12x£73xg~3 + 3kexf~2%g~2*%h + e~ 2*f*gxh~2 + 8%e~3*h~3) + d"3*e*x(24xf"3%g”3 +
17xexf~2%g"~2xh + 16%e~2*f*g*h~2 + 48xe~3%h~3))))*(c + d*x)~(3/2)*Sqrt[(d*(
e + f*x))/(fx(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*ArcS
inh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (d*fxg - cxfxh)/(d*exh - c*fxh)]))/(
105*%d~5*Sqrt [-c + (d*e)/f]l*f~4xh~4*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x
1)
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Maple [A] (verified)

Time = 3.37 (sec) , antiderivative size = 1238, normalized size of antiderivative = 1.13

method | result size
elliptic | Expression too large to display | 1238

default | Expression too large to display | 12279

[In] int((b*x+a) " 2x(Cxx~2+A)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2) ,x,method=
_RETURNVERBOSE)

[Out] ((d*x+c)*(fxx+e)*(h*x+g))~(1/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2) / (h*x+g)~(1/2)*(
2/T*C*¥b~2/d/f /h*x~2% (d*f*xh*x~3+cxfxh*x~2+d*exh*x™2+d*f*gkx™2+ckexhkx+ckf*gk
x+dxe*xgkx+cxexg) " (1/2)+2/5% (2%Cxaxb-2/7*C*b~2/d/f/h* (3*c*f*h+3xd*xe*h+3*xd*f*
g))/d/f/hxxx (d*fxh*xx~3+ckfxh*x~2+d*exh*x~2+d*f*gkx~2+ckexhkx+cxfxgx+drexgx
x+cxexg) ~(1/2)+2/3% (b"2%A+C*a~2-2/7*C*b~2/d/f /h* (6/2xcxexh+5/2xcxfxg+5/2xd*
e*g) -2/5x (2%C*a*xb-2/7*C*b~2/d/f /h* (3*c*xf*h+3*d*exh+3*xd*f*g))/d/f/h* (2xcxf*h
+2%d*exh+2*d*f*g) ) /d/f/h* (d*f*h*x~3+c*f*h*kx~2+d*exh*x~2+d*f*g*x~2+c*ke*xh*x+c
*xfxgrx+dkexgxx+ckexg) " (1/2)+2x (a~2xA-2/5% (2%Cxaxb-2/7*C*b~2/d/f/h* (3*c*f*h+
3xdxexh+3*d*f*xg)) /d/f/hxcxexg-2/3*% (b~2%A+Cxa~2-2/7*Cxb~2/d/f/h* (5/2*c*e*h+5
/2%c*f*xg+5/2*d*e*xg) -2/5% (2%Cxaxb-2/7*Cxb~2/d/f /h* (3*c*f*xh+3*d*e*h+3xd*xf*g) )
/d/f/hx (2%cxfxh+2*d*exh+2xd*xf*g) ) /d/f/h*(1/2*c*kexh+1/2*xc*xf*g+l/2xd*xe*g) ) * (g
/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d) )~ (1/2) *((x+e/f) / (-g/h
+e/1£)) " (1/2) / (d*f*h*x~3+c*f*h*x~2+d*e*xh*x~2+d*f*g*x~2+cxexh*x+cxfxgxx+d*e*xg
*x+ckexg) " (1/2)*EllipticF(((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))
~(1/2))+2* (2xa*xb*A-4/7*Cxb~2/d/f /hxc*xe*g-2/5x (2xCxaxb-2/7*Cxb~2/d/f /h* (3kc*
fxh+3*d*exh+3*d*f*g))/d/f/h*(3/2*cxexh+3/2xcxf*g+3/2xd*e*xg) -2/3* (b~ 2%A+C*a”
2-2/7*C*b~2/d/f/h*(5/2*c*exh+5/2*c*f*g+5/2xd*e*g) -2/5% (2¥C*xaxb-2/7*C*b~2/d/
f/hx (3kcxfxh+3*d*exh+3*xd*f*g)) /d/f/h* (2*%c*f*h+2xd*exh+2xd*xf*g) ) /d/f/h* (cxf*
h+d*exh+d*f*g) ) *(g/h-e/f) *((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) /(-g/h+c/d))~ (1
/2)x((x+e/f)/(-g/h+e/£))~(1/2) / (d*fxh*x~3+c*kfxh*xx~2+d*exh*xx~2+d*f*gxx~2+c*e
xh¥x+cxf*xgxx+dkexgkx+ckexg) ~(1/2)*((-g/h+c/d)*E1llipticE(((x+g/h)/(g/h-e/f))
~(1/2), ((-g/h+e/f) /(-g/h+c/d))~(1/2) ) -c/d*EllipticF (((x+g/h)/(g/h-e/£))~(1/
2), ((-g/h+e/f)/(-g/h+c/d))~(1/2))))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.17 (sec) , antiderivative size = 1665, normalized size of antiderivative = 1.52

(a+bz)% (A + Cz?)
Ve+dzye+ fx/g+ hx

dzr = Too large to display

[In] integrate((b*x+a) 2% (C*x~2+A)/(d*x+c)~(1/2)/(f*xx+e)~(1/2) /(h*x+g)~(1/2),x,
algorithm="fricas")
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[Out] 2/315%(3*%(156xC*b~2*d"4*f~4*h~4*x"2 + 24*C*b~2*d"4xf~4*g~2xh~2 + (23*Cxb~2x*d
“4xexf~3 + (23*%C*b~2%cxd"3 - 56%Cka*xbxd~4)*f~4)*gxh~3 + (24*Cxb~2+d"~4*e”2xf
"2 + (23*Cxb~2xc*d"3 - 56%Cxaxb*xd~4)*e*xf~3 + (24*C*b~2*c~2*d"2 - 56xCxaxbkc
*d~3 + 35%(C*a”2 + A*b~2)*d"4)*f~4)*h~4 - 6x(3*%C*b~2%d~4*f 4*g*h~3 + (3*C*b
“2xd"4*e*xf"3 + (3*xCxb~2%c*d~3 - T*Ckaxbxd~4)*f~4)*h~4)*x)*sqrt(d*x + c)*sqr
t(fxx + e)*sqrt(h*x + g) + (48xC*b~2xd"4xf~4*g~4 + 16%(C*b~2xd~4*e*f~3 + (C
*b~2%c*d"3 - 7*Ckaxbxd~4)*f~4)*g~3xh + (11*Cxb~2+%d"4*e"2xf~2 + 14*(Cxb~2%cx*
d"3 - 3*Ckxaxb*d~4)*exf~3 + (11xCxb~2xc~2xd"2 - 42*Cka*b*c*d~3 + 70%(Cxa~2 +
A¥b~2)*d~4)*£74)*g~2x¥h"2 + (16%Cxb~2xd"4*e~3*f + 14*(Cxb~2*xc*xd~3 - 3*C*a*b
*d"4) *e”2%f"2 + T*(2%Cxb~2%c™2*d"2 - 6*Ckaxbkckd™3 + 5k(Cxa~2 + Axb~2)*d~4)
xe*xf~3 + (16*%Cxb~2%c~3*d - 42*Ckaxb*c™2xd"2 - 210xA*axb*d~4 + 35%(C*a~2 + A
*b~2) xcxd~3) *f~4) xgxh~3 + (48+C*b~2*d"4xe"4 + 16%(Cxb~2*c*d~3 - T*Ckaxbxd~4
)*xe”3xf + (11xCxb~2xc~2xd"2 - 42*Cka*b*c*d™3 + 70*(C*a~2 + A*b~2)*d~4)*e~2x
£72 + (16*%Cxb~2%c~3*%d - 42*Ckaxb*c™2+%d"2 - 210*A*axb*d~4 + 35%(C*a~2 + A*b~
2)xcxd"3) *e*f~3 + (48%C*b~2%c"4 - 112%Ckaxb*c~3*d - 210*Axaxbxcxd~3 + 315%A
*a~2+%d"4 + T0*(C*a~2 + Axb~2)*c~2%d~2)*f~4)*h~4)*sqrt (d*f*h)*weierstrassPIn
verse(4/3%(d"2*f"2xg~2 - (d"2*exf + c*xd*f~2)*g*h + (d"2*e”2 - c*d*exf + c~2
*£72)xh~2) /(d"2*£72xh"2) , -4/27*(2xd"3*f"3*g~3 - 3*%(d"3*e*xf~2 + c*d"2*x£73)x*
g~2xh - 3%(d"3*%e"2xf - 4kcxd"2%e*f~2 + c”2*d*f~3)*gkh~2 + (2%d"3%e”3 - 3xc*
d™2%e"2xf - 3kc"2xd*e*xf~2 + 2%xc™3%f73)*h~3)/(d"3*%f73xh~3), 1/3*(3xdxfxh*x +
dxf*g + (dxe + c*f)*h)/(d*xfxh)) + 6x(24*C*xb~2xd~4*f ~4*g~3*h + 4*(5*xCxb~2*d
“4xexf~3 + (B*Cxb~2%c*d”~3 - 14*Cxaxb*d~4)*f~4)*g~2*h~2 + (20*%C*b~2xd~4*e”2%
£72 + (18*%C*b~2%c*d™3 - 49*Cxaxbxd~4)*e*f~3 + (20%C*b~2%c~2%d~2 - 49*Ckaxbx
c*d™3 + 35%(C*a™2 + Axb~2)*d"4)*f~4)*g*h~3 + (24*C*b~2*%d"~4*e”3*f + 4*(5xC*Db
“2%c*d"3 - 14xCkaxb*d~4)*e”2*f~2 + (20*%Cxb~2%c~2*%d~2 - 49*Cxa*bxc*d~3 + 35
(C*xa™2 + A*b~2)*d~4)*e*xf~3 + (24*%C*b~2%c~3%d - 56xCkaxbxc”2*xd"2 - 105*A*a*b
*d~4 + 35%(Cxa”2 + A*b~2)*cxd~3)*f~4)*h~4)*sqrt (d*xf*h)*weierstrassZeta(4/3%
(@72%£72*%g"2 - (d"2xexf + cxd*xf~2)xgxh + (d"2*%e”2 - c*d*e*xf + c~2*f~2)*h~2)
/(d"2*%£72%h"2) , -4/27*(2xd"3*f£"3*g~3 - 3*(d"3%e*xf~2 + c*xd~2xf"3)*g~2*%h - 3%
(d73*%e”2*xf - 4kckd™2%e*xf~2 + c"2kd*f"3)*gxh~2 + (2*%d”"3%e”3 - 3kckd"2%e”2xf
- 3kc”"2kd*exf~2 + 2xc~3*%f~3)*h~3)/(d"3*f"3*h~3), weierstrassPInverse(4/3*(d
“2xf72%g”™2 - (d"2xexf + ckxd*f~2)*gxh + (d"2%e”2 - cxd¥exf + c”2xf72)*h~2)/(
d~2x£72*%h"2), -4/27*(2%d"3*f73%g"3 - 3*x(d"3*exf~2 + cxd"2+f"3)*g~2*h - 3x(d
“3xe”2*f - 4xc*xd"2*%exf"2 + c"2xd*f73)*gxh~2 + (2%d"3*e”3 - 3kckd"2xe"2*f -
3*%c™2xd*e*f"2 + 2xc"3%f73)*h~3)/(d"3*%f"3*h"3), 1/3*(3xdxf*h*x + dxf*g + (d*
e + c*f)*h)/(d*f*h))))/(d"5*f"5%h"5)
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Sympy [F]

(a+bx)? (A+ Cx?) dp — (A + Cz?) (a + bz)®
Vet doye+ Fag+hzr  J Vetdzet fzvg + hr

[In] integrate((b*x+a)**2*(Cxx**2+A)/(d*x+c)**x(1/2)/(f*x+e)*x(1/2)/ (h*x+g) **(1/2

) %)
[Out] Integral((A + Ckx*x2)*(a + bxx)*x2/(sqrt(c + d*x)*sqrt(e + f*xx)*sqrt(g + hx

x)), x)

Maxima [F]

(a+bz)? (A+ Cz?) dp — (Cz? + A)(bz + a)
Vet doyert favgthe ) Vdr+o/fr+e/hz g

[In] integrate((b*x+a) 2% (Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x,

algorithm="maxima")
[Out] integrate((C*x~2 + A)*(b*x + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g

)), x)
Giac [F]

(a+bx)? (A+ Cx?) dp — (Cz? 4 A)(bz + a)
Vetdave+ favg+the ) Vdr+o/fr+evhz +g

[In] integrate((b*x+a) 2% (C*x~2+A)/(d*x+c) ~(1/2)/(f*xx+e)~(1/2) /(h*x+g)~(1/2),x,
algorithm="giac")

[Out] integrate((C*xx~2 + A)*(bxx + a)~2/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), %)
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Mupad [F(-1)]

Timed out.

/ (a+bx)? (A+ Cx?) dp — / (Cz®+ A) (a+bx)
Ve+dzve+ fr/g + hx Vet frx\/g+hzve+dzx

[In] int(((A + Cxx"2)*(a + bxx)~2)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1

/2)) ,%)
[Out] int(((A + C*x~2)*(a + b*x)~2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1

/2)), %)
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2
3.97 f — (a+bz) (A+Cz?)

+dx\/e—|—f:1:\/g—|—ha:
Optimal result . . . . . . . . . . . e 245
Rubi [A] (verified) . . . . . . . . . 240
Mathematica [C] (verified) . . . . . . . . ... L 250
Maple [A] (verified) . . . . . . . . . 251]
Fricas [C] (verification not implemented) . . . . . . . ... ... ... ... .. ..., 251]
Sympy [F] . . oo 252
Maxima [F] . . . . . . 253
Giac [F] . . . o o 253
Mupad [F(-1)] . . . o 253

Optimal result

Integrand size = 40, antiderivative size = 611

(a+bz) (A+ Cx?)
Ve+doye+ fry/g + hr
_ 4C(adfh — 2b(dfg + deh + cfh))Vc+ dzy/e + fa\/g + ha
N 15d2 f2h?
N 2C(a + br)vc+ dz/e + fr\/g + hz
5dfh

2v/—de + cf(10aCdfh(df g + deh + cfh) — b(15Ad? f2h? + C(8c%f*h? + Tcdfh(fg + eh) + d?(8f%g>
1508 f5/2h3 /e + fa | 2the)

2v/—de + cf(5adf h(3Adfh? + C(ch(fg — eh) + dg(2fg + eh))) — b(15Ad? f2gh? + C(4c*fh2(fg — eh

15d

_|_

[Out] 4/15%C*(a*xd*f*h-2xb* (cxfxh+d*exh+d*f*g))*(d*x+c)~(1/2)*(fxx+e)~(1/2) * (h*x+g
)~ (1/2)/d~2/£72/h~2+2/5%Cx (bkx+a) * (d*x+c) ~(1/2) * (f¥x+e) ~(1/2) * (h*x+g) ~(1/2)
/d/f/h-2/15% (10*xa*Ckd*f*xh* (cxfxh+d*exh+d*f*g) —b* (15%A*d~2*xf~2¥h~2+C* (8*c~2*
f72xh~2+7*ckd*fxh* (exh+f*g) +d~2% (8*e~2*h~2+7*e*xf*gxh+8%f~2%g~2))) ) *Elliptic
E(£7(1/2)*(d*x+c)~(1/2) / (c*f-d*e) ~(1/2) , ((-cxf+dxe) *h/f/ (-c*h+d*g) ) ~(1/2) ) *
(cxf-d*e) ~(1/2)*(d* (f*x+e) / (-cxf+dxe)) ~(1/2) x (h*xx+g)~(1/2)/d~3/£~(5/2) /h~3/
(fxx+e)~(1/2)/(d* (h*x+g) / (—~c*h+d*g) ) ~(1/2)+2/15% (5*a*xd*fxh* (3xAxd*f*h~2+Cx* (
c*h* (—exh+f*g) +d*g* (exh+2*f*g) ) ) —b* (15%A*d~2*%f ~2kg*h~2+C* (4*xc~2xf*xh ™2 (—exh
+f*g) +cxdxh* (-4*xe”~2%h™2+e*xf*xgkh+3*f ~2%g~2) +d"2xg*x (4*e~2¥h~2+3*e*f*g*h+8*f "2
*xg~2))))*E1lipticF (£~ (1/2)*(d*x+c)~(1/2)/(cxf-dxe)~(1/2), ((-cxf+dxe)*h/f/ (-
cxh+d*g) )~ (1/2) ) *(cxf-d*e) = (1/2) * (d* (f*x+e) / (-cxf+dxe) )~ (1/2) * (d* (h*x+g) / (-
cxh+dx*g) ) ~(1/2)/d~3/£7(5/2) /h~3/ (f*xx+e) ~(1/2) / (h*x+g) ~(1/2)
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Rubi [A] (verified)

Time = 0.84 (sec) , antiderivative size = 608, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 7, number of rules _ () 175, Rules used

integrand size
= {1615, 1629, 164, 115, 114, 122, 121}

(a+bz) (A+ Cx?)
Ve+dzye+ fry/g+ hr
2\/ cf — de\/ dl(ieeﬂcc ;" \/ g+hx EllipticF (arcsm (‘ggfjﬁ”) , ;‘Z;f{: 33) (5adfh(3Adfh* + cCh(fg — eh) + C

15d3 f5
2V/g T hav/ef —dey/ 2D E (arcsin (ﬁg;g?) | demet 31’;) (—10aCdfh(cfh + deh + dfg) + 15Abd2 f21
1543 f5/2h3\/e + fz |/ 2the)

+

4C+/c + dz+/e + fr\/g + hx(adfh — 2b(cfh + deh + df g))
+ 15 f2h2

2C(a + bx)vc+ dzv/e + fr\/g + hx
+ 5dfh

[In] Int[((a + b*x)*(A + C*x~2))/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]),x]

[Out] (4%Cx(axd*fxh - 2*%bkx(d*fxg + dxexh + cxfxh))*Sqrt[c + d*x]*Sqrt[e + f*x]*Sq
rt[g + hx*x])/(15%d"2*f"2¥h~2) + (2*%C*x(a + b*x)*Sqrtl[c + d*x]*Sqrtle + f*x]=*
Sqrt[g + h*x])/(5*d*f*h) + (2+Sqrt[-(d*e) + c*f]*(15%A*b*d~2*f"2¥h~2 - 10*a
*xCxdxfxhx (d*f*g + d*exh + c*fxh) + b*Ck(8%c™2*¥f~2xh~2 + 7xcxdxfxhx(f*xg + ex
h) + d72%(8xf"2%g~2 + Txexf*gxh + 8%e~2*h~2)))*Sqrt[(d*(e + f*x))/(d*e - c*
£)1*Sqrt[g + h*x]*EllipticE[ArcSin[(Sqrt[f]*Sqrt[c + d*x])/Sqrt[-(dxe) + cx
11, ((dxe - cxf)*h)/(f*(d*g - cx*h))])/(156%d"3*£~(5/2)*h~3*Sqrt[e + f*x]*Sq
rt[(d*(g + h*x))/(d*g - cxh)]) + (2xSqrt[-(d*e) + c*f]*(5xaxd*f*xh*(3kAxd*f*
h™2 + c*Cxhx(f*xg - exh) + Ckxd*xgx(2xfxg + exh)) - b*x(15xA*d~2xf 2*g*h~2 + Cx
(4xc™2*f*h~2x (fxg — exh) + c*xd*h*(3*f72xg~2 + exfxgxh — 4*e~2xh™2) + d~2*gx*
(8xf~2%g™2 + 3xexf*gxh + 4xe”2*%h~2))))*Sqrt[(d*x(e + f*x))/(d*e - cxf)]*Sqrt
[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]*Sqrtlc + d*x])/Sqrt[-
(dxe) + cxf]], ((d*e - cxf)*h)/(f*(d*g - c*h))])/(15%d"3*£~(5/2)*h~3*Sqrt [e
+ fxx]*Sqrt[g + h*x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x]/Rt[-(bxc - a*xd)/d, 211, f*((b*c - axd)/(d*(b*e - axf)))], x] /; Free
Qf{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*xe - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - a*d)/b, 01)
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Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(b*xc - a*d))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*xf))])), Int[Sqrt[bx(e/(b*e - axf)) + b
xf*(x/(b*e - a*xf))]/(Sqrtl[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + b*d*(x/(bxc - a
xd))]), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !(GtQ[b/(b*c - a*xd), 0]
&& GtQ[b/(b*e - axf), 0]) && !'LtQ[-(bxc - a*xd)/d, 0]

Rule 121

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sartl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[2x(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/b]l))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - axd)/b])], £*((bxc - a*xd)/(d*(
bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, £}, x] && GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x], x]1 /; FreeQ[{a, b, c, d, e, f}, x] && !'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + bxx, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrt[(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + fxx] && SimplerQ[c + d*x, e + f*x]

Rule 1615

Int[(((a_.) + (b_)*(x_)) " (m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*x(x_)]1*Sqrtl(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Sim
p[2xCx(a + b*x) “m*Sqrt[c + d*x]*Sqrtle + fxx]*(Sqrtl[g + h*x]/(d*f*h*(2*m +
3))), x] + Dist[1/(d*f*h*(2*m + 3)), Int[((a + b*x)~(m - 1)/(Sqrtlc + dxx]*
Sqrt[e + fxx]*Sqrt[g + h#*x]))*Simp[a*A*d*fxh*(2*xm + 3) - Ck(ax(dxexg + cxfx
g + ckexh) + 2%bkxcxexg*m) + (Axb*d*fxh*(2*m + 3) - Cx(2xax(dxfxg + d*kexh +
cxfxh) + bx(2*m + 1)*(d*exg + c*f*g + cxexh)))*x + 2*xCx(axd*xfxh*m - bx(m +
1)*(d*fxg + dxexh + cxfxh))*x~2, x], x], x] /; FreeQ[{a, b, c, d, e, f, g,
h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]
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Rule 1629

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*x((c_.) + (d_)*(x_))"(n_.)*((e_.) + (£
_-)*(x_))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[k*(a + b*x)"(m + q - 1)*(c + d*x)"(n + 1)*((e + f*xx)"(p +

1)/(d*f*xb~(q - 1)*(m + n + p + q + 1))), x] + Dist[1/(d*f*b"q*(m + n + p +

q + 1)), Int[(a + b*x)"m*(c + d*x) n*(e + fxx) p*ExpandToSum[d*f*b~gq*(m + n
+p+q+ 1)*PX - d*f*k*(m +n+p+q+t 1)*(a + b*X)Aq + k*(a + b*X)A(q -
2)*(a"2*d*f*(m + n + p + q + 1) - b*(bxckex(m + q - 1) + a*x(d*e*x(n + 1) +

cxfx(p + 1))) + bx(a*xd*f*(2x(m + q) + n + p) - bk(d*xex(m + q + n) + c*f*x(m

+q+p)N#*x), x], x], x] /; NeQ[m + n + p + g + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] & PolyQ[Px, x]

Rubi steps
(begral — 2C(a + bx)vc+ dz/e + fr\/g+ hx
gral = 5dfh
f —2bcCeg+5aAdfh—aC(deg+cfg+ceh)+(5Abdfh—3b$(deg+cfg+ceh)—2aC’(dfg+deh+cfh))x+2C(adfh—2b(dfg+deh+cfh))z2 dz
ct+dx+/e+fx/g+hz
+ 5df h
_ 4C(adfh — 2b(dfg + deh + cfh))Vc + dzy/e + fr\/g + ha
N 15d2 f2h?
N 2C(a + bx)vc+ dz/e + fr\/g + hx
5df h
9 f 1d(5adfh(3Adfh—C(deg+cfg+ceh))+2bC (2d2eg(fg+eh)+2c2 fh(fg+eh)+ed(2f2g2+3efgh+2e2h?)))+2d(15Abd? f2h2—1
+ Vetdzy/e+fx/g+hx
15d3 f2h?
_ 4C(adfh — 2b(dfg + deh + cfh))Vc+ dzy/e + fay/g + ha
N 15d2 f2h2
N 2C(a+bx)Vc+ dzv/e+ fz\/g+ hx
5df h
(15Abd? f2h? — 10aCdfh(dfg + deh + cfh) + bC(8c? f2h% + Tedf h(fg + eh) + d*(8 29% + Tefg

+ 158 13

(5adfh(3Adfh? + cCh(fg — eh) + Cdg(2fg + eh)) — b(15Ad? f2gh? + C(4c2fh?(fg — eh) + cd
+ 1582 213
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_ 4C(adfh — 2b(dfg + deh + cfh))Vc + dzy/e + fz\/g + hz
N 15d2 f2h?
N 2C(a + bx)vc+ dz/e + fr\/g + hx
5dfh

((5adfh(3Adfh2 + cCh(fg — eh) + Cdg(2fg + eh)) — b(15Ad? f2gh? + C(4c*fh*(fg — eh) +

+

15d?,
((15Abal2 f?h? — 10aCdf h(dfg + deh + cfh) + bC(8c? f2h? + Tedf h(fg + eh) + d*(8 f2g% + Te

1502 f2h3\/e + [/ At

+

_ 4C(adfh — 2b(df g + deh + cfh))Vc+ dzy/e + fay/g + ha
N 15d2 f2h2
N 2C(a + bx)vc+ dzv/e + fr\/g + hx
5dfh

2v/—de + cf (15Abd? f2h? — 10aCdfh(df g + deh + cfh) + bC(8c2f2h2 + Tedf h(fg + eh) + d2!

1503 f5/2h3\/e + fz /%
((5adfh(3Adfh2 + cCh(fg — eh) + Cdg(2fg + eh)) — b(15Ad? f2gh® + C(4c2fh?(fg — eh) +

+

+ 1

_ 4C(adfh — 2b(df g + deh + cfh))Vc + dzy/e + fay/g + ha
N 15d2 f2h?
N 2C(a + bx)vc+ dzv/e + fr\/g + hx
5dfh

2v/—de + cf (15Abd? f2h? — 10aCdfh(df g + deh + cfh) + bC(8c2f2h2 + Tedf h(fg + eh) + d2!

1503 f5/2h3\ /e + [z, /%
2/—de + cf(5adf h(3Adfh? + cCh(fg — eh) + Cdg(2fg + eh)) — b(15Ad>? f2gh? + C(4c* fh?(

+

+
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Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 26.26 (sec) , antiderivative size = 686, normalized size of antiderivative = 1.12

(a+bzx) (A+ Cz?)
Ve+dzye+ fx/g+ hx

2 (—d?1 [—c+ % (15Abd® f*h* — 10aCdf h(df g + deh + cfh) + bC(8¢ f2h* + Tedf h(fg + eh) + d* (8,

[In] Integrate[((a + b*x)*(A + C*x72))/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x
1),x]

[Out] (-2x(-(d"2*Sqrt[-c + (d*e)/f]*(15%A*b*d~2*f~2*¥h~2 - 10*a*Cxd*fxh*(d*f*g + d
xexh + ckfxh) + bxCx(8xc™2*f~2%h~2 + T*ckd*fxhx(fxg + exh) + d™2x(8xf~2xg~2
+ Txexf*gxh + 8xe~2*¥h~2)))*(e + f*xx)*(g + h*x)) + Cxd~2xSqrt[-c + (d*e)/f]
xfxh*x(c + d*x)*(e + f*x)*(g + h*x)*(4xbxcxf*h - Sxaxd*f*h + bxd*(4xfxg + 4%
exh - 3*f*h*x)) - I*(d*e - c*f)*h*(15%A*xb*d~2+f"2xh~2 - 10*a*Ckd*f*h*(d*xf*g
+ d*exh + ckfxh) + bxCx(8*%c™2*%f~2+%h~2 + T*ckd*f*h*(f*g + exh) + d~2%(8xf~2
*xg~2 + Txexfxgxh + 8%e"2¥h~2)))*(c + d*x)~(3/2)*Sqrt[(d*x(e + f*x))/(fx(c +
d*x))]*Sqrt [(d*(g + h*x))/(h*x(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e
)/£1/Sqrtlc + d*x]], (d*f*g - cxfxh)/(d*exh - c*fxh)] - I*d*xh*(5*xaxd*fxh*(3
*Axd*xf~2xh + cxCxfx(-(f*xg) + exh) + Cxdxex(fxg + 2%exh)) - b*(15%A*d~2%e*f~
2¥h~2 + Ck(4xc™2xf72xhx(-(f*g) + exh) + ckxd*f*(-4*f72%g~2 + exfxgxh + 3xe”2
*h~2) + d"2%e*x(4*f~2%xg~2 + 3kexfxgxh + 8*%e~2xh~2))))*(c + d*x)~(3/2)*Sqrt[(
dx(e + fxx))/(f*(c + d*x))]1*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticF[I*A
rcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - cxf*h)/(d*exh - c*fxh)])
)/ (15%d"4xSqrt[-c + (d*e)/f]l*f~3*h~3xSqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h
*x])
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Maple [A] (verified)

Time = 2.81 (sec) , antiderivative size = 824, normalized size of antiderivative = 1.35

method | result

2Cb(2¢cfh+2deh+2d; /
2Cbm\/dfh a:3+cfh z2+deh 22+dfg m2+cehx+cfgm+dega:+ceg Q(Ca— fgef 5dfhe fg)) dfh 13+th 2.
V/(dz+c)(fa+e) (ha+g) 5dfh + 3dfh

elliptic

default | Expression too large to display

[In] int((b*x+a)*(Ckx~2+A)/(d*x+c)~(1/2)/(£xx+e)”(1/2)/(h*x+g)~(1/2) ,x,method=_R
ETURNVERBOSE)

[Out] ((d*x+c)*(fxx+e)* (hkx+g))~(1/2)/(d*x+c)~(1/2)/(fxx+e)”(1/2)/(h*x+g) = (1/2) *(
2/5%Cxb/d/f /hxx* (d*fxh*x~3+c*fxh*x~2+d*exh*xx~2+d*f*gxx~2+ckexh*x+c*f*gkx+d*
exgxx+ckxe*xg) ~(1/2)+2/3*(Cxa-2/5%Cxb/d/f/h* (2*c*f*h+2xd*e*xh+2xd*xf*g) ) /d/f/h*
(d*fxh*xx~3+cxfxh*kx~2+d*exh*x~2+d*f*g*x~2+ckexh*x+c*f*g*x+d*e*xg*x+ckxexg) = (1/
2) +2x (A*a-2/5%C*b/d/f /h*xcke*xg-2/3% (Cxa-2/5*Cxb/d/f /h* (2% c*f*h+2*d*e*xh+2*d*f
xg))/d/f/h*x(1/2*cxexh+1/2xcxfxg+1/2xd*exg) ) * (g/h-e/f) * ((x+g/h) /(g/h-e/£))~(
1/2)*((x+c/d)/ (-g/h+c/d))~(1/2) *((x+e/£f) / (-g/h+e/£) )~ (1/2) / (A*f*h*x~3+c*f*h
*X " 2+d*exh*x " 2+d*f*gxx " 2+ckexhkx+cxfxgrx+drexgrx+ckexg) ~(1/2)*EllipticF (((x
+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/£)/(-g/h+c/d))~(1/2))+2x (A*b-2/5%C*b/d/f/h*
(3/2*c*exh+3/2xc*f*g+3/2xd*e*g) -2/3% (Cxa-2/5%Cxb/d/f /h* (2*cxf*xh+2*d*exh+2*d
*fxg))/d/f/h*(cxf*h+d*exh+d*fxg))*(g/h-e/f)*((x+g/h) /(g/h-e/£))~(1/2) *((x+c
/d)/ (-g/h+c/d))~(1/2)*((x+e/f)/(-g/h+e/£)) ~(1/2) / (A*f*h*x~3+c*f*h*x~2+d*e*h
*X " 2+d*fkgxx " 2+ckexhkx+cxfxgrx+drexgrx+ckexg) " (1/2) *((-g/h+c/d) *E1lipticE((
(x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f) /(-g/h+c/d))~(1/2))-c/d*EllipticF (((x+g
/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))~(1/2))))

Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.15 (sec) , antiderivative size = 1068, normalized size of antiderivative = 1.75

/ (a+bz) (A+ Cz?)
Ve+dzye+ fry/g + hr
2 (3 (3Cbd3 f3h3x — 4 Cbd® f3gh? — (4 Cbd3ef? + (4 Cbed? — 5 Cad?®) f3)h3)v/dx + c/fr + ev/hz + g —
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[In] integrate((b*x+a)*(C*xx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="fricas")

[Out] 2/45%(3%(3%Cxb*d~3*f~3xh~3*x - 4*Cxbxd~3*f"3xgxh~2 - (4*Cxb*d~3*exf~2 + (4%
Cxb*c*d™2 - 5*Cka*d~3)*f£73)*h~3)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)
- (8*%Cxbxd~3*xf~3%g~3 + (3*xCxb*d~3*%exf~2 + (3*%C*bk*c*d~2 - 10%Cxa*xd~3)*f~3)*g
“2xh + (3*%C*b*d~3xe~2*f + (3*%Ckbxcxd~2 - 5*Cxaxd~3)*e*f~2 + (3*Cxbxc~2*d -
BxCxaxc*d™2 + 15%Axbxd~3)*f~3)*gxh~2 + (8*%C*b*d~3xe~3 + (3*Ckb*cxd~2 - 10%C
*xaxd~3)*e”2+f + (3*Cxbkc~2%d - BkCkakxckd™2 + 15xAxbxd~3)*e*f~2 + (8*Cxb*c~3
- 10%Ckaxc™2*d + 15%A*bkc*xd~2 - 45xA*a*xd”~3)*f~3)*h~3)*sqrt (d*f*h)*weierstr
assPInverse(4/3%(d"2*xf72xg"2 - (d"2%e*f + ckd*f~2)*gxh + (d"2%e”2 - c*d*exf
+ ¢c72xf72)*h"2) /(d72*£"2%h"2), -4/27*(2*%d"3*f"3xg~3 - 3*(d"3*exf"2 + c*d~2
*£73)*xg~2x%h - 3% (d"3*%e"2xf - 4xcxd"2%e*f~2 + c”2*d*f~3)*gxh~2 + (2%d"3%e”3
- 3kckd"2xe"2xf — 3xc"2xd*e*f"2 + 2%c”~3*f~3)*h~3)/(d"3*%f"3%h"3), 1/3*%(3*xd*xf
xh*x + dxfxg + (d*e + c*f)*h)/(d*f*xh)) - 3*%(8xCxbxd~3*xf~3xg~2xh + (7*Ckb*d~
3kexf~2 + (7xCxbxcxd~2 - 10%C*a*d~3)*f~3)*g*h~2 + (8*Cxb*d~3*e~2*f + (7*Cxb
*xcxd"2 - 10%Cka*xd~3)*exf~2 + (8%Cxb*xc~2%d - 10*Ckakxc*d™2 + 15xAxbxd~3)*f~3)
*h~3) *sqrt (d*f*h) *weierstrassZeta(4/3*(d"2*£"2xg"2 - (d~2%exf + c*d*f~2)*g*
h + (d72%e”2 - cxd*e*f + c~2%f72)*h~2)/(d"2*£"2*%h~2), -4/27*(2*d"3*f"3*g~3
- 3x(d"3xexf"2 + cxd"2+f"3)*g"2*%h - 3*(d"3xe”2*f - 4xc*xd"2*exf"2 + cT2xdxf~
3)*gxh~2 + (2%d"3*%e”3 - 3*xckd"2%e”2xf - 3xc"2xd*exf~2 + 2%c”3xf£73)*h~3)/(d"
3%f~3%h~3), weierstrassPInverse(4/3*(d"2*f"2%g"2 - (d"2xexf + cxd*f~2)*g*h
+ (d"2%e”2 - ckdxexf + c”2x£72)*h~2)/(d"2*f72xh~2), -4/27*(2*d"3*xf"3*g"~3 -
3% (d"3*%exf~2 + cxd"2xf73)xg~2+h - 3*x(d"3*e"2*f - 4xcxd"2*e*xf"2 + c”2*d*f"3)
xgxh™2 + (2%d"3*e”3 - 3*kcxd"2xe”2*f - 3xc”2*d*exf"2 + 2%c~3*x£73)*h~3)/(d"3%
£73%h~3), 1/3*(3*d*fxh*x + dxfxg + (d*xe + cxf)x*h)/(d*f*h))))/(d~4*f~4xh"4)

Sympy [F]

(a+bzx) (A+ Cz?) i — (A + Cz?) (a + bx)
Vetdave+ fagthr ) Vetdzve+ fFavg+ ha

[In] integrate((b*x+a)* (Cxx*x2+A)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/ (h*xx+g)**(1/2) ,x
)

[Out] Integral((A + Ckxx*x2)*(a + bxx)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x))
» X)
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Maxima [F]

/ (a+bz) (A+ Cx?) dp — / (Cz* + A)(bz + a)
Ve+dzye+ fx/g+ hx Vdz +cvfr+evhz +g

[In] integrate((b*x+a)*(C*xx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="maxima")
[Out] integrate((Cxx~2 + A)*(bxx + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))

, X)

Giac [F]

(a+bzx) (A+ Cz?) gy — (Cx? + A)(bz + a)
Vetdo/et fzg+he ) Vdr+co/fr+evhz +g

[In] integrate((b*x+a)*(C*xx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x, al
gorithm="giac")
[Out] integrate((C*x~2 + A)*(b*xx + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))

, X)

Mupad [F(-1)]

Timed out.

(a+bzx) (A+ Cx?) e — (Cx?+ A) (a+bx)
Vetdzve+ favg+hr ) Vet fzVgt+hzvet+da

[In] int(((A + Cxx"2)*(a + bxx))/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2
)),x)
[Out] int(((A + Cxx"2)*(a + bxx))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x)~(1/2
)), x)
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Optimal result
Integrand size = 35, antiderivative size = 368
A+ Cx? i — 2CVc+dz\/e + fz\/g+ hx
Ve+dzye+ fx/g+ hx 3dfh

4C\/—de + cf(dfg + deh + cfh) d((i%’;}”)\/g + hzE (arcsin (ﬁ;:ig}”) |%Z;f2£>
3d2 f3/2h2\/e + fz /A

2v/—de + cf(3Adfh? + C(ch(fg — eh) + dg(2fg + eh))) \/d((iiﬁ;’f) dgjﬁz) EllipticF (arcsin (% m:
3d2f3/2h2\/e + fx\/g + hx

_|_

[Out] 2/3*%Cx(d*x+c)~(1/2)*(fxx+e)~(1/2)* (h*x+g) ~(1/2)/d/f/h-4/3*Cx (cxf*h+d*exh+d*
fxg)*E1lipticE(£~(1/2) *(d*x+c)~(1/2)/(c*xf-d*xe) ~(1/2), ((-cxf+d*e)*h/f/(-c*h+
d*g))~(1/2) ) *(cxf-d*e) = (1/2) % (d* (f*x+e) / (-ckf+dxe)) ~(1/2) * (h*x+g) ~(1/2) /d~2
/£7(3/2) /h~2/ (fxx+e) = (1/2) / (d* (h*x+g) / (-c*h+d*g) ) ~(1/2) +2/3% (3%A*d*f*xh~2+C*

(c*h* (—exh+f*g) +d*g* (exh+2xf*xg) ) ) *E1lipticF (£ (1/2) * (d*x+c) ~(1/2) / (cxf-d*e)
~(1/2), ((-cxf+d*e) *h/f/ (-cxh+d*g) ) ~(1/2) ) * (cxf-d*e) ~ (1/2) * (d* (f*x+e) / (-c*f+

dxe) )~ (1/2) *(d* (h*x+g) / (-c*h+d*g)) ~(1/2) /d~2/£7(3/2) /h~2/ (f*x+e) ~(1/2) / (h*x
+g)~(1/2)
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Rubi [A] (verified)

Time = 0.32 (sec) , antiderivative size = 367, normalized size of antiderivative = 1.00,
number of steps used = 7, number of rules used = 6 number of rules _ () 171, Rules used

' integrand size
= {1629, 164, 115, 114, 122, 121}

A+ Cx? s
Ve+tdzye+ fr/g+ ha
2 vef = de\/d((ieeﬂcc; \/ dZ+}CL}f (3Adfh? + cCh(fg — eh) + Cdg(eh + 2fg)) EllipticF (arcsm (%) , 5

3d2f3/2h2\/e + fz\/g + hx
| AOVTF R = e[ o + deh + df ) B i ()
32 f3/2h2 /e + fx/ A

+ 2CV/c+ dz\/e + fx\/g+ hx
3dfh

[In] Int[(A + C*x"2)/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]),x]

[Out] (2*%C*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x])/(3*d*fxh) - (4*CxSqrt[-(d*e
) + cxf]*(d*xfxg + dxexh + cxfxh)*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrt[g + h
*x]*E1lipticE[ArcSin[(Sqrt [f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]], ((d*e - ¢
xf)*h) /(f*x(d*g - c*h))])/(3*xd"2*f~(3/2)*h~2*Sqrt[e + f*x]*Sqrt[(d*(g + h*x)
)/(d*xg - c*h)]) + (2*Sqrt[-(dxe) + cxf]*(3*Axd*xfxh~2 + cxCxh*(fxg - exh) +

Cxdxgx (2xfxg + exh))*Sqrt[(d*(e + f*x))/(dxe - c*f)]*Sqrt[(d*(g + hxx))/(d*

g - cxh)]*EllipticF[ArcSin[(Sqrt[f1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d

xe - cxf)*h)/(£x(d*xg - c*h))])/(3*xd"2*£~(3/2)*h~2+Sqrt[e + f*x]*Sqrt[g + hx

x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a

+ b*x] /Rt [-(b*c - axd)/d, 2]1], fx((b*c - axd)/(d*(b*e - axf)))], x] /; Free
Qf{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*xe - axf), 0]

& 'LtQ[-(bxc - a*d)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - c*f), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrtle + f*x]*(Sqrt[b*((c + d*x)/(b*c - axd))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
*xfx(x/(b*e - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*xc - a*d), 0]
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&& GtQ[b/(bxe - a*f), 0]) && !'LtQ[-(bxc - a*d)/d, 0]

Rule 121

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sartl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[2*(Rt[-b/d, 2]/(b*Sqrt[(bxe - axf)/b]l))*EllipticF[A
rcSin[Sqrt[a + bxx]/(Rt[-b/d, 2]*Sqrt[(b*c - axd)/bl)], £*x((b*c - a*xd)/(dx*(
bxe - a*xf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - a*xd), 0]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - axd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] && !GtQ[(b*xc - axd)/b, 0] && Si
mplerQ[a + bxx, c + d*x] &% SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]*
Sqrt[(e_) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrt[e + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, £, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + f*x]

Rule 1629

Int[(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_)*x))"(n_)*((e_.) + (f
_I)x(x))"(p_.), x_Symbol] :> With[{q = Expon[Px, x], k = Coeff[Px, x, Expo
n[Px, x]1}, Simp[k*(a + b*x)~(m + q - 1)*(c + d*x)~(n + 1)*((e + £*x)"(p +

1)/(a*f*b~(q - 1)*(m + n + p + q + 1))), x] + Dist[1/(d*f*b q*(m + n + p +

q + 1)), Int[(a + b*x) "m*(c + d*x) n*(e + fx*x) p*ExpandToSum[d*f*b~q*(m + n
+p+q+ 1)%Px - d*fxkx(m + n + p + q + 1)*(a + bxx)"q + kx(a + b*x)~(q -
2)*(a~2%d*f*(m + n + p + q + 1) - b*(bxcxex(m + q - 1) + ax(d*ex(n + 1) +

ckf*x(p + 1))) + bx(axd*f*(2%(m + q) + n + p) - bk(dkex(m + q + n) + cxf*(m

+q+p))*x), x], x], x] /; NeQ[m + n + p + g + 1, 0]] /; FreeQ[{a, b, c,

d, e, f, m, n, p}, x] && PolyQ[Px, x]

Rubi steps

Ld(3Adfh—C(deg+cfg-+ceh))—Cd(df g+-deh+cfh)x
2CVc+dxv/e + fx\/g + hx + 22 Vtday/e+ fa/g+ha dz

3dfh 3d2fh

integral =



257

_ 2CVc+drye+ fayg+ha (2C(dfg+deh+cfh))f#@iwdm

3dfh 3df h?
. (3Adfh® + cCh(fg — eh) + Cdg(2fg + eh)) [ \/c+dx\/eifx\/g+hz dx
3dfh?
_ 2C0Vc+dzv/e+ fa/g+ ha
= 3dfh
2 _ d(e+fz) 1
. ((3Adfh + cCh(fg — eh) + Cdg(2fg + eh)) |/ 212 ) f = N v L
3dfh?\/e + fx

dhz

€ T g—c Tag—ch g—c
(2C(dfg + deh+ cfh)\ /2212 g+ ha) | - f b du
de—cf ' de—cf

d(g+hz
3dfh*v/e + fa,/ L)

_ 2C0Vc+dzy/e+ fa/g+ ha
- 3dfh

| 40V=de ¥ ef(dfg + deh+ cfh)\ DV RaE (sin”! (VREE ) ey )
3d2f3/2h2/e + fz /%
((3Adfh2 + cCh(fg — eh) + Cdg(2fg + eh)) \/ detz) | [ dathe)

1
) f v c+dw\/ded—ecf + dj{a;f dgd—gch +

+

3dfh?v/e+ fz\/g + hz

_ 20Vc+dz/e+ fa/g+ hx
B 3dfh

| 4CV=de +cf (dfg + deh+cfh)\ D g T haE (sin YRy ) |t
d(g+hz
3d2 f3/2h2 /e + fa/ St
2v/=de+ cf (BAfN? + cCh(fg — eh) + Cdg(2fg + eh)) /UL | [ 40+ p (sin (VLvEEs

+

3d2f3/2h2\/e + fr\/g + hz

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 23.77 (sec) , antiderivative size = 390, normalized size of antiderivative = 1.06

A+ Cx?

dx
Ve +dzye+ fry/g+ hx

Vet dz | 2Cd2 fh(e + fz)(g + ha) — LCLWgtdehte/)etfa)(grha) _ gi0x /o 4 % fh(dfg + deh + cfh)

ct+dz




258

[In] Integrate[(A + C*x~2)/(Sqrt[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x]),x]

[Out] (Sqrtlc + d*x]*(2xCxd~2*xfxhx(e + f*x)*(g + hxx) - (4*Cxd~2*(d*f*g + dxexh +

cxfxh)*(e + f*x)*(g + h*x))/(c + d*x) - (4*xI)*C*xSqrt[-c + (d*e)/f]xfxhx*(d*
fxg + d¥exh + cxfxh)*Sqrtlc + d*x]*Sqrt[(d*x(e + fx*x))/(f*(c + d*x))]*Sqrt[(
dx(g + hx*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrt[c +
d*x]], (dxfxg - c*fxh)/(dxexh - cxfxh)] + ((2%I)*d*xh*(3*Axd*f~2*%h + cxCxf*
(-(fxg) + exh) + Ckd*xex(fxg + 2xexh))*Sqrt[c + d*x]*Sqrt[(d*(e + f*xx))/(£*(
c + d*x))]*Sqrt[(d*(g + h*x))/(h*x(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-c +
(d*e)/f]1/Sqrtlc + d*x]], (d*f*g - cxfxh)/(d*exh - cxfxh)])/Sqrt[-c + (dxe)/
£1))/(3*d~3*f"2x«h~2xSqrt[e + f*x]*Sqrt[g + hx*x])

Maple [A] (verified)

Time = 2.32 (sec) , antiderivative size = 611, normalized size of antiderivative = 1.66

method | result

2C(%ceh+%cfg+%deg)

3dfh

2| A—
2C\/dfh z3+cfh x2+deh z2+df g x2+cehz+cfgr+degz+ceg + (

V/(dz+c)(fo+e)(ho+g) 3d7h

Vdfh a3 +cfh o2 +deh 22+df g 22-

elliptic

default | Expression too large to display

[In] int((C*x~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,method=_RETURNVER

BOSE)

[Out] ((d*x+c)*(f*x+e)* (h*x+g))~(1/2)/(d*x+c)~(1/2)/ (fxx+e)~(1/2)/ (hxx+g) ~(1/2) *(

2/3%C/d/f/h* (d*fxh*x~3+cxfxh*x™2+d*exh*x™2+d*f*gkx™2+ckexhkx+ckf*xgkx+dke*xgk
x+cxexg) ~(1/2)+2x (A-2/3%C/d/f/h* (1/2%cxexh+1/2xcxfxg+1/2*%d*exg) ) *(g/h-e/f) *
((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d))~(1/2) *((x+e/f) / (-g/h+e/£) )~ (
1/2) / (d*fxh*x~3+cxfxh*x~2+d*exh*x~2+d*f*gkx~2+ckexhkx+cxf*xgkx+dkexgkx+cke*g
)~ (1/2)*E1lipticF(((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/£)/(-g/h+c/d))~(1/2))-
4/3*C/d/f/h* (cxf*h+d*exh+d*f*g)*(g/h-e/f) * ((x+g/h) /(g/h-e/£))~(1/2) *((x+c/d
)/ (-g/h+c/d))~(1/2)*((x+e/f)/(-g/h+e/£) )~ (1/2) / (d*f*xh*x~3+c*xf*h*x~2+d*e*xh*x
~2+d*f*gkx”"2+ckxexhkx+cxfxgrx+drexgxx+ckexg) ~(1/2)*((-g/h+c/d)*E1lipticE(((x
+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*E1llipticF (((x+g/h
)/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))))
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Fricas [C] (verification not implemented)

Result contains higher order function than in optimal. Order 9 vs. order 4.

Time = 0.15 (sec) , antiderivative size = 775, normalized size of antiderivative = 2.11

A+ Cx?
dz
Ve +dzye+ fx\/g+ hx
2 (3 Vaz + oV/Tz F ev/hz + gCd2 f2h2 + (2Cd2f2g? + (Cdef + Cedf?)gh + (2 Cd2e? + Cedef + (2 Ci

[In] integrate((Cxx~2+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2),x, algorithm=
"fricas")

[Out] 2/9*%(3*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)*Cxd~2*xf~2+¥h~2 + (2*Cxd~2xf
~2xg~2 + (C*kd~2xexf + Ckcxd*xf~2)*gxh + (2+%C*d"2*e”2 + Ckcxdxexf + (2%C*c~2
+ 9xA*d~2) *£72) *h~2) *sqrt (d*f*h) *weierstrassPInverse (4/3*(d"2*f"2xg~2 - (4~
2xexf + ckd*f~2)*gxh + (d"2%xe”2 - ckdxexf + c"2xf72)*h~2)/(d"2*f"2x%h"2), -4
/27%(2xd"3*x£"3xg"3 - 3*(d"3%e*f"2 + c*d"2+f"3)*g"2*%h - 3*%(d"3xe"2xf - 4xcxd
“2xexf"2 + cT2xd*f7"3)*gxh~2 + (2%d"3%e”3 - 3kc*kd"2%e”2+f - 3*c"2xd*xexf"2 +
2xc~3*xf73)*h~3) /(d"3*x£"3%h~3), 1/3%(3xd*f*h*x + dxf*g + (d*e + cxf)xh)/(d*f
xh)) + 6% (Cxd~2xf~2xg*h + (Ckd"2xexf + Ckcxdxf~2)*h~2)*sqrt(d*f+*h)*weierstr
assZeta(4/3%(d"2xf"2xg~2 - (d"2%exf + c*xd*f~2)*g*h + (d"2%e”2 - ckxd*exf + ¢
~2x£72)*h~2) /(d"2*x£72%h"2), -4/27*(2%d"3*f"3xg~3 - 3*(d"3*exf~2 + c*xd"2xf"3
)*g~2xh - 3x(d"3%e”2*f - 4kckd"2%e*f"2 + c"2*d*f"3)*gxh~2 + (2%d"3%e”3 - 3%
cxd"2xe"2%f - 3xc"2xd*exf~2 + 2xc~3*%f~3)*h~3)/(d"3*xf~3*h"3), weierstrassPIn
verse (4/3%(d"2*f"2xg~2 - (d"2*exf + c*xd*f~2)*g*h + (d"2*e”2 - c*d*exf + c~2
*£72)xh~2) /(d"2*x£72+h"2) , -4/27*(2xd"3*f"3*g~3 - 3*%(d"3*e*xf~2 + c*d"2*xf73)*
g~2xh - 3%(d"3%e"2%f - 4xcxd"2xexf"2 + cT2xd*xf73)*g*h~2 + (2%xd"3*e”3 - 3*cx
d™2%e"2xf - 3kc"2xd*e*xf~2 + 2%xc~3%f73)*h~3)/(d"3*%f73xh~3), 1/3*(3xdxfxh*x +
dxf*g + (d*e + cxf)*h)/(d*f*h))))/(d"3*f"3%h"3)

Sympy [F]

A+ Cz? A+ Cx?
dx = dx
Ve +dzy/e+ fx/g+ hx Ve+dzy/e+ fx/g+ hx

[In] integrate((Ckx**2+A)/(d*x+c)**(1/2)/(fxx+e)**(1/2)/(h*xx+g)**(1/2),x)
[Out] Integral((A + Ckxx**2)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x)), x)
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Maxima [F]

A+ Cz? do — Ca’+ A -
Vet dzyet fa/g+ hr Vdz +cv/fr+evha +g

[In] integrate((Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, algorithm=
"maxima")
[Out] integrate((Cxx"2 + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Giac [F]

A+ Cz? do — Cz’+A -
Ve+dzye+ fx/g+ hx Vdz +c/fr+evhz +g

[In] integrate((Cxx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/2),x, algorithm=
"giaC")
[Out] integrate((Cxx"2 + A)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g)), x)

Mupad [F(-1)]

Timed out.

/ A_|_C;[;2 C$‘2+A
dx = dx
Vet da/e Ja/g+ ha Vet favgthavetds

[In] int((A + Cxx"2)/((e + £xx)"(1/*(g + hxx)~(1/2)*(c + d¥x)~(1/2)),%)
[Out] int((A + Cxx"2)/((e + £¥x)"(1/2)(g + hxx)"~(1/D*(c + dxx)"(1/2)), x)
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A+Ca?

3.29 f (a+bx)Vct+dz+/e+ fr\/g+hz dz

Optimal result . . . . . . . . . . . e 2611
Rubi [A] (verified) . . . . . . .. 262
Mathematica [C] (verified) . . . . . . . . ... L 265
Maple [A] (verified) . . . . . . . . . . 260
Fricas [F(-1)] . . . . o 267l
Sympy [F] . . o o 267
Maxima [F] . . . . . . o 267
Giac [F] . . . o o 268
Mupad [F(-1)] . . . 268

Optimal result

Integrand size = 42, antiderivative size = 465

/ A+Cat dx
(a + bx)vc+ dz/e + fr\/g+ hx
detf) ([ JIVeTda \ | (de—cf)h
_ 20V—detcfy\[Tor V9t haE (arcsm <\/—de+cf> |f(dg—ch))
bdv/fhy/e + fz\) St
2C+/—de + cf(bg + ah) \/ dflif’;jf) dgjﬁz) EllipticF (arcsin (ﬁ@) , %Z;B,’Q
B b2d/fhv/e + fx\/g + hx
W20 dlet+fz) [d(g+ha) mipsep:np: [ blde—cf) i [ VfVetdz | (de—cf)h
2<A + b—2> v —de + cf\/ do—cf dZ—ch EllipticPi (— (bo—ad)f» ATCSIN (\/_de:[cf> , f(dg_ch))
(bc — ad)v/fve+ frv/g+ hz

[Out] 2*C*EllipticE(£~(1/2)*(d*x+c)~(1/2)/(c*xf-dxe)~(1/2), ((-c*f+d*e)*h/f/(-c*h+d
*xg))~(1/2) ) *(cxf-d*xe) ~(1/2) *(d* (f*xx+e) / (-cxf+d*e) )~ (1/2) * (h*xx+g) ~(1/2) /v/d/
h/£~(1/2) / (fxx+e) = (1/2) / (d* (h*x+g) / (—cxh+d*g) )~ (1/2) -2*%C* (a*h+b*g) *Elliptic
F(£f~(1/2)*(d*x+c) ~(1/2) / (cxf-dxe)~(1/2) , ((-c*f+d*e) *h/f/(-c*xh+d*g))~(1/2))*
(cxf-d*xe) ~(1/2) *(d* (fxx+e) / (-cxf+d*e) ) ~(1/2) * (d* (h*x+g) / (—cxh+d*g))~(1/2) /b
~2/d/h/£7(1/2) / (fxx+e)~(1/2) / (h*x+g) ~(1/2) -2% (A+a~2%C/b~2) *E11lipticPi (£~ (1/

2) % (d*x+c) ~(1/2) / (cxf-d*e) ~(1/2) ,-b*x(-c*xf+d*xe) / (—axd+b*c) /£, ((-cxf+d*xe) *h/f

/ (—c¥h+d*g) ) ~(1/2) ) *(c*xf-d*e) ~(1/2) * (d* (f*x+e) / (-cxf+d*e) )~ (1/2) * (d* (h*x+g)

/ (—c¥h+d*g) ) ~(1/2) / (—axd+b*c) /£~ (1/2) / (fxx+e) = (1/2) / (h*xx+g) ~(1/2)
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Rubi [A] (verified)

Time = 0.50 (sec) , antiderivative size = 465, normalized size of antiderivative = 1.00,

number of steps used = 11, number of rules used = 9, number of rules _ 214, Rules used
integrand size

= {1621, 175, 552, 551, 164, 115, 114, 122, 121}

/ A+Cz do —
(a+bz)Vc+dzve+ fx/g+ hx
( + A> Vef —de \/ dl(;’i 7 \/ dZJrh:) EllipticPi <— ?ég:;{}, arcsin (‘g@) , ;‘Z;f{: 3:;)
V' fve+ fry/g + hz(be — ad)
2C(ah + bg)v/cf — de \/ diﬂc‘;) d(g+hw) EllipticF (arcsm (‘{;@) , %Z;{; 33)
bzd\/_h\/e + fz\/g + hx
2CV/g + hxv/cf — dey/ d((iz+fjf)E<arcsin (‘gﬁ) |fcé§g”33)

bdv/Thy/e + fz4/ %

+

[In] Int[(A + Cxx"2)/((a + bxx)*Sqrt[c + dxx]*Sqrtl[e + f*x]*Sqrtlg + h*x]),x]

[Out] (2xC*Sqrt[-(d*e) + cxf]l*Sqrt[(d*(e + f*x))/(d*e - c*f)]*Sqrtl[g + h*x]*Ellip
ticE[ArcSin[(Sqrt[f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + c*f]], ((d*e - c*f)*h)/(f
*(d*g - cxh))])/(bkxd*Sqrt [f]1xh*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g - c*h)
1) - (2#C*Sqrt[-(d*e) + cxf]l*(b*g + axh)*Sqrt[(d*(e + f*x))/(d*xe - c*f)]*Sq
rt[(d*(g + h*x))/(d*g - c*h)]*EllipticF[ArcSin[(Sqrt[f]1*Sqrt[c + d*x])/Sqrt
[-(d*e) + cxf]], ((d*e - cxf)*h)/(f*(d*g - c*h))])/(b~2*d*Sqrt [f]*h*Sqrt[e
+ f*x]*Sqrt[g + h*x]) - (2%(A + (a~2*C)/b~2)*Sqrt[-(d*e) + cxf]l*Sqrt[(d*(e
+ f*xx))/(d*e - c*f)]1*Sqrt[(d*(g + h*x))/(d*g - cxh)]*EllipticPi[-((b*(d*e -
cxf))/((bxc - a*d)*f)), ArcSin[(Sqrt[f]1*Sqrtlc + d*x])/Sqrt[-(d*e) + c*f]]
, ((d*e - cxf)*h)/(fx(d*g - cxh))])/((bxc - a*d)*Sqrt[f]*Sqrtle + fxx]*Sqrt
[g + hxx])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c ) + (d_.)*(x_
)1), x_Symboll :> Simp[(2/b)*Rt[-(b*e - a*f)/d, 2]*EllipticE[ArcSin[Sqrt[a
+ b*x]/Rt[-(b*c - axd)/d, 211, fx((b*c - axd)/(d*(b*xe - axf)))], x] /; Free
Ql{a, b, c, d, e, f}, x] && GtQ[b/(bxc - axd), 0] && GtQ[b/(b*e - axf), 0]

&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + b*x] && GtQ[-d/(b*c
- axd), 0] && GtQ[d/(d*e - cxf), 0] && !'LtQ[(b*c - axd)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrt[(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(bxc - a*d))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(b*e - axf))])), Int[Sqrt[bx(e/(b*e - a*f)) + b
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*xfx(x/(b*e - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*xc - a*d), 0]
&& GtQ[b/(bxe - axf), 0]) && !'LtQ[-(b*c - axd)/d, 0]

Rule 121

Int[1/(Sqrt[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Simp[2x(Rt[-b/d, 2]/(b*Sqrt[(b*e - axf)/bl))*EllipticF[A
rcSin[Sqrt[a + b*x]/(Rt[-b/d, 2]*Sqrt[(bxc - axd)/b])], f*((b*c - axd)/(dx*(
bxe - axf)))], x] /; FreeQl{a, b, c, d, e, £}, x] && GtQ[b/(bxc - a*xd), O]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(b*c - axd))]1/Sqrtlc + d*x], Int[
1/(Sqrt[a + b*xx]*Sqrt[bx(c/(b*c - a*xd)) + bxdx(x/(b*c - axd))]x*Sqrtle + f*x
1), x]1, x] /; FreeQ[{a, b, c, d, e, £}, x] && 'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_)]1*
Sqrtl(e ) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*x] && SimplerQ[c + d*x, e + fx*x]

Rule 175

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (f_.)*(x_
)IxSqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
a*d - b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + f*x(x"2/d), x]]*Sqrt[Simp[(d*g -
c¥h)/d + hx(x"2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 551

Int[1/(((a ) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"21*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrt[e]l*Rt[-d/c, 2]))*EllipticPi [b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], c*(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] && 'GtQ[d/c, 0] && GtQ[c, 0] && GtQle, O] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)
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Rule 552

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d/c)*x~2]/Sqrtlc + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, T}, x] && !'GtQ[c, O]

Rule 1621

Int [(Px_)*((a_.) + (b_.)*(x_))"(m_.)*((c_.) + (d_.)*(x_))"(n_.)*x((e_.) + (£
_Ox(x ) (p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder[Px, a + b*x, x], Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*x(g + h*x)~q
, x]J, x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*x)"(m + 1)*(c + dx*
x)"nx(e + f*xx)“px(g + h*x)~q, x] /; FreeQ[{a, b, ¢, d, e, £, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rubi steps

) 2C 1
integral = ( A+ — dz
b (a + bx)vc+ dz/e + fr\/g+ hz

_aC | Cu
b2
dx
Ve +dzye+ fx/g+ hx
2
1
_ (2<A+ab—20>> Subst / = dr,z,vVc+dz
(bc—ad—bx2)\/e—%+%\/g—%+h7
Vg+thz 1
f \/C-i-idgm\/m dz _ (C(bg + ah)) f Vetdz/e+ fry/g+hz dzx
bh b%h
a?C d(e+fz) 1
(2(A+ ) |42 subst | f — \/1+ —— dz, z,v/c + dz
a ve+ fx
/d(e+fx) 1
(C(bg + ah) de—cf ) f m\/de Cf"rdgfif\/_mdx
b’h+/e + fm

< d(e+fz) W) f \ dg— ch+ d;iha:c:h dz

de—cf ve +d$\/de cf+dgfa¢::f

d(g+hx)
bhy/e + fx —d*;_ch
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_20v=dedof i Vaw R (s (VREE) 1650
bdv/Fhy/e+ fz/ 4t

a?C det+fz) [d(g+hz)
(2(A+ ) /4 J4otia)) Subst f— s fﬂ z,ve+ do

ve+ fzvg+ ho

1

dle+fz) /d(g+hz)
(C (bg + ah)\/ de—cf \| “dg—ch ) J N Y —

dg d.
cf+de cf dgfch+dgfch

b2hv/e + fx/g + hz
d(e+fz) io—1 [ V/FVetdz \ | (de—cf
_ 20V —de + cf\/ —cr \/g+th(s1n 1 <\/—de+cf> |f(dg Ch)>
d(g+hz)
bd\/?h\/ e+ fIL' h
(e+fz) [d(g+hz) . —1 (VfVetdz ) | (de—cf)h
20\/—de+c (bg+ah)\/ oo d?; o F(sm 1 <\/_de+cf> |f(dg_ch)>
b2d\/fhv/e + fx\/g + hz
a2C d(et+fz) /d(g+hz) blde—cf) . i —1 ( V/[Vetdx | | (de=cf)h
2<A4‘?T>V_de+cfv/@—q é—m]](_@&ﬂ@wsm-1<¢;@+q)|ﬂ@—mﬂ
(bc — ad)v/fve+ frv/g+ hz

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 26.55 (sec) , antiderivative size = 1036, normalized size of antiderivative = 2.23

A+ Cxz? i
(a + bx)vc+ dz/e + fr\/g+ hx

2 (b2ch26, /—c+ %g —abCd?e,/—c+ %g — b?2Cdy/—c+ %fg + abcCd?,/—c + d—fefg — b?c2Cde,

[In] Integrate[(A + C*xx~2)/((a + b*x)*Sqrtlc + d*x]*Sqrtl[e + f*x]*Sqrt[g + h*x])
»x]

[Out] (-2%(b~2*cxCxd~2*e*xSqrt[-c + (d*e)/f]lxg - a*b*Cxd~3*e*Sqrt[-c + (dxe)/flx*g
- b"2*%c"2*%C*xd*Sqrt[-c + (dxe)/flxf*xg + axbxcxCxd~2*xSqrt[-c + (dxe)/f]lxfxg -
b~2%c~2*Cxd*e*xSqrt [-c + (d*e)/f]l*h + axb*c*Ckd~2xexSqrt[-c + (dxe)/fl*h +
b~2%c~3*%CxSqrt [-c + (dxe)/f]*f*h - a*bxc~2*xCxd*Sqrt[-c + (d*e)/f]l*fxh + b~2
xcxCxd*Sqrt [-c + (dxe)/f]l*xfxgx(c + d*x) - a*b*Cxd~2xSqrt[-c + (d*e)/fl*f*xgx

(c + d*x) + b~2*xcxCxd*e*Sqrt[-c + (dxe)/fl*hx(c + d*x) - a*xb*C*kd~2xexSqrt[-

c + (dxe)/fl*hx(c + d*x) - 2¥b~2%c~2*C*kSqrt[-c + (dxe)/f]lxfxhx(c + d*x) + 2
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*xaxb*xc*Ckd*Sqrt [-c + (d*e)/f]lxfxh*(c + d*x) + b~2xcxC*Sqrt[-c + (dxe)/f]*fx*
h*x(c + d*x)~2 - a*bxCxd*Sqrt[-c + (dxe)/fl*f*hx(c + d*x)~2 + I*b*Ckx(b*c - a
*d) *(d*e - cxf)*h*(c + d*x)~(3/2)*Sqrt[(d*x(e + f*x))/(fx(c + d*x))]*Sqrt[(d
*(g + hx*x))/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc +
d*x]], (dxf*g - c*fxh)/(d*exh - cxf*h)] - Ixbxd*(b*cxC*e - a*Cxd*e + a*xcxCx
f + Axb*d*f)*h*(c + d*x)~(3/2)*Sqrt[(d*(e + f*xx))/(fx(c + d*x))]*Sqrt[(d*(g
+ hx*x))/(h*(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x
11, (dxfxg - c*f*xh)/(d*exh - cxfxh)] + IxAxb~2*d"2xfxhx(c + d*x)~(3/2)*Sqrt
[(dx(e + £*x))/(f*(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticPil
-((b*cxf - axd*f)/(bxd*e - bxcxf)), IxArcSinh[Sqrt[-c + (d*e)/f]/Sqrtl[c + d
*xx]], (dxfxg - c*fxh)/(d*exh - cxfxh)] + I*a~2xC*xd~2xfxhx(c + d*x)~(3/2)*Sq
rt[(d*(e + f*x))/(fx(c + d*x))]*Sqrt[(d*(g + h*x))/(h*(c + d*x))]*EllipticP
i[-((b*c*f - axd*f)/(b*dxe - b*c*f)), I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc +
d*x]], (dxfxg - c*fxh)/(d*exh - cxfxh)]))/(b~2*d"2*x(-(b*c) + axd)*Sqrt[-c
+ (d*e)/f]l*f*h*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])

Maple [A] (verified)

Time = 3.02 (sec) , antiderivative size = 750, normalized size of antiderivative = 1.61

method | result

V/(dz+c)(fate)(ha+g) | —

g €
. : AE eI
c _9 g_e —_gic _gie
20a(g-5) | 5th | =i i el | =th Lty R N "hTd N\ Tty
RN e s T W
+
b2\/dfhz3+cfhz2+dehz2+dfgz2+cehz+cfgz+degz+ceg b\/dfhz3+cfh1;2-

elliptic

default | Expression too large to display

d(L‘—H

[In] int((Cxx~2+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)”(1/2)/(h*x+g)~(1/2) ,x,method=_R

ETURNVERBOSE)

[Out] ((d*x+c)*(f*x+e)* (h*x+g))~(1/2)/(d*x+c)~(1/2)/ (fxx+e)~(1/2)/ (hxx+g) ~(1/2) *(

-2xC*xa/b~2x(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2) *((x+c/d) / (-g/h+c/d) )~ (1/2) *(
(x+e/f)/(-g/h+e/£))~(1/2) / (d*f*h*x~3+c*xf*h*x"2+d*e*xh*x~2+d*f*g*x~2+ckexh*x+
ckfxgrx+drexgrx+ckrexg) ~(1/2) *E1lipticF (((x+g/h)/(g/h-e/£))~(1/2), ((-g/h+e/f
)/ (-g/h+c/d))~(1/2))+2%C/b*(g/h-e/f) * ((x+g/h) /(g/h-e/£)) " (1/2) ¥ ((x+c/d) / (-g
/h+c/d))~(1/2)*((x+e/f)/(-g/h+e/£)) ~(1/2) / (d*f*h*x~3+c*f*h*x~2+d*e*xh*x~2+d*
fxgxx~2+ckexhxx+ckf*gkx+dxexgrx+cxexg)~(1/2)*((-g/h+c/d) *E1llipticE(((x+g/h)
/(g/h-e/£))~(1/2),((-g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*EllipticF (((x+g/h)/(g/
h-e/£))~(1/2), ((-g/h+e/£)/(-g/h+c/d))~(1/2)) ) +2* (A*b~2+C*a~2) /b~ 3*(g/h-e/f)
*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d)) " (1/2) *((x+e/£) / (-g/h+e/£) )~

(1/2) / (dxfxh*xx~3+c*xfxh*kx~2+d*exh*x~2+d*f*g*x~2+ckexh*x+c*f*g*x+d*xe*xg*x+crex
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g)~(1/2)/(-g/h+a/b)*E1llipticPi (((x+g/h)/(g/h-e/£))~(1/2),(-g/h+e/f)/(-g/h+a
/b), ((-g/h+e/f)/(-g/h+c/d))~(1/2)))

Fricas [F(-1)]

Timed out.

2
/ A+ Ce dz = Timed out
(a + bx)vc+dz/e + fr\/g+ hx

[In] integrate((C*x~2+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, al
gorithm="fricas")

[Out] Timed out

Sympy [F]

A+ Cx? i — A+ Cx? de
(a + bx)vc+ dz\/e + fr\/g+ hx (a + bx) Ve + dzv/e + fr\/g+ hx

[In] integrate((C*x**2+A)/(b*x+a)/(d*x+c)**(1/2)/(f*x+e)**(1/2)/(h*x+g)**(1/2) ,x
)

[Out] Integral((A + Cxxx*2)/((a + bxx)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h*x))
» X)

Maxima [F]

/ A+ Cx? da:—/ Cz?+ A I
(a + bx)vc+ dz/e + fr\/g+ hx (bz + a)Vdz + c/fr+evhz + g

[In] integrate((C*xx~2+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, al
gorithm="maxima")

[Out] integrate((C*x~2 + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))
» X)



268

Giac [F]

A+ Cz? / Cz?+ A
/ dx = dx
(a+bx)Vc+dzve+ fx/g+ hx (bx + a)Vdz + cv/fr +evhz + g

[In] integrate((C*x~2+A)/(b*x+a)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x, al
gorithm="giac")
[Out] integrate((C*x~2 + A)/((b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g))

, X)

Mupad [F(-1)]

Timed out.

/ A+ Cz? da:—/ Cz?+ A "
(a + bx)vc+ dz/e + fr\/g+ hx vVe+ fzv/g+hzr(a+bzx)Vet+dx

[In] int((A + C*xx"2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + bxx)*(c + d*x)~(1/2))

»X)
[Out] int((A + Cxx~2)/((e + f*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)*(c + d*x)~(1/2))

, X)
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A+Ca?

3.30 f (a+bx)2v/c+dx\/e+ fz\/g+hz dz

Optimal result . . . . . . . . . . . e 269
Rubi [A] (verified) . . . . . . .. 270
Mathematica [C] (verified) . . . . . . . . . .. L 274
Maple [A] (verified) . . . . . . . . . . 276
Fricas [F(-1)] . . . . o 27Tl
Sympy [F(-1)] . . o o 27T
Maxima [F] . . . . . . 278
Giac [F] . . . o o 278
Mupad [F(-1)] . . . 278

Optimal result

Integrand size = 42, antiderivative size = 738

A+ Cz? dzz_(Ab2+azC) Ve+dzy/e+ fx/g+ hx
(a+ bzx)2Vc+dzv/e+ fx/g+ hx (bc — ad)(be — af)(bg — ah)(a + bx)
. <Ab + ‘FTC> Vfv—de+cf dg%ﬁjf)\/g + hzE (arcsin (ﬁ;ﬁg}”) |;‘i§;’2j§>
(bc — ad)(be — af)(bg — ah)\e + fz d((if—};f)
V—de + cf(a*Cdf — 2abC(de + cf) + b*(2cCe — Adf)) \/ dfjﬁjf) d(g+hw) EllipticF (arcsm <‘\/f; m
b2d(bc — ad)/f(be — af)v/e + fa:\/g + hz
V—de + cf(a*Cdfh — Ab*(deg + cfg + ceh) — 2a3bC(df g + deh + cfh) — 2ab®(2cCeg — Adfg — Ade

b2(bc — ad)2\/f(b

+

[Out] -(A*b~2+C*xa~2)*(d*x+c)~(1/2)*(f*x+e) ~(1/2)* (h*x+g) ~(1/2) /(—a*d+b*xc)/(-axf+b
xe) / (—axh+b*g) / (bxx+a)+(A*b+a~2%C/b) *E11lipticE(£f~(1/2) * (d*x+c) ~(1/2) /(cxf-d
*e)~(1/2) , ((-c*xf+dxe)*h/f/ (-c*h+d*g) )~ (1/2) ) *£~(1/2) * (cxf-d*e) = (1/2) * (d* (£*
x+e) / (-cxf+d*xe) )~ (1/2) * (h*x+g) ~(1/2) / (-a*xd+bxc) / (-axf+b*e) / (—a*h+b*g) / (f*x+
e)~(1/2) / (d* (h*x+g) / (-c*h+d*g) ) ~ (1/2) +(a~2*Cxd*f-2*%a*xb*Ck (c*xf+d*e) +b~2% (-Ax*
dxf+2*Ckc*e) ) *E1lipticF (£7(1/2)*(d*x+c) ~(1/2) / (cxf-d*e) ~(1/2) , ((-c*xf+d*e)*h
/£/(-cxh+dxg) )~ (1/2) ) *(cxf-d*e) = (1/2) * (d* (f*x+e) / (-cxf+d*e)) ~(1/2) * (d* (h*x+
g)/ (-cxh+d*g) )~ (1/2) /b~2/d/ (-axd+b*c) / (—a*f+bxe) /£ (1/2) / (f*x+e) ~(1/2) / (h*x
+g) ~(1/2) - (a~4*Cxd*fxh-A*b~4* (ckexh+c*f*gt+drexg) —2xa~3*b*C* (ckf*h+d*exh+d*f
*xg) —2%axb~ 3% (~Axcxfxh-A*d*exh-A*xd*f*g+2xCkxcke*xg) —-3*%a~2xb~2* (Axd*f*h-C* (ckex*
h+c*f*xg+dxexg)))*E11lipticPi (£~ (1/2) *(d*x+c) ~(1/2)/(c*f-d*e)~(1/2) ,~-bx(—c*f+
dxe)/(-axd+b*c) /f, ((-c*f+d*e) *h/f/(-c*xh+d*g)) ~(1/2)) *(cxf-d*e) ~(1/2) * (d* (£*
x+e)/ (—cxf+d*e)) " (1/2) * (d* (h*x+g) / (—c*h+d*g)) ~(1/2) /b~2/ (—a*d+b*c) "2/ (-axf+
bxe) / (—a*xh+bxg) /£7(1/2) / (f*x+e) ~(1/2) / (h*x+g) ~(1/2)
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Rubi [A] (verified)

Time = 1.22 (sec) , antiderivative size = 738, normalized size of antiderivative = 1.00,

number of rules _ = 0.238, Rules
integrand size

number of steps used = 12, number of rules used = 10,
used = {1619, 1621, 175, 552, 551, 164, 115, 114, 122, 121}

A+ Cz? "
(a + bx)2v/c+ dz/e + fr\/g + hz
\/ cf — de\/ dzﬂccjf) d((izt}cl,f)( 2Cdf — 2abC(cf + de) + b*(2cCe — Adf)) EllipticF (arcsm (%‘T) , %
b2d+/fv/e + fx\/g + hx(bc — ad)(be — af)
VIVTTRE( 42 + Ab) /o] = dey /%) B (arcsin (VIYEE ) | Sl )
ve+ fx(bc — ad)(be — af)(bg — ah)4/ %

_ Vetdave+ fr/g + ha(a*C + AD?)
(a + bx)(bc — ad)(be — af)(bg — ah)

Vef —de de\/ detl2) | 2D (a*Cdfh — 2a°bC(cfh + deh + df g) — 3a*b*(Adfh — C(ceh + cfg + deg)) -
B b2\/f/e + fx\/q +

[In] Int[(A + Cxx~2)/((a + b*x)~2+Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]),x]

[Out] -(((A*b~2 + a~2xC)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x])/((b*c - axd)*
(bxe - a*xf)*(bxg - axh)*(a + b*x))) + ((Axb + (a~2*C)/b)*Sqrt[f]*Sqrt[-(dx*e
) + cxfl*Sqrt[(d*(e + f*x))/(d*e - cxf)]*Sqrt[g + h*x]*EllipticE[ArcSin[(Sq
rt[f]1*Sqrt[c + d*x])/Sqrt[-(d*e) + cxf]], ((d*e - c*f)*h)/(f*x(d*g - c*h))])
/((bxc - axd)*(bxe - axf)*(bxg - axh)*Sqrt[e + f*x]*Sqrt[(d*(g + h*x))/(d*g
- cxh)]) + (Sqrt[-(dxe) + cxf]*(a"2*Cxd*f - 2*xaxbxCx(dxe + c*f) + b~2x(2*c
*xCxe — Axdxf))*Sqrt[(dx(e + fxx))/(d*e - cxf)]*Sqrt[(d*x(g + h*x))/(d*g - cx*
h)]*EllipticF[ArcSin[(Sqrt[f]1*Sqrt[c + d*x])/Sqrt[-(dxe) + cxf]], ((d*e - c
*xf)*h) / (fx(d*g - c*h))])/(b~2*d*(b*c - a*xd)*Sqrt[f]*(b*e - a*xf)*Sqrt[e + f*
x]*Sqrt[g + h*x]) - (Sqrt[-(d*e) + cxf]*(a~4xCxdxfxh - Axb~4*x(d*e*xg + cxfx*g
+ cxexh) - 2%a”3*%bxCx(d*xfxg + dkexh + c*fxh) - 2%kaxb~3%(2xcxCkexg — Axdxf*
g — Axdkexh - Axc*fxh) - 3*%a~2xb~2*(Axd*fxh - Cx(d*exg + c*xfxg + c*exh)))*S
qrt[(d*(e + f*x))/(dxe - c*f)]*Sqrt[(d*(g + h*x))/(d*g - c*h)]*EllipticPil[-
((bx(d*e - c*f))/((bxc - a*d)*f)), ArcSin[(Sqrt[f]*Sqrtlc + d*x])/Sqrt[-(d*
e) + cxfl], ((dxe - c*f)*h)/(fx(d*g - c*h))])/(b"2%(b*c - axd) 2xSqrt[f]*(b
xe — axf)x*(bxg - axh)*Sqrt[e + f*x]*Sqrt[g + hx*x])

Rule 114

Int[Sqrtl(e_.) + (f_.)*(x_)1/(Sqrtl(a_) + (b_.)*(x_)1*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Simp[(2/b)*Rt[-(b*e - axf)/d, 2]*EllipticE[ArcSin[Sqrt[a
+ b*x] /Rt [-(b*xc - a*d)/d, 2]], fx((bxc - axd)/(d*(bxe - a*f)))], x] /; Free
Ql{a, b, ¢, d, e, f}, x] && GtQ[b/(b*c - axd), 0] && GtQ[b/(b*xe - axf), 0]
&& 'LtQ[-(b*c - axd)/d, 0] && !(SimplerQ[c + d*x, a + bxx] && GtQ[-d/(b*c

+
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- axd), 0] && GtQ[d/(dxe - c*xf), 0] && !'LtQ[(b*c - a*d)/b, 0])

Rule 115

Int[Sqrtl(e_.) + (f_.)*(x_)]1/(Sqrtl(a_) + (b_.)*(x_)]*Sqrtl(c_) + (d_.)*(x_
)1), x_Symbol] :> Dist[Sqrt[e + f*x]*(Sqrt[b*((c + d*x)/(bxc - a*d))]/(Sqrt
[c + d*x]*Sqrt[bx((e + f*x)/(bxe - a*f))])), Int[Sqrt[bx(e/(b*e - axf)) + b
xfx(x/(bxe - axf))]/(Sqrt[a + b*x]*Sqrt[b*(c/(b*c - a*d)) + bxd*(x/(b*c - a
*d))1), x], x] /; FreeQ[{a, b, c, d, e, £}, x] & !'(GtQ[b/(b*c - a*d), 0]
&& GtQ[b/(bxe - axf), 0]) && !LtQ[-(b*c - axd)/d, O]

Rule 121

Int[1/(Sqrtl(a_) + (b_.)*(x_)I*Sqrtl(c_) + (d_.)*(x_)1*Sqrtl(e_) + (f_.)*(x
1), x_Symbol] :> Simp[2*(Rt[-b/d, 2]/(b*Sqrt[(b*e - a*f)/b]l))*EllipticF[A
rcSin[Sqrt[a + bxx]/(Rt[-b/d, 2]*Sqrt[(b*c - axd)/bl)], £*((b*c - a*xd)/(d*(
bxe - axf)))], x] /; FreeQ[{a, b, c, d, e, f}, x] && GtQ[b/(b*c - axd), 0]
&& GtQ[b/(bxe - a*f), 0] && SimplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x,
e + f*x] && (PosQ[-(b*c - axd)/d] || NegQ[-(b*xe - a*f)/f])

Rule 122

Int[1/(Sqrtl[(a_) + (b_.)*(x_)]1*Sqrtl(c_) + (d_.)*(x_)]*Sqrtl(e_) + (f_.)*(x
_)1), x_Symbol] :> Dist[Sqrt[bx((c + d*x)/(bxc - a*d))]/Sqrtl[c + d*x], Int[
1/(Sqrt[a + b*x]*Sqrt[bx(c/(b*c - a*xd)) + bxdx(x/(b*c - axd))]*Sqrt[e + f*x
1), x1, x] /; FreeQ[{a, b, c, 4, e, f}, x] && !'GtQ[(b*c - a*d)/b, 0] && Si
mplerQ[a + b*x, c + d*x] && SimplerQ[a + b*x, e + f*x]

Rule 164

Int[((g_.) + (h_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl[(c_) + (d_.)*(x_)]1*
Sqrtl(e ) + (£_.)*(x_)]), x_Symbol] :> Dist[h/f, Int[Sqrtl[e + f*x]/(Sqrtla
+ bxx]*Sqrt[c + d*x]), x], x] + Dist[(f*g - exh)/f, Int[1/(Sqrt[a + b*x]*Sq
rt[c + d*x]*Sqrtle + f*x]1), x], x] /; FreeQ[{a, b, c, d, e, f, g, h}, x] &&
SimplerQ[a + b*x, e + f*xx] && SimplerQ[c + d*x, e + fx*x]

Rule 175

Int[1/(((a_.) + (b_.)*(x_))*Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (f_.)*(x_
)I1xSqrt(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2, Subst[Int[1/(Simp[b*c -
a*d - b*x"2, x]*Sqrt[Simp[(d*e - c*f)/d + £*(x72/d), x]]1*Sqrt[Simp[(d*g -
cxh)/d + hx(x~2/d), x11), x], x, Sqrtlc + d*x]], x] /; FreeQ[{a, b, c, d, e
, £, g, h}, x] && !SimplerQ[e + f*x, c + d*x] && !SimplerQ[g + h*x, c + d
*x]

Rule 551
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Int[1/(((a_) + (b_.)*(x_)~2)*Sqrt[(c_) + (d_.)*(x_)~2]*Sqrt[(e ) + (f_.)*(x
_)72]1), x_Symbol] :> Simp[(1/(a*Sqrt[cl*Sqrt[e]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*(f/(dxe))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & !GtQ[d/c, 0] && GtQlc, 0] && GtQle, 0] && !( !GtQ[f/e, 0] && S
implerSqrtQ[-f/e, -d/cl)

Rule 552

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Dist[Sqrt[1 + (d/c)*x~2]/Sqrtl[c + d*x~2], Int[1/((a +
b*x~2)*Sqrt[1 + (d/c)*x~2]*Sqrtle + f*x~2]), x], x] /; FreeQ[{a, b, c, d, e
, £}, x] & 'GtQ[c, 0]

Rule 1619

Int[(((a_.) + (b_.)*(x_))" (@ )*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)*
(x_)1*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp
[(A*b~2 + a”2xC)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtl[g + hx
x]/((m + 1)*(b*c - axd)*(bxe - a*f)*(bxg - a*h))), x] - Dist[1/(2x(m + 1)*(
bxc - axd)*(bxe - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*
Sqrt[e + fxx]*Sqrt[g + h*x]))*Simp [A*(2%a~2*kd*fxh*x(m + 1) - 2%a*bk(m + 1)*(
dxfxg + dxexh + c*f*h) + b™2x(2*m + 3)*(d*exg + c*f*g + c*exh)) + axCx(ax(d
xe*xg + cxfxg + cxexh) + 2¥bkcxexgx(m + 1)) - 2x(Axb*(a*d*f*h*x(m + 1) - bx(m
+ 2)*(d*f*xg + dkexh + cxfxh)) - Cx(a~2x(d*fxg + dxexh + c*fxh) - b 2kcxexg
*(m + 1) + axbx(m + 1)*(d*exg + c*f*g + cxe*h)))*x + d*xfxh*(2xm + 5)*(Axb~2
+ a”2*C)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, C}, x] && In
tegerQ[2*m] && LtQ[m, -1]

Rule 1621

Int[(Px_)*((a_.) + (b_.)*(x_)) " (m_.)*((c_.) + (d_)*(x_))"(n_.)*x((e_.) + (f
_Ox(x))"(p_)*((g_.) + (h_.)*(x_))"(q_.), x_Symbol] :> Dist[PolynomialRem
ainder[Px, a + b*x, x], Int[(a + b*x) m*(c + d*x) n*(e + f*x) p*x(g + h*x)"q
, x], x] + Int[PolynomialQuotient[Px, a + b*x, x]*(a + b*xx)"(m + 1)*(c + dx*
x)"nx(e + f£*xx)“px(g + h*x)"q, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, m, n, p,
q}, x] && PolyQ[Px, x] && EqQ[m, -1]

Rubi steps

_(AV’ +a*C) Vet dzve+ favg+ha
(bc — ad)(be — af)(bg — ah)(a + bx)
f —Ab?(deg+cfg+ceh)—2ab(cCeg—Adf g— Adeh— Acfh)—a?(2Adf h—C(deg+cfg+ceh))+2(b?cCeg+a?C(df g+deh+cfh)+ab(Adf h—C(deg
(a+bz)Vct+dz/e+ fz/g+hx
2(bc — ad)(be — af)(bg — ah)

integral =

_|_
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_ _(Ab2 + a?C)vc+ dz/e + fr\/g + hx
(bc — ad)(be — af)(bg — ah)(a + bz)

2 2 2 3 2
2bcCeg—2aCdeg—2acC fg+ % —2acCeh+2a~Cdeh fdeh 4 2a7cOfh chfh +aAdfh—2SHN %‘ifh + (Abdfh+ a Cl')dfh ) x

dz

+ Vetrdz/e+fx\/g+hx
2(bc — ad)(be — af)(bg — ah)
(a*Cdfh — Ab*(deg + cfg + ceh) — 2a3bC(df g + deh + cfh) — 2ab®(2cCeg — Adf g — Adeh —

+ 262 (b — ad)(be — af) (b

(Ab? + a®’C) Ve + dzv/e + fr\/g + hx
(bc — ad)(be — af)(bg — ah)(a + bx)
(GQCdf _ 2abC’(de * Cf) t b2(2006 B Adf)) f Vc+dxx/eifxx/g+hz
+ 262 (b — ad) (be — af)
((40+5) o) | el do
2(bc — ad)(be — af)(bg — ah)

(a*Cdfh — Ab*(deg + cfg + ceh) — 2a3bC(df g + deh + cfh) — 2ab3(2cCeg — Adfg — Adeh —

dz

+

b%(bc — ad

(Ab% + a2C) Ve + dz/e + fr\/g + hx
(bc — ad)(be — af)(bg — ah)(a + bx)

((a20df —2abC(de + cf) + b*(2cCe — Adf)) /ﬁ%ﬁ?) | e 1+ = dz
de—cf ' de—cf

+ 202(bc — ad)(be — af)ve + fz
((a4C’dfh — Ab*(deg + cfg + ceh) — 2a®bC(df g + deh + cfh) — 2ab®(2cCeg — Adfg — Adeh
B b2 (bC —
((Ab + ‘12_C> df | dett) m) [ gt g e d
+ ' deef ! C+dw\/de(f/cf + dgfzf

2(bc — ad)(be — af)(bg — ah)ve + fz,/ 4t
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(Ab? + a®’C) Ve + dz\/e + fr\/g + hz
(bc — ad)(be — af)(bg — ah)(a + bx)

(Ab+ ‘ZZTC) Viv/—de+cf ‘{g%’,;f)\/g-i- hacE(sin_1 <£@) |§‘%Z;fgg>
(bc — ad)(be — af)(bg — ah)\/e + f-’B\/ %

((a*Cdf — 2abC(de + cf) + B(2cCe — Adf)) |/ 5D\ [ 222 ) [ T T
de—cf T d dg—ch ' dg

e—cf
2b2(bc — ad)(be — af)ve+ fr\/g + hx

+

+

((a4C’dfh — Ab*(deg + cfg + ceh) — 2a3bC(df g + deh + cfh) — 2ab®(2cCeg — Adfg — Adeh —

b2(bc — a

(Ab? + a®’C) Ve + dz\/e + fr\/g + hx
(bc — ad)(be — af)(bg — ah)(a + bx)

a2 d(e+fz - Vetdz de—cf)h

(4b+ 48 VIV=deFof \/ U [gH haB (sin ! (YI4EE ) Yol )
(bc — ad)(be — af)(bg — ah)\e + fzy/ %
V=de+ cf (a*Cdf — 2abC(de + cf) + b(2cCe — Adf)) |/ 4L déf:’c’,f)F<sin—1 (Wjﬁ fotds ) |
b2d(bc — ad)\/f(be — af)ve + fr\/g + hx

V/—de + cf(a*Cdfh — Ab*(deg + cfg + ceh) — 2a3bC(df g + deh + cfh) — 2ab*(2cCeg — Adf g

b2(be — ad)?\/f

_|_

_|_

Mathematica [C] (verified)

Result contains complex when optimal does not.

Time = 35.65 (sec) , antiderivative size = 3935, normalized size of antiderivative = 5.33

2
/ A+Cz dzr = Result too large to show
(a + bx)2v/c+ dz/e + fr\/g + hz

[In] Integrate[(A + C*x~2)/((a + b*x)~2*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x

1) ,x]

[Out] ((-(A*b~2) - a~2#C)x*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtl[g + h*x])/((bxc - a*d)
*x(bxe - axf)x(bxg - a*h)*x(a + b*x)) - ((c + d*x)~(3/2)*(A*b~4xcxSqrt[-c + (
dxe) /f]1*fxh + a~2%b~2kc*C*kSqrt[-c + (dxe)/f]lxfxh - axAxb~3xd*Sqrt[-c + (d*e
)/£1*xf*h - a”~3*%b*C*kd*Sqrt[-c + (dxe)/flxfxh + (A*b~4*c*d~2*exSqrt[-c + (d*e
)/£f1xg)/(c + d*x)"2 + (a~2xb~2*c*xCxd~2*e*xSqrt[-c + (d*e)/flxg)/(c + d*xx)~2
- (a*A*b~3xd"3*e*xSqrt[-c + (d*e)/fl*g)/(c + d*x)~2 - (a~3*b*xC*d~3*exSqrt[-c
+ (d*e)/fl*g)/(c + d*x)~2 - (Axb~4*c~2xd*Sqrt[-c + (d*e)/f]lxf*g)/(c + d*x)
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~2 - (a"2%b"2*%c"2xCxd*Sqrt[-c + (dxe)/fl*f*xg)/(c + d*x)~2 + (a*Axb~3*c*d”~2x%
Sqrt[-c + (dxe)/flxfxg)/(c + d*x)~2 + (a"3xb*xc*C*d~2xSqrt[-c + (d*e)/f]x*fx*g
)/(c + d*x)~2 - (A*b~4*c~2*d*e*Sqrt[-c + (d*e)/f]*h)/(c + d*x)~2 - (a~2*b~2
xc~2*Ckxd*exSqrt [-c + (d*e)/f]lxh)/(c + d*x)~2 + (a*xAxb~3*c*d 2xexSqrt[-c + (
d*e)/f1*h)/(c + d*x)~2 + (a~3xbkxc*Cxd~2xe*Sqrt[-c + (d*e)/f]l*h)/(c + d*x)"2
+ (A*b~4xc~3*Sqrt[-c + (dxe)/fl*fxh)/(c + d*x)~2 + (a~2*b~2xc~3*C*xSqrt[-c
+ (d*xe)/f]1*f*h)/(c + d*x)~2 - (a*A*b~3*c~2*d*Sqrt[-c + (d*e)/fl*fxh)/(c + d
*x) "2 - (a"3*%bxc"2xCxd*Sqrt[-c + (dxe)/f]lxfxh)/(c + d*x)~2 + (Axb~4*c*xd*Sqr
tl-c + (d*e)/fl*xf*xg)/(c + d*x) + (a~2*%b~2*c*Ckd*Sqrt[-c + (d*xe)/f]*f*xg)/(c
+ dxx) - (axAxb~3*%d"2*xSqrt[-c + (d*e)/f]lxfxg)/(c + d*x) - (a~3*b*C*d~2*Sqrt
[-c + (dxe)/fl*fxg)/(c + d*x) + (A*b~4*xcxd*e*Sqrt[-c + (dxe)/f]l*h)/(c + d*x
) + (a"2%b"2xcxCxd*e*xSqrt[-c + (d*e)/fl*h)/(c + d*x) - (a*A*b~3xd~2*e*Sqrt[
-c + (d*e)/fl*h)/(c + d*x) - (a~3*bxCxd~2*e*xSqrt[-c + (d*e)/flxh)/(c + d*x)
- (2%A*b~4xc~2*Sqrt[-c + (dxe)/f]l*fxh)/(c + d*x) - (2*%a~2xb~2*c~2*C*xSqrt[-
c + (dxe)/fl*f*h)/(c + d*x) + (2*a*xAxb~3*kc*d*Sqrt[-c + (d*e)/fl*f*h)/(c + d
*x) + (2%a~3xbxc*Ckd*Sqrt[-c + (d*e)/f]l*fxh)/(c + d*x) + (I*bx(A*b~2 + a~2%
C)*(-(b*c) + a*d)*(-(dxe) + c*f)xh*Sqrt[l - c/(c + d*x) + (d*e)/(fx(c + d*x
))1*Sqrt[1 - c/(c + d*x) + (d*g)/(h*(c + d*x))]*EllipticE[I*ArcSinh[Sqrt([-c
+ (d*e)/f]l/Sqrtlc + d*x]], (dxf*g - cxf*h)/(d*xexh - c*fxh)])/Sqrtlc + d*x]
+ (I*bx(2*axbx(c™2xC + A*d~2)*f + a~2*Ckd*(d*e - c*xf) - b~2%(2xc"2*C*xe + A
*d"2%e + Axckxd*f))*(-(bxg) + axh)*Sqrt[1 - c/(c + d*x) + (dxe)/(f*(c + d*x)
)I*Sqrt[1 - c/(c + d*x) + (d*g)/(h*x(c + d*x))]*EllipticF[I*ArcSinh[Sqrt[-c
+ (d*e)/f]/Sqrtlc + d*x]], (d*fxg - c*f*h)/(dxexh - cxfxh)])/Sqrtlc + d*x]
- ((4*I)*axb~3xcxCxdxexgxSqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[1
- c/(c + d*x) + (d*g)/(h*(c + d*x))]*EllipticPi[-((b*c*xf - axd*f)/(b*d*e -
bxc*f)), I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - c*xf*h)/(d*e
xh — c*f*h)])/Sqrtlc + d*x] - (I*Axb~4*d”~2*xexgxSqrt[l - c/(c + d*x) + (d*e)
/(fx(c + d*x))]*Sqrt[1 - c/(c + d*x) + (d*g)/(hx(c + d*x))]*EllipticPi[-((b
xcxf - axdxf)/(bxd*e - bkckxf)), IxArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]]
, (dxf*g - cxfxh)/(d*exh - c*fxh)])/Sqrtlc + d*x] + ((3%I)*a~2%b~2xCxd~2%ex*
gxSqrt[1 - c/(c + d*x) + (dxe)/(f*(c + d*x))]*Sqrt[1l - c/(c + d*x) + (d*g)/
(hx(c + d*x))]*EllipticPi[-((b*c*f - a*xd*f)/(bxd*e - bkxcxf)), IxArcSinh[Sqr
t[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*xg - c*f*h)/(d*xexh - cxfxh)])/Sqrtlc +
dxx] - (I*Axb~4*c*d*fxgxSqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]*Sqrt[1
- c/(c + d*x) + (d*g)/(h*(c + d*x))]*EllipticPi[-((bxc*f - axd*f)/(b*d*e -
bxc*f)), I*ArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (d*f*g - cxf*h)/(dxex
h - c*xfxh)])/Sqrtlc + d*x] + ((3%I)*a~2xb~2xc*Ckd*fxgxSqrt[1 - c/(c + d*x)
+ (d*e)/(fx(c + d*x))]1*Sqrt[1l - c/(c + d*x) + (d*g)/(h*(c + d*x))]*Elliptic
Pi[-((b*cxf - axd*f)/(bxdxe - bkxcxf)), IxArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc
+ d*x]], (d*f*g - cxfxh)/(d*exh - cxfxh)])/Sqrtlc + d*x] + ((2%I)*a*xA*b~3xd
~2xfxgkSqrt[1 - c/(c + d*x) + (d*e)/(f*(c + d*x))I*Sqrt[l - c/(c + d*x) + (
dxg)/(h*x(c + d*x))I*EllipticPi[-((bxcxf - axdxf)/(b*d*e - b*c*f)), IxArcSin
h[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x]], (dxfxg - c*fxh)/(d*exh - cxfxh)])/Sqrt
[c + dxx] - ((2*I)*a~3*b*Cxd~2xf*g*Sqrt[1 - c/(c + d*x) + (dxe)/(f*(c + d*x
))1*Sqrt[1 - c/(c + dxx) + (d*g)/(h*(c + d*x))]*EllipticPi[-((bxc*f - a*xd*f



276

)/ (bxd*e - bxcxf)), IxArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - c
xfxh) /(d*exh - c*f*h)])/Sqrtlc + d*x] - (I*Axb~4*c*d*exhxSqrt[l - c/(c + dx*
x) + (dxe)/(fx(c + d*x))]*Sqrt[1 - c/(c + d*x) + (d*g)/(h*(c + d*x))]*Ellip
ticPi[-((b*c*f - axd*f)/(b*d*e - bxc*f)), I*ArcSinh[Sqrt[-c + (dxe)/f]/Sqrt
[c + d*x]], (d*fxg - cxfxh)/(d*exh - cxf*h)])/Sqrtlc + d*x] + ((3*I)*a~2xb"~
2xcxCxd*xexh*Sqrt[1 - c/(c + d*x) + (dxe)/(f*x(c + d*x))]*Sqrt[l - c/(c + d*x
) + (d*g)/(hx(c + d*x))]*EllipticPi[-((b*c*f - axd*f)/(bxd*e - bkxcxf)), IxA
rcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (dxfxg - cxfxh)/(d*exh - cxfxh)])
/Sartlc + d*x] + ((2%I)*axA*xb~3*%d"2*exh*Sqrt[l - c/(c + d*x) + (d*e)/(fx*(c
+ d*x))]*Sqrt[1 - c/(c + d*x) + (d*g)/(h*(c + d*x))]*EllipticPi[-((b*cxf -
axdxf)/(b*d*e - bxc*f)), I*ArcSinh[Sqrt[-c + (dxe)/f]l/Sqrtlc + d*x]], (dxf*
g - c*f*h)/(dxexh - cxfxh)])/Sqrtlc + d*x] - ((2%I)*a~3xb*C*d~2*exh*Sqrt[1
- c/(c + d*x) + (d*e)/(f*(c + d*x))]1*Sqrt[1l - c/(c + d*x) + (dxg)/(h*(c + d
*x))]*E11lipticPi[-((b*c*f - axd*f)/(b*d*e - b*cxf)), I*ArcSinh[Sqrt[-c + (d
xe) /f]/Sqrt[c + d*x]], (d*f*g - c*fxh)/(d*exh - cxfxh)])/Sqrtlc + d*x] + ((
2*I) xaxAxb~3xcxd*xfxh*xSqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]1*Sqrt[l - ¢
/(c + d*x) + (d*g)/(h*x(c + d*x))]*EllipticPi[-((b*c*f - axd*f)/(b*dxe - b*c
xf)), IxArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (d*f*g - cxfxh)/(d*exh -
cxfxh)])/Sqrtc + d*x] - ((2*I)*a~3xbxcxCxdxfxh*xSqrt[1l - c/(c + d*x) + (dx
e)/(fx(c + d*x))I*Sqrt[1l - c/(c + d*x) + (dxg)/(h*(c + d*x))]*EllipticPil[-(
(bxcxf - axd*f)/(b*d*e - bkxc*f)), IxArcSinh[Sqrt[-c + (d*e)/f]l/Sqrtlc + d*x
11, (dxfxg - c*f*xh)/(d*exh - cxfxh)])/Sqrtlc + d*x] - ((3*I)*a~2xA*b~2*xd~2x
fxh*xSqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]I*Sqrt[l - c/(c + d*x) + (d*g
)/ (h*x(c + d*x))]*EllipticPi[-((b*cxf - a*d*f)/(bxd*e - bxcxf)), IxArcSinh[S
qrt[-c + (d*e)/f1/Sqrtlc + d*x]], (d*fxg - c*fxh)/(d*e*xh - cxf*h)])/Sqrtlc
+ d*x] + (I*a~4*xCxd~2*xf*h*Sqrt[1 - c/(c + d*x) + (d*e)/(fx(c + d*x))]I*Sqrt[
1 - c/(c + d*x) + (d*g)/(hx(c + d*x))]*EllipticPi[-((b*c*f - a*xd*f)/(bxdxe
- bxcxf)), I*ArcSinh[Sqrt[-c + (d*e)/f]/Sqrtlc + d*x]], (dxfxg - c*f*h)/(d*
exh - cxf*h)])/Sqrtlc + d*x]))/(b~2xd*(bxc - a*d)*(-(b*c) + a*xd)*Sqrt[-c +

(d*e) /f1*(-(bxe) + axf)*(-(b*g) + a*h)*Sqrtle + ((c + d*x)*(f - (cxf)/(c +
d*x)))/dl*Sqrtg + ((c + d*x)*(h - (cxh)/(c + d*x)))/d])

Maple [A] (verified)

Time = 3.94 (sec) , antiderivative size = 1269, normalized size of antiderivative = 1.72

method | result size
elliptic | Expression too large to display | 1269

default | Expression too large to display | 17416

[In] int((C*xx~2+A)/(b*xx+a)~2/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,method=
_RETURNVERBOSE)

[Out] ((d*x+c)*(f*x+e)*(h*x+g))~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2) / (h*xx+g) =~ (1/2) *(
1/ (a"3*d*f*h-a~2xb*c*f*h-a~2xb*d*exh-a~2*b*d*f*g+a*xb~2*kckexh+a*xb~2kcxfxg+ax
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b~2*d*e*xg-b~3*cke*xg) * (Axb~2+C*a~2) * (d*f*xh*x~3+c*f*h*x~2+d*exh*x~2+d*f*gkx~2
+ckexhxx+c*xf*gkx+dxexgrx+cxexg) ~ (1/2) / (bxx+a) +2%(C/b~2-1/2*%a/b~2*d*f*h* (A*b
~2+C*a”~2)/(a~3*d*fxh-a”~2*xbxcxf*h-a~2*bkd*exh-a~2¥b*xd*f*g+axb~2kckexh+a*xb” 2
cxf*xgtaxb”2xd*e*xg-b~3*cke*g))*(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d)/
(-g/h+c/d))~(1/2)*((x+e/f)/(-g/h+e/£) )~ (1/2) / (d*fxh*x~3+cxf*xh*x"2+d*exh*x"2
+d*fxgxx~2+ckexhxx+ckxf*gkx+dxexgrx+crexg) ~(1/2)*EllipticF (((x+g/h)/(g/h-e/f
))~(1/2),((-g/h+e/f)/(-g/h+c/d) )~ (1/2) ) -d*fxh* (Axb~2+C*a~2) / (a~3*d*f*xh-a~2%
bxcxf*h-a~2xbxd*xexh-a~2xbxd*f*g+axb~2xckexh+axb™2kc*xf*g+axb~2xd*xe*g-b~3*c*e
*xg) /bx(g/h-e/f)*((x+g/h)/(g/h-e/£))~(1/2)*((x+c/d) /(-g/h+c/d) )~ (1/2)*((x+e/
£)/(-g/h+e/£))~(1/2) / (A*fxhxx~3+c*f*¥h*x"2+d*exh*x " 2+d*f*g*x " 2+ckexhrx+cxf*xg
xx+d*xexgkx+cxexg) ~(1/2)*((-g/h+c/d)*EllipticE(((x+g/h)/(g/h-e/£))~(1/2), ((-
g/h+e/f)/(-g/h+c/d))~(1/2))-c/d*EllipticF (((x+g/h)/(g/h-e/£))~(1/2),((-g/h+
e/f)/(-g/h+c/d))~(1/2)))+(3*A*a~2*b~2xd*f*h—-2*Axa*xb~3*kcxfxh-2*xA*a*xb~3xd*e*h
—2xAxaxb~3xdxfxg+Axb 4xckexh+Axb~4xcxfxg+Axb~4*xd*exg-Cka~4*xd*f*h+2*Cka~3*b*
c*xfxh+2*%C*a~3xbkd*e*xh+2*Cka~3*xbxd*f*g—-3*Cxa~2%b~2*ckxexh-3*%Cxa~2%b~2*xcxf*g-3
*Cxa~2%b~2xd*e*xg+4*Craxb~3*cke*xg) / (a~3*d*f*xh-a~2*b*cxfxh-a~2¥b*d*exh-a~2%b*
dxfxg+a*b”~2xcxexh+axb~2xcxf*g+axb~2xd*xe*g-b~3xcxe*g) /b~3*(g/h-e/f) *((x+g/h)
/(g/h-e/£))~(1/2)*((x+c/d) / (-g/h+c/d)) = (1/2) *((x+e/f) / (-g/h+e/£) )~ (1/2) / (d*
fxhxx~3+ckfxh*x"2+d*exh*x~2+d*f*gkx~2+ckexhkx+cxf*xgkx+drexgkx+ckexg) ~(1/2)/
(-g/h+a/b)*E1llipticPi(((x+g/h)/(g/h-e/£))~(1/2), (-g/h+e/f)/(-g/h+a/b), ((-g/
h+e/f)/(-g/h+c/d))~(1/2)))

Fricas [F(-1)]

Timed out.

2
/ AtCz dx = Timed out
(a + bx)2\/c+ dz/e + fr\/g+ hx

[In] integrate((C*x~2+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="fricas")

[Out] Timed out

Sympy [F(-1)]

Timed out.

2
/ A+ Ce dz = Timed out
(a + bx)?v/c+ dz/e + fr\/g + hx

[In] integrate((Ckx**2+A)/(bxx+a)**2/(d*x+c)*x(1/2)/(f*x+e)*x(1/2)/ (h*x+g)**(1/2
) ,Xx)

[Out] Timed out
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Maxima [F]

/ A+ Cx? d:c—/ Cz?>+ A i
(a+bz)2Ve+dzve+ favg+ he ) (br+a)’Vdz +c/fr+e/hz + g

[In] integrate((C*x~2+A)/(bkx+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="maxima")

[Out] integrate((Cxx~2 + A)/((b*x + a)~2xsqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), x)

Giac [F]

/ A+ Ca? dac—/ Cz?+ A I
(a + bx)?v/c+ dz/e + fr\/g + hx (bz +a)’Vdz + c/fr+e/hz + g

[In] integrate((C*x~2+A)/(b*x+a) 2/ (d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2),x,
algorithm="giac")

[Out] integrate((C*xx~2 + A)/((b*x + a) 2xsqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)), x)

Mupad [F(-1)]

Timed out.

/ A+ Cz? Cz?+ A
dr = 5 dx
(a + bx)?\/c+ dz/e + fr\/g + hx vVe+ fzvg+hz(a+bz) Ve+dzx

[In] int((A + C*x"2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + bxx)"2x(c + d*x)~(1/2
)),x)
[Out] int((A + C*xx"2)/((e + £*xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)"2x(c + d*x)~(1/2
)), %)
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312
3.31 f \/a+bx (A+Cz?)

ct+dzv/e+fr\/g+hx
Optimal result . . . . . . . . . . . . e 2779
Rubi [A] (warning: unable to verify) . . . ... ... ... .. .. ... . ... .. 230
Mathematica [B] (warning: unable to verify) . . . . . . .. ... ... ... ... ..
Maple [A] (verified) . . . . . . . . .. 280
Fricas [F(-1)] . . . . . o 287
Sympy [F] . . o o 28T
Maxima [F] . . . . . . 288
Giac [F] . . . o o 288
Mupad [F(-1)] . . o 288

Optimal result

Integrand size = 44, antiderivative size = 1395

(a+ bz)%? (A + Cx?) dp— (C(3adfh — 5b(df g + deh + cfh))(adfh — 3b(df g + deh + cfh)) + 8bdf

Vetdoy/e+ fag+ha 2
C(3adfh — 5b(df g + deh + cfh))vVa + bxv/c+ dxv/e + fr\/g + ha
1242 212
C(a+ bx)%?/c+ dz\/e + fz\/g + hx
+ 34k
Vdg — ch\/fg — eh(C(3adfh — 5b(df g + deh + cfh))(adfh — 3b(df g + deh + cfh)) + 8bdf h(3Abdf h — «
24bd f2h?
(be — af)v/Bg = ah(3a2Cd 2R + 6abCdfh(cfh + 2d(fg + eh)) — b2(24Ad2 f2h2 + C(5EEf2h2 + dedfh(;
+
24122 33/ T g

v/—dg + ch(4bdf h(C(b(deg + cfg + ceh) + a(df g + deh + cfh))(3adfh — 5b(df g + deh + cfh)) + 2df h(

[Out] -1/24*(4*%bxd*f*h* (C*(b* (ckexh+c*f*xgt+dxexg)+ax (cxfxh+d*kexh+d*xf*g))* (3kakxd*f*
h-5%b* (c*f*h+d*exh+d*f*g) ) +2*d*f*h* (3%b~2xcxCkxe*xg+2*xa~2*C* (cxf*h+d*exh+d*f*
g) —axbx (12*xA*d*f*xh-5%C* (cxexh+cxfxg+d*e*xg))))+(axd*f*h+b* (c*f*h+d*exh+d*f*g
) ) x (C* (3*axd*fxh-5*b* (c*f*h+d*exh+d*f*g) ) * (a*xd*fxh-3*b* (c*f*h+d*exh+d*f*g))
+8*xb*d*xfxh* (3kAxb*d*f*xh-C* (2xb* (ckexh+cxfxg+drexg) +ak (cxf*h+dxexh+d*xf*g))))
) * (b*x+a) *E11lipticPi ((-a*d+b*c) ~(1/2) * (h*x+g) ~(1/2) / (c*h-d*g) ~ (1/2) / (b*x+a)
~(1/2) ,-b*(-c*h+d*g) / (—axd+b*c) /h, ((—a*f+b*e) * (—cxh+d*g) / (~a*d+b*c) / (-exh+f
*xg)) ~(1/2) ) *(cxh-d*g) ~(1/2) * ((-axh+b*g) * (d*x+c) / (—cxh+d*g) / (bxx+a) )~ (1/2) *(
(—axh+bxg) * (f*x+e) / (—exh+f*g) / (bxx+a))~(1/2) /b~2/d"3/£73/h~4/ (-axd+b*c) ~(1/



280

2) /(d*x+c) ~(1/2) / (f*x+e) = (1/2) +1/24% (Cx (3*a*xd*f*h-5*b* (cxf*h+d*exh+d*f*g) ) *
(axd*f*h-3*bx (cxfxh+d*exh+d*f*xg) ) +8*bxd*f*h* (3xA*b*d*f*xh-C* (2xb* (cxexh+ckf*
g+dxex*g) +ax (cxfxh+d*exh+d*xf*g))) ) * (b*xx+a) = (1/2) * (£xx+e) " (1/2) * (h*xx+g) ~(1/2)
/b/d~2/£73/h~3/ (d*x+c)~ (1/2)+1/3%C* (b*x+a) = (3/2) * (d*x+c) " (1/2) * (£*x+e) ~(1/2
)* (h*x+g) ~(1/2) /d/f/h+1/12%C* (3xa*d*f*h-5*b* (cxf*xh+d*exh+d*f*g) ) * (bxx+a) ~ (1
/2)*(d*x+c)~(1/2) % (fxx+e) ~(1/2) * (h*x+g) ~(1/2) /d~2/£72/h~2+1/24* (-axf+b*e) *(
3%a”~2%Ckd~2*f ~2*¥h~2+6*a*b*Ckd*f ¥h* (cxf*h+2*xd* (exh+f*g) ) —b~2x (24xAxd~2xf~2xh
~2+C* (5%c™2+f "2+h~2+4*c*xd*f*xh* (exh+f*g) +d~2* (15%xe~2xh~2+14*e*f*g*h+15xf " 2xg
~2))))*EllipticF ((-axh+bxg) ~(1/2)*(f*x+e) ~(1/2)/(-exh+f*g) ~(1/2)/(b*x+a) (1
/2) , (- (-axd+b*c) * (~exh+f*g) / (-ckf+d*e) / (~axh+b*g) ) ~(1/2) ) * (~axh+b*g) ~(1/2) *
((-axf+bxe)* (d*x+c) / (—cxf+dxe) / (bxx+a)) ~(1/2) * (h*x+g) ~(1/2) /b~2/d"2/£73/h"3
/ (—exh+fxg) = (1/2) / (d*x+c) ~(1/2) / (- (—axf+b*e) * (h*xx+g) / (—exh+f*g) / (b*x+a) )~ (1
/2)-1/24x (C* (3xaxd*fxh-5xbx (c*f*h+d*exh+d*f*g) ) * (axd*f*h-3*b* (cxf*h+d*xexh+d
xf*g) ) +8*%bxd*f*xh* (3xAxbxd*f*h-Ck (2%b* (cxexh+c*f*xg+d*kexg) +a* (ckf*h+d*exh+d*f
*g))))*EllipticE((-cxh+dxg) = (1/2) * (f*x+e) ~(1/2) / (-exh+f*g) ~(1/2) / (d*x+c)~ (1
/2), ((-axd+b*c) * (-exh+f*g) / (-axf+bxe) / (-cxh+d*g) )~ (1/2) ) * (-cxh+d*g) ~(1/2) *(
—exh+f*xg) = (1/2) * (bxx+a) = (1/2) * (- (-cxf+d*e) * (h*x+g) / (—exh+f*g) / (d*x+c) )~ (1/2
)/b/d"~3/£73/h~3/ ((~c*f+dxe)* (b*x+a) / (-axf+bxe) / (d*x+c)) ~(1/2) / (h*x+g) ~(1/2)

Rubi [A] (warning: unable to verify)

Time = 3.98 (sec) , antiderivative size = 1376, normalized size of antiderivative = 0.99,

_ _ number of rules _
number of steps used = 10, number of rules used = 10, integrand size 0.227, Rules

used = {1615, 1614, 1616, 1612, 176, 430, 171, 551, 182, 435}

(a+bx)%% (A + Cx?) dr — Cv'c+ dxv/e+ fx\/g+ hz(a + bx)®/?
Ve+dzye+ fx/g+ hx 3dfh

vch — dg((adfh + b(df g + deh + cfh)) (24Ad? f2h%b* + 15C (df g + deh + cfh)?b? — 16Cdf h(deg + cfg +

Vdg — ch\/fg — eh(24Ad? f2h?b? + 15C (df g + deh + cfh)?b* — 16Cdfh(deg + cfg + ceh)b? — 22aCdf h(

3 £37,3 /| (de—cf)(
24bd3 f3h ,/(be_af)((

N C(3adfh — 5b(df g + deh + cfh))vVc+ dzv/e + fr\/g + hava+ bx
12d2 f2h2
<24Abfhal2 + w — 16bC(deg + cfg + ceh)d — 22aC(df g + deh + cfh)d + 15bc(dfg;§de

c 2

_I_

24d? f2h2\/c + dx
(be — af)v/bg — ah(—((24Ad?f*h? + C((15f%g? + 14efhg + 15e*h?) d? + 4cfh(fg + eh)d
_|_

+ 5¢2f2h?)) b?)

2402d? f3h3+/fg

[In] Int[((a + b*x)~(3/2)*%(A + C*x~2))/(Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x

1) ,x]
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[Out] ((24*A*b*d~2xfxh + (3*%a~2*Cxd~2*f*h)/b - 16%b*Ckd*(d*exg + c*f*g + cxexh) -
22%a*Ckxd* (dxf*xg + d*exh + cxfxh) + (15%b*Cx(d*fxg + d*exh + c*xf*h)~2)/(f*h
))*Sqrt[a + bxx]*Sqrt[e + f*x]*Sqrt[g + h*x])/(24xd"2*f~2xh~2*Sqrt[c + d*x]
) + (Cx(3xaxd*fxh - 5xb*(dxf*g + d*exh + c*xfxh))x*Sqrt[a + b*x]*Sqrt[c + d*x
1*Sqrt[e + f*x]*Sqrt[g + h*x])/(12%d"2*xf~2xh~2) + (Cx(a + bx*x)~(3/2)*Sqrtl[c
+ dxx]*Sqrt[e + f*x]*Sqrt[g + h*x])/(3*dxfxh) - (Sqrt[d*g - c*h]*Sqrt[fx*g
- exh] *(24xA*xb~2*d"2*xf"2+¥h"2 + 3*a~2*%C*kd"2*xf~2+¥h~2 - 16%b~2xCxd*f*h* (d*exg
+ cxfxg + ckexh) - 22kaxbxCkd*xfxh*(dxfxg + dxexh + cxfxh) + 15xb~2*%Ck (d*f*g
+ dxexh + cxfxh)~2)*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*(g + h*xx))/((f*g - e
*h)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtl[e + f*x])/(Sqrt[f*g
- exh]*Sqrt[c + d*x])], ((bxc - a*xd)*(fxg - exh))/((b*e - axf)*(d*g - cxh)
)1)/(24xbxd~3*%f~3*h~3*Sqrt [((d*e - cxf)*(a + b*x))/((b*e - axf)*x(c + dx*x))]
xSqrt[g + h*x]) + ((b*e - axf)*Sqrt[bxg - a*h]*(3*xa~2*Cxd~2xf~2+¥h~2 + 6xax*b
*xCxd*f*xh* (ckfxh + 2xd*(fxg + exh)) - b~2%(24xAxd~2*f~2xh~2 + Ck(5*c~2*%f~2xh
"2 + 4xcxdxfxhx(f*g + exh) + d72x(15%f72%g™2 + 14xexfxgxh + 15%e”~2%h~2))))*
Sqrt[((bxe - a*f)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt[g + h*x]*Ellipti
cF[ArcSin[(Sqrt [bxg - a*h]*Sqrtle + f*xx])/(Sqrt[f*g - ex*h]*Sqrtla + b*x])],
-(((bxc - a*xd)*(fxg - exh))/((d*e - cxf)*(b*g - axh)))])/(24*b~2xd~2*f 3*h
~3xSqrt [fxg - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe - axf)*(g + h*x))/((fxg - e*h
)x(a + bxx)))]) - (Sqrt[-(d*g) + cxh]*((axd*fxh + bx(dxf*g + d¥exh + c*fx*h)
) *(24*%Axb~2%d"2%f"2%xh~2 + 3*%a~2xC*xd~2*f"2xh~2 - 16%b~2*Cxd*f*h*(d*e*xg + cxf
xg + ckexh) - 22%axbxCxdxf*h*(d*f*g + dxexh + cxfxh) + 15%b~2xCx(dxf*g + dx*
exh + c*xf*h)~2) + 4*bkxd*fxh*(Cx(bx(d*exg + c*f*g + cxexh) + a*x(dxf*g + dxex
h + cxfxh))*(3*%a*d*f*h - b*b*(d*f*g + d*exh + c*xfxh)) + 2kd*f*h*(3xb~2xc*C*
exg + 2%a”2%Ck(dxfxg + dxexh + cxfxh) - a*xb*(12%Axd*fxh - 5xCx(d*e*xg + c*f*
g + c*xexh)))))*(a + b*x)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x
))1*Sqrt [((bxg - a*h)*(e + f*x))/((f*xg - exh)*(a + b*x))]*EllipticPi[-((b*(
dxg - c*h))/((b*c - a*d)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrt[g + h*x])/(Sqrt[
-(d*g) + cxh]*Sqrt[a + bxx])], ((bxe - axf)*(d*g - cxh))/((b*c - axd)*(f*g
- exh))])/(24xb~2%d"3*Sqrt [bxc - a*xd]*f~3*¥h~4*Sqrt[c + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)]*Sqrtl(e_.) + (£f_.)*(
x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*xg -
exh))]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*x(a + b*x)))]/((f*g - ex*h)*Sqrt[c + d*x]x*
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Sqrt [(-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - axd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x], x, Sqrtle + f*x]/Sqrtl[a + bxx]], x] /; FreeQ[{a, b, c, d, e, £, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrtl[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]/((bxe - axf)*Sqrtlg + h
*xx]*Sqrt [(bxe - a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - a*d)*(x"2/(d*e - c*£))]/Sqrt[1 - (bxg - a*h)*(x"2/(f*g - e*h))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)"21*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]l*Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*d))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/cl)

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrt[e]l*Rt[-d/c, 2]))*EllipticPi [b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], c*(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] && 'GtQ[d/c, 0] && GtQlc, O] && GtQle, 0] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int[((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)]
#Sqre[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B) /b, Int[1/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtlg + h*x]),
x], x] + Dist[B/b, Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtlg +
h*x]), x]1, x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B}, x]

Rule 1614
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Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (B_.)*(x_) + (C_.)*(x_)"2))/(Sqrtl
(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (£_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)1), x_S
ymbol] :> Simp[2+Cx(a + b*x) “m*xSqrt[c + d*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(
dxf*h*(2*m + 3))), x] + Dist[1/(d*fxh*x(2*m + 3)), Int[((a + b*x)"(m - 1)/(S
qrtlc + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]))*Simp[a*A*d*fxh*(2*m + 3) - Cx(ax
(dxexg + cxfxg + ckexh) + 2xbxcxe*g*m) + ((Axb + a*B)*d*f*xh*(2*m + 3) - Cx(
2xax(dxfxg + d*exh + c*xf*h) + b*(2+m + 1)*(d*e*g + cxfxg + cxexh)))*x + (bx
Bxdxfxh* (2+m + 3) + 2%Ck(axd*fxh*m - bx(m + 1)*x(d*f*g + d*exh + c*f*h)))*x"
2, x], x1, x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C}, x] && IntegerQ[2*
m] && GtQ[m, O]

Rule 1615

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*x(x_)]1*Sqrtl(e_.) + (£_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Sim
pl2*%Cx(a + b*x) “m*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtlg + h*x]/(d*f*h*(2*m +
3))), x] + Dist[1/(d*f*h*(2*m + 3)), Int[((a + b*x)~(m - 1)/(Sqrtlc + dxx]*
Sqrt[e + fxx]*Sqrt[g + h*x]))*Simp[a*A*d*xfxh*(2*m + 3) - Ckx(a*x(dxe*xg + cxfx
g + c*exh) + 2%bxcxexg*m) + (Axb*d*fxh*(2*m + 3) - Cx(2xax(dxfxg + d*kexh +
cxfxh) + bx(2*m + 1)*(d*exg + c*f*g + cxexh)))*x + 2*xCx(axd*xfxh*m - bx(m +
1)*(d*f*g + dxexh + cxfxh))*x~2, x], x], x] /; FreeQ[{a, b, c, d, e, f, g,
h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1616

Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_)]*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + fxx]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*¥A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
xh - Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
c*f)*((d*g - cxh)/(2*bxd*xf*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrt[e

+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},

x]

Rubi steps

integral =

_|_

C

(a+ bx)3?\/c+ dz+/e + fx+/g + hx

f\/m(

3dfh
—3bcCeg+6aAdfh—aC(deg+cfg+ceh)+2(3Abdf h—2bC(deg+cfg+ceh)—aC(df g+deh+cfh))z+C(3adf h—5b(df g+deh+cfh))x

Vetda/eF fx/gFha

6dfh
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_ C(3adfh — 5b(df g + deh + cfh))vVa + bxv/c+ dxv/e + fr/g+ hx
N 12d2 f2h2
N C(a+ bz)¥?\/c+ dz\/e + fz\/g + hz

3dfh
f —4adfh(3bcCeg—6aAdfh+aC(deg+cfg+ceh))—C(bceg+a(deg+cfg+ceh))(3adf h—5b(df g+deh+cfh))—2(C(b(deg+cfg+ceh)

+

(24Abd2 fh+ 32CER _16bCd(deg + cfg + ceh) — 22aCd(df g + deh + cfh) + 2C U ekiehtel h)f

2442 f2h2\/c + dx
N C(3adfh — 5b(df g + deh + cfh))va + bxv/c+ dxv/e + fr/g + hx
1242 f2h?
N C(a+ bz)¥%\/c+ dx\/e + fz\/9 + hz

3dfh
f —((bdeg+acfh)(24Ab2d? f2h2+3a2Cd? f2h%—16b2Cdf h(deg+cf g+ceh)—22abCdf h(df g+deh+cfh)+15b2C(df g+deh+cfh)?))-

+

((de — cf)(dg — ch) (24AB2d2F2h? + 3a2Cd2 f2h? — 1662Cdfh(deg + cfg + ceh) — 22abCdfh(df

+ A8b 313

(24Abd2 fh+ 2CE _ 16bCd(deg + cfg + ceh) — 22aCd(df g + deh + cfh) + 1 Watdehtel ’”2‘
B 24d2 f2h2\/c + dz
N C(3adfh — 5b(df g + deh + cfh))va + bxv/c+ dxv/e + fr/g+ hx
1242 f2h2
N C(a+ bz)¥%\/c+ dz\/e + fz\/9 + hz
3dfh
((be — af)(bg — ah) (3a*Cd? f2h? + 6abCdfh(cfh + 2d(fg + eh)) — b*(24Ad? f2h? + C(5c% f2h?
486242 f3h3
((adfh + b(df g + deh + cfh)) (24Ab?d? f2h% + 3a2Cd? f2h* — 1662Cdf h(deg + cfg + ceh) — 22¢

+

((dg — ch) (24Ab?d? f2h? + 3a2C'd? f2h? — 16b2°C'df h(deg + cfg + ceh) — 22abCdf h(df g + deh -

24bd? f3h3 \/E:Z
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(24Abd2 fh+ 2ECE _ 16bCd(deg + cfg + ceh) — 22aCd(df g + deh + cfh) + LW atdehtelh

24d2 f2h2\/c + dx
N C(3adfh — 5b(df g + deh + cfh))va + bxv/c+ dxv/e + fr/g + hx
12d2 f2h?
N C(a+ bz)¥%\/c+ dz\/e + fz\/9 + hz
3dfh

Vdg — ch\/fg — eh(24Ab%d? f2h? + 3a?Cd? f2h? — 16b?’Cdf h(deg + cfg + ceh) — 22abCdf h(d
24bd3 31

(((adfh + b(dfg + deh + cfh)) (24Ab%d? f2h? + 3a2Cd? f?h? — 16b°Cdfh(deg + cfg + ceh) —

((be —af)(bg — ah) (3a*>Cd?f?h? + 6abCdf h(cfh + 2d(fg + eh)) — b*(24Ad? f2h® + C(5c* 2

+
24b%¢

(24Abd2 fh+ CEM _ 16bCd(deg + cfg + ceh) — 22aCd(df g + deh + cfh) + Dot dehtelh

- 24d2 f2h2\/c + dz
C(3adfh — 5b(df g + deh + cfh))vVa + brvc + dxv/e + fry/g+ ha
+ 124 12
N C(a + bx)*?\/c+ dz\/e + fx /g + hx

3dfh
Vdg — chv\/fg — eh(24A0?d? f2h? + 3a2Cd? f2h? — 16b2Cdf h(deg + cfg + ceh) — 22abCdf h(d

24bd3 31
(be — af)+/bg — ah(3a*>Cd? f2h? + 6abCdf h(cfh + 2d(fg + eh)) — b*(24Ad? f2h? + C(5¢? f2h’
2B 31

V—dg + ch((adfh + b(dfg + deh + cfh)) (24AB2d2f2h? + 3a2Cd2 f2h? — 16b2Cdfh(deg + cfg

+
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Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 39032 vs. 2(1395) = 2790.

Time = 40.08 (sec) , antiderivative size = 39032, normalized size of antiderivative = 27.98

(a+bx)%? (A + Cx?)
Ve+dzy/e+ fz/g+ hx

dz = Result too large to show

[In] Integratel[((a + b*x)~(3/2)*(A + C*x~2))/(Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrtlg
+ h*x]),x]

[Out] Result too large to show

Maple [A] (verified)

Time = 6.74 (sec) , antiderivative size = 2228, normalized size of antiderivative = 1.60

method | result size
elliptic | Expression too large to display | 2228

default | Expression too large to display | 92114

[In] int((b*x+a)~(3/2)*(C*x~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,met
hod=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(£xx+e)* (h*x+g))~(1/2)/(bkxx+a)~(1/2)/(d*x+c)~(1/2)/ (f*x+e)
~(1/2) / (h*x+g) = (1/2) * (1/3%Cxb/d/f /h*x* (b*d*f*h*x~4+a*xd*f*h*x~3+b*c*f*h*x~3+
bxd*xexh*x~3+b*xd*f*g*x~3+axc*f*h*x~2+a*xd*xexh*x~2+axd*xf*g*x~2+b*xckxe*xh*x~2+b*c
*xfxg*x"2+bxdxexg*x " 2+akckexh*kx+axcxf*xgrx+arxdrxexgrx+bkckexgrx+akckexg)~ (1/2)
+1/2%(2%C*xaxb-1/3*%C*b/d/f /h* (5/2*axd*f*xh+5/2xbxcxf*xh+5/2xbxd*exh+5/2xbxd*f*
g)) /b/d/f/hx (b*d*fxh*x~4+a*xd*f*xh*x~3+b*cxf*h*x~3+bkd*e*xh*x”3+bxd*f*gkx~3+ax
cxfxhxx™2+a*xd*exhxx™2+a*xd*fxgkx~2+b*ckexhxx™2+b*xcxfxgkx~2+b*xd*exgkx~2+a*ckxe
xhxx+akxckfxgxx+ardkexgkx+b*ckexgrx+akxckexg) ~(1/2)+2x(a~2xA-1/3*Cxb/d/f/h*xax
ckexg—1/2%(2xC*a*b-1/3*xCxb/d/f/h* (5/2xaxd*f*h+5/2xb*c*f*h+5/2*b*d*e*xh+5/2*b
xdxf*g))/b/d/f/h* (1/2*%a*cxexh+1/2*%a*xcxfxg+1l/2xaxdxexg+l/2xbxcxe*g) ) * (g/h-a/
b)*((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d)) ~(1/2) *(x+c/d) "2*x((-c/d+a/b) * (x+e
/£)/(-e/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d) )~ (1/2)
/(-g/h+c/d)/(-c/d+a/b) / (b*d*f*h* (x+a/b) * (x+c/d) * (x+e/f) *(x+g/h) )~ (1/2)*E11i
pticF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2),((e/f-c/d)*(g/h-a/b) /(-
a/b+e/f)/(-c/d+g/h))~(1/2))+2*(2*xa*xb*A-1/3*xCxb/d/f/h* (3/2*a*xc*xe*h+3/2xa*c*f
*xg+3/2xaxd*exg+3/2xbxcxexg)—1/2% (2*C*xa*xb-1/3*C*b/d/f /h* (5/2*axd*f*h+5/2xb*c
*xfxh+5/2xbxd*exh+5/2xbxd*f*g)) /b/d/f/h* (a*c*f*h+a*xd*exh+axd*f*g+bkxckxexh+b*c
*xfxg+bkd*exg) ) * (g/h-a/b)*((-g/h+c/d)*(x+a/b) /(-g/h+a/b) /(x+c/d)) ~(1/2) *(x+c
/d) 2% ((-c/d+a/b) *(x+e/f) /(-e/f+a/b) / (x+c/d) )~ (1/2) *((-c/d+a/b) *(x+g/h) / (-g
/h+a/b) /(x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/
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f)*(x+g/h))~(1/2)*(-c/d*E1llipticF (((-g/h+c/d) *(x+a/b)/(-g/h+a/b) / (x+c/d) )~ (
1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f) /(-c/d+g/h))~(1/2))+(c/d-a/b) *E1llipticP
i(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2) , (-g/h+a/b) /(-g/h+c/d), ((e/£
-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))+(b"2*A+C*a~2-1/3*Cxb/d/f/h*(
2%axc*fxh+2%axd*rexh+2*xaxd*f*xg+2xbxckexh+2xbxcxf*g+2xbxdre*g) —1/2% (2%Cxa*xb-1
/3%C*b/d/f/h*(5/2*a*d*f*h+5/2*b*c*xf*xh+5/2*%b*d*exh+5/2*bxd*xf*g) ) /b/d/f/h*(3/
2xaxd*f*h+3/2xbxc*f*h+3/2xbxd*e*h+3/2xb*xd*f*g) ) * ((x+a/b) * (x+e/f) * (x+g/h) +(g
/h-a/b) *((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/d)) ~(1/2) *(x+c/d) ~2* ((-c/d+a/b)
*(x+e/f)/(-e/f+a/b) /(x+c/d)) " (1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~
(1/2)*((a*c/b/d-g/h*a/b+g/hxc/d+c~2/d~2) / (-g/h+c/d) / (-c/d+a/b) *E1lipticF (((
-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2),((e/f-c/d) *(g/h-a/b) /(-a/b+e/f)
/(-c/d+g/h))~(1/2))+(-a/b+e/f)*E1lipticE(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+
c/d))~(1/2),((e/f-c/d)*(g/h-a/b) /(-a/b+e/f)/(-c/d+g/h))~(1/2))/(-c/d+a/b)+(
axdx*f*xh+b*cxf*xh+bxd*exh+bxd*xf*g)/b/d/f/h/(-g/h+c/d)*E1lipticPi(((-g/h+c/d)*
(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/2) , (g/h-a/b) /(-c/d+g/h) , ((e/f-c/d)*(g/h-a/b)
/(-a/b+e/f)/(-c/d+g/h))~(1/2))) )/ (b*d*f*h* (x+a/b) * (x+c/d) * (x+e/f) ¥ (x+g/h))~
(1/2))

Fricas [F(-1)]
Timed out.
(a+bx)%? (A + Cx?)

dz = Timed out
Ve +dzye+ fx/g+ hx

[In] integrate((b*x+a)~(3/2)*(C*xx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="fricas")

[Out] Timed out

Sympy [F]

(a+ba)*?(A+Ca®) (A+ C2?) (a + bz)? i
Ve+dzy/e+ fx/g+ hx Ve+dzye+ fx/g+ hx

[In] integrate((b*x+a)**(3/2)* (C*x*x2+A) /(d*x+c)**(1/2) / (£xx+e)**(1/2)/(h*x+g) **
(1/2),x%)

[Out] Integral((A + Cxxx*2)*(a + b*x)#**x(3/2)/(sqrt(c + d*x)*sqrt(e + f*xx)*sqrt(g
+ h*x)), x)
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Maxima [F]

(a+b2)"?(A+Ce?) [ (Ce*+A)(br+a):
Vetdo/et fzg+he ) Vdr+e/fr+evhz +g

[In] integrate((b*x+a)~(3/2)*(Cxx~2+A)/(d*x+c)~(1/2)/(£xx+e)~(1/2)/(h*x+g)~(1/2)

,X, algorithm="maxima")
[Out] integrate((C*xx~2 + A)*(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x

+g)), x)

Giac [F]

(at+bo)’?(A+Ca?) (Cz? + A)(bz + a)?
Vet dave+ favgthe  J Vdr+o/fr+evhz +g

[In] integrate((b*x+a)~(3/2)*(Cxx~2+A)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="giac")
[Out] integrate((Cxx~2 + A)*(b*x + a)~(3/2)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x

+g)), x)

Mupad [F(-1)]
Timed out.

(a + bz)3/2 (A + Cz?) i — (Cz*+ A) (a+bz)*?
Ve+dzye+ fr/g + hx Vet fz\/g+hzve+dzx

[In] int(((A + C*x72)*(a + b*x)~(3/2))/((e + £xx)7(1/2)*(g + h*x)~(1/2)*(c + d*x

)~(1/2)) ,x)
[Out] int(((A + C*x~2)*(a + b*x)~(3/2))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x

)=(1/2)), x)
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Optimal result

Integrand size = 44, antiderivative size = 937

Va+ bz(A+ Cz?)
Ve+dzye+ fx/g+ hx
C(adfh — 3b(dfg + deh + cfh))Va + bz/e + fz\/g + hx
B 4bdf2h2\/c + dx
C’\/a + bxvc+ dzv/e + fx\/g+ hx
2dfh

_ Ovdg=chy/Tg = eh(adfh — 3b(dfg + deh + cfP)) ))WVa+ bz, |-Gl Z’;))((gcf;gE<ar081n ( ﬁv‘jﬂhﬁ—{;) |
w e [EDE [ T
C(be — af)\/bg — ah(adfh + b(cfh+ 3d(fg + eh))),/ —EZZ_‘ZQEEiﬁ v/g + hz EllipticF (arcsm (ﬁ%\é

2 7F2 12 - _ (be—af)(g+hz)
4b2df2h2\/fg — ehv/c + dx oo (orbe

V/—dg + ch(C(adfh — 3b(dfg + deh + cfh))(adfh + b(df g + deh + cfh)) — 4bdf h(2Abdfh — C(b(deg
B 4

_|_

[Out] -1/4%(Cx(axd*f*h-3%b* (c*xfxh+d*xexh+d*f*xg))* (axd*f*h+b* (cxf*xh+d*xexh+d*f*xg))-4
*b*d*f*h* (2% Axb*d*f*h-C* (b (ckexh+c*fxg+d*exg) +a* (cxfxh+dxexh+d*f*g)) ) ) * (b*
x+a)*E1lipticPi ((~a*xd+bxc)~ (1/2)* (h*x+g) ~(1/2)/(c*h-d*xg) ~(1/2) / (bxx+a)~(1/2
) ,~bx(—c*¥h+d*g) / (-a*xd+b*c) /h, ((—a*xf+b*e) * (-cxh+d*g) / (—a*xd+b*c) / (-exh+f*g) )~
(1/2) ) * (cxh-d*g) =~ (1/2) * ((-a*h+b*g) * (d*x+c) / (-c*h+d*g) / (bxx+a) ) ~(1/2) *((-a*h
+b*g) * (f*x+e) / (-exh+f*g) / (b*x+a) ) ~(1/2) /b"2/d"2/£72/h~3/ (~a*d+b*c)~(1/2) /(d
xx+c) " (1/2) / (f*x+e) ~(1/2) +1/4*C* (axd*f*h-3*b* (cxf*xh+d*exh+d*f*xg) ) * (bxx+a) ~(
1/2) % (£xx+e) ~(1/2) * (h*x+g) ~(1/2) /b/d/£72/h~2/ (d*x+c) ~(1/2) +1/2*Cx (b*x+a) ~ (1
/2) % (d*x+c) =~ (1/2) % (f*x+e) ~(1/2) * (h*x+g) ~(1/2) /d/£/h+1/4*Cx (-axf+bxe) * (a*xd*f
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xh+b* (cxf*h+3*d* (exh+f*g)))*E1lipticF ((-a*h+b*g) ~(1/2) *(f*x+e)~(1/2)/(-e*h+
fxg)~(1/2)/ (bxx+a) = (1/2) , (- (~a*d+b*c) * (-exh+f*g) / (-cxf+d*e) / (-a*h+b*g) )~ (1/
2))*(-a*xh+b*g) = (1/2) * ((-a*xf+bxe) * (d*x+c) / (-c*¥f+d*e) / (b*xx+a)) = (1/2) * (h*x+g) ~
(1/2)/b~2/d/£72/h"2/ (—exh+fxg) = (1/2) / (d*x+c) ~(1/2) / (- (-axf+bxe) * (hxx+g) / (-e
*xh+f*g) / (bxx+a) )~ (1/2) -1/4+Cx (a*xd*f*h-3*b* (c*fxh+d*exh+d*f*g) ) *E1llipticE((-
cxh+d*xg) = (1/2) * (£xx+e) ~(1/2) / (-exh+f*g) ~(1/2) / (d*x+c) ~(1/2) , ((-a*d+b*c) *(-e
*h+f*g) / (-axf+bxe) / (—cxh+d*g)) ~(1/2) ) * (-c*h+d*g) =~ (1/2) * (~exh+fxg) = (1/2) * (bx*
x+a) " (1/2) * (- (-cxf+d*e) * (h*x+g) / (-exh+f*g) / (d*x+c) )~ (1/2) /b/d~2/£72/h~2/ ((-
cxf+dxe)* (b*x+a) / (-axf+bxe) /(d*x+c)) ~(1/2)/ (h*x+g) ~(1/2)

Rubi [A] (warning: unable to verify)

Time = 1.56 (sec) , antiderivative size = 936, normalized size of antiderivative = 1.00,
number of steps used = 9, number of rules used = 9 number of rules _ 0.205, Rules used

' integrand size
= {1615, 1616, 1612, 176, 430, 171, 551, 182, 435}

va+ bx(A+ Cz?)
Ve+dzye+ fr/g + hr

Vg = chy/Fg — eh(adfh— 3b(dfg +deh + c fh))a + bz, /—%E(awsin (h—vgj’; VJ%{;) [&
(de—cf)(a+bz
4bd2f2h'2 (be—af)( (cidxg\/m
(be — af)v/bg — ah(bcfh + adfh + 3bd(fg + eh)) /%\/g + hz EllipticF <arcsin (\/7—% %

2 7F212 — __ (be—af)(g+hz)
4b2df2h?\/fg — ehvc + dx ook (ot a)

+

\/a + bxv/c+ dzv/e + fx\/g + hxC
2dfh
(adfh 3b(df g + deh + cfh))Va + bzv/e + fz+/g + hzC
4bdf?h2+/c + dx
Vch = dg(C(adfh — 3b(df g + deh + cfh))(adfh + b(df g + deh + cfh)) — 4bdf h(2Abdfh — C(b(deg + ¢
a 4b2d

[In] Int[(Sqrt[a + b*x]*(A + C*x~2))/(Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])
»X]

[Out] (Cx(axd*xfxh - 3*bx(d*fxg + d*exh + c*fxh))*Sqrt[a + b*x]*Sqrt[e + f*x]*Sqrt
[g + hxx])/(4xb*xd*f~2xh~2*Sqrt[c + d*x]) + (CxSqrtl[a + b*x]*Sqrtlc + d*x]*S
qrt[e + f*x]*Sqrt[g + h*x])/(2xdxfxh) - (CxSqrt[d*g - cxh]*Sqrt[fxg - exh]*
(axd*f*h - 3xbx(d*xfxg + d*exh + c*fxh))*Sqrt[a + b*x]*Sqrt[-(((d*e - c*f)=*(
g + h*x))/((f*xg - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrt(
e + £xx])/(Sqrt[f*g - exh]*Sqrtl[c + d*x])], ((bxc - a*xd)*(fxg - exh))/((b*e
- axf)*(d*g - cxh))])/(4*b*d~2*x£~2+%h~2*Sqrt [((d*xe - c*f)*(a + b*x))/((bxe
- axf)*x(c + d*x))]*Sqrt[g + h*x]) + (Cx(bxe - axf)*Sqrt[bxg - axh]*(bxcxf*xh
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+ axd*f*h + 3xbxd*(fxg + exh))*Sqrt[((b*e - axf)*(c + d*x))/((d*e - c*f)*(
a + bxx))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e + fxx])/(
Sqrt[fxg - exh]*Sqrt[a + bxx])], -(((bxc - axd)*(fxg - exh))/((d*e - c*f)*(
bxg - axh)))])/(4*b~2xd*f~2xh~2xSqrt [f*g - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe
- axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]) - (Sqrt[-(d*g) + c*h]*(Ck(axdx*
fxh - 3%b*(d*f*g + dxexh + cxfxh))*(axd*f*h + bx(dxfxg + d*exh + c*f*h)) -
4xbxd*f*h* (2%A*xbxdxf*xh - Ckx(b*(d*e*xg + cxf*g + ckxexh) + ax(dxfxg + d*xexh +
cxfxh))))*(a + b*x)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a + b*x))]*S
qrt[((b*xg - axh)*(e + f*x))/((f*g - exh)*(a + bxx))]*EllipticPi[-((b*(d*g -

cxh))/((b*c - a*d)*h)), ArcSin[(Sqrt[b*c - axd]*Sqrtlg + h#*x])/(Sqrt[-(d*g
) + c*h]*Sqrtla + b*x])], ((bxe - a*f)*(dxg - cx*h))/((b*c - a*xd)*(fxg - e*h
))1)/(4xb~2+d~2*Sqrt [bxc - a*xd]*f~2+*h~3*Sqrt[c + d*x]*Sqrtle + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)
*(x_)]*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*x(a + b*x)))]/((f*g - exh)*Sqrt[c + d*x]*
Sqrt[(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x1, x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrtl[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*(a + bxx)))])), Subst[Int[Sqrt
[1 + (bxc - a*xd)*(x"2/(d*e - c*f))]1/Sqrt[1 - (bxg - axh)*(x~2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrtl[a + bxx]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» ]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)"21*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt [al*Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
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/(a*d))], x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]1/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*d)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 551

Int[1/(((a_) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)72]), x_Symbol] :> Simp[(1/(a*Sqrt[c]l*Sqrtle]l*Rt[-d/c, 2]))*EllipticPi[b*
(c/(axd)), ArcSin[Rt[-d/c, 2]*x], cx(£f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] & 'GtQ[d/c, 0] && GtQ[c, O] && GtQle, O] && !'( 'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]
xSqrt[(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*Db
- a*B)/b, Int[1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x]),
x], x] + Dist[B/b, Int[Sqrtl[a + b*x]/(Sqrtlc + d*x]*Sqrtl[e + fxx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B}, x]

Rule 1615

Int[(((a_.) + (b_.)*(x_))"(m_.)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)
*(x_)]1*Sqrtl(e_.) + (£_.)*(x_)]1*Sqrtl(g_.) + (b_.)*(x_)]1), x_Symbol] :> Sim
p[2#C*x(a + b*x) “m*Sqrt[c + d*x]*Sqrtle + f*x]*(Sqrtl[g + h*x]/(d*f*h*(2*m +
3))), x] + Dist[1/(d*f*h*(2*m + 3)), Int[((a + b*x)"(m - 1)/(Sqrtlc + d*x]=*
Sqrt[e + fxx]*Sqrt[g + h#*x]))#*Simp[a*A*d*xfxh*(2xm + 3) - Ck(a*x(dxe*xg + cxfx
g + c*exh) + 2%bxcxexgim) + (Axb*d*fxhx(2*m + 3) - Cx(2xax(dxfxg + d*xexh +
cxfxh) + bx(2km + 1)*(d*exg + c*f*xg + cxexh)))*x + 2*Cx(a*d*fxh*m - bx(m +
1)x(dxf*g + d*exh + cxfxh))*x~2, x], x], x] /; FreeQ[{a, b, c, 4, e, £, g,
h, A, C}, x] && IntegerQ[2*m] && GtQ[m, O]

Rule 1616

Int[(C(A_.) + (B_.)*(x_) + (C_.)*(x_)"2)/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.
) + (d_.)*(x_)1*Sqrtl(e_.) + (f_.)*(x_)I*Sqrtl(g_.) + (h_.)*(x_)1), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + fxx]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2*b*d*f*h), Int[(1/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtl[e +
fxx]*Sqrt[g + h*x]))*Simp [2*¥A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
xh — Ck(axd*f*h + bx(dxfxg + d*exh + c*f*h)))*x, x], x], x] + Dist[Cx(d*e -
c*f)*((d*g - cxh)/(2*bxd*f*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrt[e
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+ f*x]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, c, d, e, f, g, h, A, B, C},
x]

Rubi steps

CvVa + bx/c+ dzv/e + fr\/g+ hx

integral =

2df h
f 4aAdfh—C(bceg+a(aleg+cfg+ceh))+2(2Abdfh\;C’(b(d\;g+cfi]}i-ceh)-\i—/a(dfg+deh+cfh)))az+C’(adfh—3b(dfg+deh+cfh))ac2 dx
a+bxv/ct+dxr/e+ fx\/g+hx
* 4dfh
_ Cladfh — 3b(df g + deh + cfh))vVa + bav/e & fzy/g + ha
4bdf?h?v/c + dx
C\/a + bxv/c+ dz/e + fz\/g+ hx
2dfh

f —C(bdeg+acfh)(adf h—3b(df g+deh+cfh))+2bdf h(4aAdf h—C (bceg+a(deg+cfg+ceh)))—(C(adf h—3b(df g+deh+cfh))(adf h-

+ Va+bx/ct+dz+/e+ fr\/g+hx
8bd? f2h?
N (C(de — cf)(dg — ch)(adf h — 3b(df g + deh + cfh))) [ (c+dz)3/2"\‘}:$z\/g+hm dz
8bd? f2h?
_ Cladfh — 3b(df g + deh + cfh))vVa + bav/e T fzy/g + ha
4bdf?h2+/c + dx
C’\/a + bxvc+ dzv/e + fr\/g + hx
2dfh
N (C(be — af)(bg — ah)(befh + adfh + 3bd(fg + eh))) [ \/a+bz\/c+dz1\/e+fm\/g+hm dx
8b2df2h?

(C(adfh — 3b(dfg + deh + cfh))(adfh + b(df g + deh + cfh)) — 4bdf h(2Abdf h — C(b(deg + ¢

- 8b2d2 f2h2

(fg—eh)(c+dzx) (dg—ch)x?
1— ===
fg—eh

+( betad)z2
(C(dg — ch)(adfh — 3b(dfg + deh + cfh))Va + bz M) Subst ( [ S

(de—cf)(a+bx)
4bd? f2h? (e—aP(crdny VI T hx
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C(adfh — 3b(df g + deh + cfh))Va + bxv/e + fx\/g + hx
B 4bdf2h2\/c + dx
C’\/a + bzvc+dz/e + fz\/g+ hx
2dfh
Ov/dg — chv/Fg — eh(adfh — 3b(dfg + deh + cfR))va + bz, / —%E(Sin_l ( e

(de—cf)(a+bx)
4bd2f2h2 be (be—af)(c+dz) \/‘m

((C(adfh — 3b(dfg + deh + cfh))(adfh + b(df g + deh + cfh)) — 4bdf h(2Abdfh — C(b(deg +

(C(be — af)(bg — ah)(befh + adfh + 3bd(fg + eh)) |/ Le=eDletda) /g +_hx> Subst ( [
/1+ (bc—a

4%df?h*(fg — eh)Vc+ du | [ Fraietie)
C(adfh — 3b(df g + deh + cfh))Va + bxv/e + fx\/g + hx
4bdf2h2/c + dx
C’\/a + bzv/c+ dz/e + fz\/g+ hx
2dfh

Ov/dg —chv/Fg — eh(adfh — 3b(dfg + deh + cfh))va + bz %E(m—l ( iyl

4bd? f2h2, | (e i Va e
C(be — af)v/bg — ah(befh + adfh + 3bd(fg + eh)) =Bt /T R (sin! (Y=/ee]
+
4b%df?h?/Fg — ehv/c + da, | — G2t

V—dg + ch(C(adfh — 3b(dfg + deh + cfh))(adfh + b(dfg + deh + cfh)) — 4bdfh(2Abdfh — C

_|_

Mathematica [B] (warning: unable to verify)
Leaf count is larger than twice the leaf count of optimal. 16972 vs. 2(937) = 1874.

Time = 36.21 (sec) , antiderivative size = 16972, normalized size of antiderivative = 18.11

va+ bx(A+ Cz?)
Ve +dzye+ fry/g+ hx

dzr = Result too large to show

[In] Integrate[(Sqrtl[a + b*x]*(A + C*x~2))/(Sqrtlc + d*x]*Sqrt[e + f*xx]*Sqrtlg +
h*x]) ,x]

[Out] Result too large to show
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 1793 vs. 2(854) = 1708.

Time = 5.23 (sec) , antiderivative size = 1794, normalized size of antiderivative = 1.91

method | result size

elliptic | Expression too large to display | 1794

default | Expression too large to display | 43214

[In] int((b*x+a)~(1/2)*(C*x~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2) /(h*x+g)~(1/2) ,x,met
hod=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(fix+e)* (h*x+g))~(1/2)/(bkxx+a)~(1/2)/(d*x+c)~(1/2)/ (f*x+e)
~(1/2) / (h*x+g) ~(1/2) *(1/2*%C/d/ £ /h* (b*d*f*xh*x~4+a*d*f*xh*x~3+b*ckf*h*xx~3+b*d*
exh*xx”3+bxd*fxgxx~3+axckxf*h*x"2+a*d*exhxx™2+axd*xfxgxx~2+b*ckexh*x™2+b*xcxf*xg
*X " 2+b*d*kexgxx~2+akckexhxx+akckfxgxx+ardkexgkx+bkckexgrx+axckrexg) ~(1/2)+2x(
Axa-1/2xC/d/f/h*(1/2%axcxexh+1/2xaxc*xf*g+1/2xa*xd*exg+l/2*¥b*cxexg))*(g/h-a/b
)*((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) "2% ((-c/d+a/b) * (x+e/
£)/(-e/f+a/b)/ (x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d))~(1/2)/
(-g/h+c/d)/(-c/d+a/b) / (bxd*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h)) ~(1/2) *Ellip
ticF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2),((e/f-c/d)*(g/h-a/b)/(-a
/b+e/f)/(-c/d+g/h))~(1/2))+2% (Axb-1/2%C/d/f/h* (axc*f*h+axd*exh+axd*f*xg+bxc*
exh+bkcxf*xg+bxd*exg))*(g/h-a/b) *((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d))~(1/
2)*(x+c/d) "2 ((-c/d+a/b) *(x+e/f) /(-e/f+a/b) / (x+c/d) )~ (1/2) *((-c/d+a/b) * (x+g
/h)/(-g/h+a/b) /(x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (bxd*f*h*(x+a/b) * (x+c/d
)x(x+e/f)*(x+g/h))~(1/2)*(-c/d*E1llipticF (((-g/h+c/d) *(x+a/b) /(-g/h+a/b) / (x+
c/d))~(1/2),((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b) *El
lipticPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), (-g/h+a/b) /(-g/h+c/d
), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))+(C*xa-1/2%C/d/f/h*(3/2
*axd*f*h+3/2*%b*c*fxh+3/2*b*d*exh+3/2xbxd*f*g) ) * ((x+a/b) * (x+e/f)* (x+g/h) +(g/
h-a/b) *((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) “2* ((-c/d+a/b) *
(x+e/f)/(-e/f+a/b)/(x+c/d))~(1/2) *((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d)) ~(
1/2) *((a*c/b/d-g/h*a/b+g/h*c/d+c~2/d"2) /(-g/h+c/d) /(-c/d+a/b)*E1llipticF (((-
g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f)/
(-c/d+g/h))~(1/2))+(-a/b+e/f)*E11lipticE(((-g/h+c/d) *(x+a/b)/(-g/h+a/b) / (x+c
/d))~(1/2),((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))/(-c/d+a/b)+(a
*xdx*f*h+b*cxfxh+b*d*exh+bxd*f*g) /b/d/f/h/(-g/h+c/d) *E1lipticPi (((-g/h+c/d)*(
x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), (g/h-a/b)/(-c/d+g/h), ((e/f-c/d)*(g/h-a/b)/
(-a/b+e/f)/(-c/d+g/h))~(1/2)))) / (bxd*f*h*(x+a/b) * (x+c/d) *(x+e/f) *(x+g/h) ) ~(
1/2))
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Fricas [F(-1)]

Timed out.
T 2
a+bz(d+Cr7) dz = Timed out
Ve+dzye+ fr/g + hr

[In] integrate((bxx+a)~(1/2)*(C*x~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*xx+g)~(1/2)
,X, algorithm="fricas")

[Out] Timed out

Sympy [F]

va+ bz(A+ Cz?) gy — (A+Cx?)Va+bx
Ve+dzye+ fx/g+ hx Ve+dzye+ fx/g+ hx

[In] integrate((b*x+a)**x(1/2)* (C*x**x2+A) /(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h*xx+g) **

(1/2) ,%)
[Out] Integral((A + Cxxx*2)*sqrt(a + b*x)/(sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h

*x)), X)

Maxima [F|
Vva+ bx(A+ Cz?) dp — (Cx? + A)Vbx +a .
Vetdoyert favgthe ) Vdr+o/fr+e/hz g

[In] integrate((bxx+a)~(1/2)*(Ckx~2+A)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/ (h*x+g)~(1/2)
,X, algorithm="maxima")
[Out] integrate((C*x~2 + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +

g)), x)
Giac [F]

va+ bz(A+ Cz?) gy — (Cx? 4+ A)Vbz +a .
Ve+dzye+ fx/g+ hx Vdz +cv/fr+evhr +g

[In] integrate((b*x+a)~(1/2)*(Cxx~2+A)/(d*x+c)~(1/2)/(£xx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="giac")

[Out] integrate((C*x~2 + A)*sqrt(b*x + a)/(sqrt(d*x + c)*sqrt(fxx + e)*sqrt(h*x +
g)), x)
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Mupad [F(-1)]

Timed out.
/ Va+bz(A+ Cz?) i — (Cz*+ A) Va+bzx
Ve+dzye+ fx/g+ hx Vet frg+hzve+dzx

[In] int(((A + Cxx~2)*(a + bxx)~(1/2))/((e + £*xx)~(1/2)*(g + h*x)~(1/2)*(c + d*x

)~(1/2)) ,%)
[Out] int(((A + C*x"2)*(a + b*x)~(1/2))/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(c + d*x

)7(1/2)), x)
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A+Ca?

3.33 f Va+bry/ct+dzy/e+fr\/g+hx dz

Optimal result . . . . . . . . . . . e 298]
Rubi [A] (verified) . . . . . . . . . . 299
Mathematica [B] (verified) . . . . . . . . . .. ..
Maple [A] (verified) . . . . . . . . . . 303l
Fricas [F(-1)] . . . . . o o
Sympy [F] . . o 304
Maxima [F] . . . . . . o 304
Giac [F] . . . o o 304
Mupad [F(-1)] . . . . o 304

Optimal result

Integrand size = 44, antiderivative size = 757

A+ Cx? g — Cva + bx\/e + fx /g + hx
Va + bzv/c+dzv/e + fx\/g+ hx bfhvc+ dx

(de—cf)(g+hz) . y/dg—ch\/etfz \ | (bc—ad)(fg—eh)
C\/dg —chy/fg—ehva+bx\/— —fg eh)(ierz)E(arcsm <\/f£;—eh\/c+dac> |(be_af)(d§_ch)>
(de—cf)(atbx) /7~
bdfh (be—af)(c+dz) g+ hx

(a?Cfh + abC(fg + eh) — b?(Ceg — 2Afh)) %vg + hz EllipticF <arcsin <% %) -

v fh\/bg — ah+/fg — ehv/c + dx %
O h(adfh-+ ol + deb+ cft))o-+ ) E=2EER =t BlipticPd (55 o
b2dv/bc — adfh2/c + dzv/e + fx

[Out] -Cx(axd*fxh+b*(c*f*h+d*exh+d*f*g))*(b*x+a)*E1l1lipticPi((-a*d+b*c)~(1/2)*(h*x
+g) 7 (1/2) / (cxh-d*g) ~(1/2) / (bxx+a) ~(1/2) ,-b* (-cxh+d*g) / (-a*d+bxc) /h, ((-a*xf+b
*e) * (-c*h+dxg) / (-axd+b*c) / (-exh+f*g)) ~(1/2)) * (cxh-d*g) ~(1/2) * ((-axh+b*g) *(d
xx+c) / (—cxh+d*g) / (b*xx+a) )~ (1/2) * ((—a*xh+b*g) * (fxx+e) / (—~exh+f*g) / (b*x+a)) ~(1/
2)/b~2/d/f/h~2/(-axd+bxc) ~(1/2) /(d*x+c) ~(1/2) / (£*x+e) ~(1/2) +Cx (b*x+a) ~(1/2)
*x (fxx+e) ~(1/2) * (h*x+g) ~(1/2) /b/f/h/ (d*x+c) ™ (1/2) +(a~2*C*f*h+axb*Ck (exh+f*g)
b~ 2% (-2*Axf*xh+C*exg) ) *E1lipticF ((-a*h+bxg) =~ (1/2) * (f*x+e) ~(1/2) / (-e*h+f*xg)~
(1/2)/ (bxx+a) = (1/2) , (- (-axd+b*c) * (~exh+f*g) / (-cxf+dxe) / (-axh+b*g) )~ (1/2) ) *(
(—axf+bxe)* (d*x+c) / (-cxf+dxe) / (bxx+a)) ~(1/2) * (h*xx+g) ~(1/2) /b~2/f/h/ (—a*h+b*
g)~(1/2) / (—exh+fxg) = (1/2) / (d*x+c) ~(1/2) / (- (-axf+b*e) * (h*x+g) / (—exh+f*g) / (b*
x+a) )~ (1/2)-CxEllipticE((-c*h+d*g) ~(1/2) *(f*x+e)~(1/2)/(-exh+f*g)~(1/2)/(d*
x+c)~(1/2), ((-a*xd+b*c) * (-exh+f*g) / (-a*f+b*e) / (-cxh+d*g) ) ~(1/2) ) * (-c*h+d*g) ~
(1/2) *(—exh+f*g) ~(1/2) * (b*x+a) ~ (1/2) * (- (-cxf+dxe) * (h*x+g) / (—exh+f*g) / (d*x+c
))~(1/2)/b/d/£/h/ ((-cxf+d*e) * (b*x+a) / (-a*xf+bxe) / (d*x+c) )~ (1/2) / (h*x+g) ~(1/2
)

+
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Rubi [A] (verified)

Time = 0.74 (sec) , antiderivative size = 757, normalized size of antiderivative = 1.00,

number of steps used = 8, number of rules used = 8§, number of rules _ 0.182, Rules used
integrand size

= {1617, 1612, 176, 430, 171, 551, 182, 435}

A+ Cz?
dz
Vva+bzv/c+ dzv/e + fx\/g+ hx
Vg + hx M(aZth + abC(eh + fg) — b*(Ceg — 2Afh)) EllipticF (arcsin (—ng_“h Ve+f“’> , !

(a+bz)(de—cf) VFfg—eh/at+bz [
b2 fh/c+ du/bg — ahy/Fg — ey /- Loleen
C(a + bz)y/ch — dg, | e Ca2y | [ BRI (adfh + b(cfh + deh + df g)) EllipticPi (— (as)  ar
b2dfh2\/c + dz+/e + fr\/bc — ad
Cva + bx+/dg — ch\/fg — eh,/ —%E(amsin (@%) |EZZ:‘;‘?)((Z§:‘ZZ;>

T 1. /(a+bx)(de—cf)
bdfh g+ hz (ct+dz)(be—af)

Cva+bzxve+ fz\/g+ hx
bfhvc+ dx

[In] Int[(A + Cxx~2)/(Sqrtla + bxx]*Sqrtlc + d*x]*Sqrtle + f*x]*Sqrtl[g + h*x]),x
]

[Out] (CxSqrt[a + b*x]*Sqrtle + f*x]*Sqrt[g + h*x])/(b*f*h*Sqrt[c + d*x]) - (C*Sq
rt[d*g - c*h]*Sqrt[f*g - exh]l*Sqrt[a + bxx]*Sqrt[-(((d*e - cxf)*(g + h*x))/
((f*g - exh)*(c + dx*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c*h]*Sqrtle + fx*x])/
(Sqrt[f*g - exh]*Sqrtlc + d*x])], ((bxc - axd)*(fxg - exh))/((bxe - axf)*(d
*xg — c*h))])/(b*d*xf*h*Sqrt[((d*xe - cxf)*(a + b*x))/((bxe - axf)*(c + d*x))]
xSqrt[g + h*x]) + ((a"2*%Cxfxh + a*b*Cx(f*g + exh) - b~2%(Ckxexg - 2xAxf*h))x*
Sqrt[((bxe - a*f)*(c + d*x))/((d*e - c*f)*(a + b*x))]*Sqrt[g + h*x]*Ellipti
cF[ArcSin[(Sqrt [b*g - axh]*Sqrt[e + f*x])/(Sqrt[f*g - exh]*Sqrtl[a + bx*x])],
-(((bxc - axd)*(fxg - exh))/((d*e - cxf)*(b*g - axh)))])/(b~2*xf*h*Sqrt [b*g
- axh]*Sqrt [fxg - exh]*Sqrt[c + d*x]*Sqrt[-(((bxe - axf)*(g + hxx))/((f*g
- exh)*(a + b*x)))]) - (CxSqrt[-(d*g) + c*h]x*(axd*f*h + bx(d*f*g + d*exh +
cxfxh))*(a + b*x)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - cxh)*(a + bxx))]*Sqr
t[((bxg - axh)*(e + £*xx))/((f*g - exh)*(a + b*x))]*EllipticPi[-((bx(d*g - c
*h))/((bxc - a*d)*h)), ArcSin[(Sqrt[b*c - a*d]*Sqrtl[g + h*x])/(Sqrt[-(d*g)
+ cxh]*Sqrt[a + b*x])], ((b*e - axf)x(dxg - c*h))/((b*xc - axd)*(fxg - e*h))
1)/ (b~2%d*Sqrt [b*c - axd]*fxh~2*Sqrt[c + d*x]*Sqrt[e + fx*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)]1/(Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(b*g - a
xh)*((c + d*x)/((d*g - cxh)*(a + bxx)))]1*(Sqrt[(bxg - a*h)*((e + f*xx)/((f*g
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- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - b*x~
2)*Sqrt[1 + (bxc - a*d)*(x~2/(d*g - c*h))]*Sqrt[1 + (b¥e - a*f)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e,

f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)1*Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)
*(x_)1*Sqrt[(g_.) + (h_.)*(x_)]1), x_Symbol] :> Dist[2#Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((f*g - exh)*Sqrt[[c + d*x]x*
Sqrt[(-(b*e - a*f))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (bxc - axd)*(x72/(d*e - cxf))]1*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, £, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(b*e - axf))*((g + h*x)/((f*xg - exh)*(a + b*x)))]1/((b*e - axf)*Sqrt[g + h
*xx]*Sqrt [(bxe - a*f)*((c + d*x)/((d*e - cxf)*(a + b*x)))])), Subst[Int[Sqrt
[1 + (b*c - a*d)*(x"2/(d*e - c*£))1/Sqrt[1 - (bxg - axh)*(x"2/(f*g - e*h))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» ]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]1*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol]l :> S
imp[(1/(Sqrt [a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*xd))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQlc, 0] && GtQ[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrtlcl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*xd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQld/c] && GtQ[c, 0] && GtQ[a, O]

Rule 551

Int[1/(((a_ ) + (b_.)*(x_)"2)*Sqrtl(c_) + (d_.)*(x_)"2]*Sqrtl(e_) + (f_.)*(x
_)721), x_Symbol] :> Simp[(1/(a*Sqrt[c]*Sqrt[e]l*Rt[-d/c, 2]))*EllipticPi [b*
(c/(a*d)), ArcSin[Rt[-d/c, 2]*x], c*(f/(d*e))], x] /; FreeQl[{a, b, c, d, e,
£}, x] && !'GtQ[d/c, 0] && GtQ[c, 0] && GtQ[e, 0] && '( !GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)
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Rule 1612

Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]
*xSqrt[(e_.) + (£_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*b
- a*B)/b, Int[1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrtle + f*xx]*Sqrtl[g + h*x]),
x], x] + Dist[B/b, Int[Sqrt[a + b*x]/(Sqrt[c + d*x]*Sqrt[e + fxx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, £, g, h, A, B}, x]

Rule 1617

Int[((A_.) + (C_.)*(x_)"2)/(Sqrtl[(a_.) + (b_.)*(x_)]*Sqrtl[(c_.) + (d_.)*(x_
)IxSqrtl(e_.) + (£_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[C*
Sqrt[a + bxx]*Sqrtle + f*x]*(Sqrt[g + h*x]/(b*f*h*Sqrt[c + d*x])), x] + (Di
st[1/(2xb*xd*f*h), Int[(1/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrtl[e + f*x]*Sqrtlg
+ h*x]))*Simp [2%A*bkd*f*h - Ck(bxdxexg + axcxfxh) - Ckx(axdxfxh + bkx(dxfxg +
dxexh + c*xfxh))*x, x], x], x] + Dist[Cx(d*e - c*f)*x((d*g - cxh)/(2*¥b*d*fxh
)), Int[Sqrtla + b*x]/((c + d*x)~(3/2)*Sqrt[e + f*x]*Sqrtl[g + h*x]), x], x]
) /; FreeQ[{a, b, ¢, d, e, £, g, h, A, C}, x]

Rubi steps
2 Abdfh—C (bdeg+acfh)—C(adf h-+-b(df g+deh-+cfh))z
integral _ C’\/a + bl‘\/e + fr\/g + hx + f \/a+bx\/c+dx\/e+fx\/g+€zx dx
bfhvc+ dx 2bdfh
(Ol = cf)(dg = ) | gyt o
2bdfh
_ CVa+brye+ fr/g+ha
bfhve + do
. (a®>Cfh+ abC(fg + eh) — b*(Ceg — 2Afh)) [ \/a+b$\/c+dx1\/6+fx\/g+hx dz
22 fh
Va+bz
~ (C(adfh + b(dfg + deh + cfh))) [ NN e e
22dfh

( bc+ad)z2
_ (—de+cf)(g+hz) be—af Vetfz
( (dg — ch)Va + bz /" “(Fg—ech)(ctdz) )Subst( W dz,z, ﬁ)

(de—cf)(atbzx) /—VF
bdfh (be—af)(c+dz) g+ hx
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_ CVa+bze+ fr/g+hx
B bfhv/c+ dz

(de—cf)g+ha) 1 (i —1 (VAg=chv/eifz \ | (bc—ad)(fg—eh)
~ CVdg —ch/fg—ehva+bz\/—Faniram B (Sln <¢fi_eh¢c+dx> | tbe=a)(do= ch))

(de—cf)(atbx) /—VF
bdfh (be—af)(c+dz) g+ hx

(bg—ah)(c+dz) /(bg—ah)(e+fz) 1
(Cladfh+ b(dfg + deh + cfh))(a+ ba) | B=gdetis), [Go-abieisal) Gupst f(h_b =
z dg—c

b2dfhv/c + dzv/e + fz

a>Cfh+abC(fg + eh) — b*(Ceg — 2Afh)) / G=BHD /g3 hr ) Subst | [ ———1+
<( ( ) ( )) (de—cf)(a+bz) ) f \/W\/;

. [(“betaf)(g+ha)
bth(fg — eh) c+dzx m

_|_

_ CVa+brye+ fr/g+ha
B bfhvc+ dx

(de—cf)(g+hx) s —1 ( V/dg—chve+fz \ | (bc—ad)(fg—eh)
~ Cvdg — chv/fg —ehva+ba\/— 5 anran B (Sm (\/f?;—eh\/el—dz) | tbe=af)(da— ch>>
(de—cf)(atbx) /7
bdfh (be—af)(ct+dz) g+hz

(CTh + ahC(fg +h) ~(Ceg ~ 2A1H) |/ Gmecri v+ hem (s (ESR/Ee) |-

b fhy/bg — ahy/Fg — eh/c + dz |- =it
Ov/=dg F ehlodsh + bdfg + deh + ofh))(a + bo)  GEER | (ST (— it in
b2dv/bc — adfh?v/c + dx+/e + fx

+

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 6321 vs. 2(757) = 1514.

Time = 34.84 (sec) , antiderivative size = 6321, normalized size of antiderivative = 8.35

A+ Cx?
va+bzv/c+dzv/e + fx\/g+ hx

dz = Result too large to show

[In] Integrate[(A + C*x~2)/(Sqrt[a + b*x]*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h
*x]) ,x]

[Out] Result too large to show
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Maple [A] (verified)

Time = 6.37 (sec) , antiderivative size = 1065, normalized size of antiderivative = 1.41

method | result size

elliptic | Expression too large to display | 1065
default | Expression too large to display | 15875

[In] int((Cxx~2+A)/(bxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,met
hod=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(f*xx+e)* (h*xx+g))~(1/2)/(bxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)
~(1/2)/ (h*x+g) ~ (1/2) * (2xA* (g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/d))
~(1/2) % (x+c/d) ~2*x((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d)) ~ (1/2) * ((-c/d+a/b) *
(x+g/h)/(-g/h+a/b) / (x+c/d))~(1/2) / (-g/h+c/d) / (-c/d+a/b) / (bxd*fxh* (x+a/b) * (x
+c/d)* (x+e/f) * (x+g/h)) " (1/2)*E1llipticF (((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/
d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h)) ~(1/2) ) +C* ((x+a/b) * (x+
e/f)*(x+g/h)+(g/h-a/b) *((-g/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d)) ~(1/2) *(x+c/d
)~2x((-c/d+a/b) *(x+e/f)/(-e/f+a/b) / (x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h
+a/b)/ (x+c/d)) "~ (1/2)*((axc/b/d-g/h*a/b+g/h*c/d+c~2/d~2) / (-g/h+c/d) / (-c/d+a/
b)*EllipticF (((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2), ((e/f-c/d)*(g/h-
a/b)/(-a/b+e/£)/(-c/d+g/h))~(1/2))+(-a/b+e/f) *E11ipticE(((-g/h+c/d) *(x+a/b)
/ (~g/h+a/b)/ (x+c/d))~(1/2) , ((e/f-c/d)*(g/h-a/b) / (-a/b+e/£) / (~c/d+g/h))~(1/2
))/ (-c/d+a/b)+(axd*f*h+bxcxf*h+b*d*xexh+b*d*f*g) /b/d/f/h/(-g/h+c/d)*Elliptic
Pi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2),(g/h-a/b)/(-c/d+g/h), ((e/f
-c/d)*(g/h-a/b)/(-a/b+e/£)/(-c/d+g/h))~(1/2)))) / (bxd*f*h* (x+a/b)* (x+c/d) *(x
+e/f)*(x+g/h))~(1/2))

Fricas [F(-1)]

Timed out.
A+ Cx?

va+brvc+ dzv/e + fx\/g+ hx

dz = Timed out

[In] integrate((C*x~2+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="fricas")

[Out] Timed out
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Sympy [F]

A+ Cx? A+ Cz?
dr = dz
Vva+brvec+ dxy/e + fx/g+ hx Vva+bzv/c+dzv/e + fx\/g+ hx

[In] integrate((Ckxx**2+A)/(b*x+a)**(1/2)/(d*x+c)**(1/2)/(£xx+e)**(1/2)/(h*x+g)**

(1/2) ,x)
[Out] Integral((A + Cxx**2)/(sqrt(a + b*x)*sqrt(c + d*x)*sqrt(e + f*x)*sqrt(g + h

*x)), X)
Maxima [F]

A+ Cx? Cx’+ A

dx = d
Vva+brvec+ dxy/e + fx/g+ hx ’ Vbz + av/dx + cv/fr +ev/hx + g ’

[In] integrate((Cxx~2+A)/(bxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="maxima")

[Out] integrate((C*x~2 + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Giac [F]

A+ Cz? Cz’+ A
dr = dx
Vva+ bxvc+ dzv/e + fr\/g+ hx Vbz + av/dx + cv/fr+ev/hx + g

[In] integrate((C*xx~2+A)/(b*x+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="giac")

[Out] integrate((C*x~2 + A)/(sqrt(b*x + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x +
g)), x)

Mupad [F(-1)]
Timed out.
A+ Cz? / Cr?+ A
dr = dx
va+brvc+ dzy/e + fx\/g+ hx Ve+ frvg+hrva+bxe+dzx

[In] int((A + C*xx"2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*(c + d*x)~

(1/2)),x)
[Out] int((A + Cxx~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(1/2)*(c + d*x)~

(1/2)), x)
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2
3.34 AL dz
f (a+b2)3/2\/c+dz~/e+ [z /g+hz
Optimal result . . . . . . . . . . . e
Rubi [A] (warning: unable to verify) . . . .. ... .. ... ... ...
Mathematica [A] (warning: unable to verify) . . . . . . .. ... ... ... ... B10
Maple [B] (verified) . . . . . . . . . .. BI1]
Fricas [F(-1)] . . . . o o o
Sympy [F] . . o
Maxima [F] . . . . . o
Giac [F(-2)] . . . o o o 313l
Mupad [F(-1)] . . . o 313
Optimal result
Integrand size = 44, antiderivative size = 867
/ A+ Cx? o — 2(Ab? + a®C) dva + bxv/e + fz\/g+ hz
(a+bz)32/c+dave+ fo/g+hz  b(be — ad)(be — af)(bg — ah)Ve + dz

2(Ab? + a?C) ¢+ dzv/e + fr\/g + hx
(bc — ad)(be — af)(bg — ah)Va + bx

2(Ab? + a®C) \/dg — ch\/fg — eh"/a + bz — %E(ar%in (@%) |EZ§ZZ?)((§Z:§Z;>
b(bc — ad)(be — af)(bg — ah), ) e=elettn) /o hy
2(2abeC + AVd — *Cd) | | S=2B e /3 T BllipticF (arcsin ((YHEZVETE ) | (e-adifo-e)
b2(be — ad)v/bg — ahy/Fg — ehy/c + da, | — beeillothe)
20y/=dg F ch(a + be) / (r=iens) | /Gt BllipticPs ({05 arcsin (Yet/oT ) el
b2\/bc — adhv/c + dz+/e + fz

_|_

[Out] 2*C*(b*x+a)*EllipticPi((-a*d+b*c)~(1/2)*(h*x+g)~(1/2)/(cxh-dxg)~(1/2)/(bxx+
a)~(1/2) ,-b*(-cxh+d*g) / (-a*d+b*c) /h, ((-a*xf+b*e) * (~c*h+d*g) / (-a*xd+b*c) / (-e*h
+£xg) )~ (1/2) ) * (cxh-d*g) =~ (1/2) * ((-a*h+b*g) * (d*x+c) / (-c*h+d*g) / (b*x+a) ) ~(1/2)
* ((-axh+b*g) x (fxx+e) / (—exh+f*g) / (bxx+a) )~ (1/2) /b~2/h/ (—a*xd+b*c) ~(1/2) / (d*x+
c)~(1/2)/ (f*x+e) ~(1/2)+2x (Axb~2+C*a~2) *d* (b*x+a) ~(1/2) * (f*xx+e) ~ (1/2) * (h*x+g
)~ (1/2) /b/ (—a*d+b*c) / (-axf+b*e) / (~a*h+bxg) / (d*x+c) ~(1/2) -2* (Axb~2+C*a~2) *(d
*x+c) " (1/2) % (fxx+e) " (1/2) * (h*x+g) = (1/2) / (—a*d+bxc) / (-axf+b*e) / (-a*h+b*g) /(b
xx+a) = (1/2) -2% (A¥b~2*d-C*a~2*d+2*Cxa*xb*c) *E11lipticF ((-a*h+b*xg) = (1/2) * (f*xx+e
)~ (1/2) / (-exh+f*g) ~(1/2) / (b*x+a) ~(1/2) , (- (-axd+b*c) * (-exh+fxg) / (-ckf+d*e) / (
—axh+b*g)) ~(1/2)) * ((—axf+b*e) * (d*x+c) / (—~c*xf+d*e) / (b*x+a)) ~(1/2) * (h*x+g) ~(1/
2)/b~2/(-axd+b*c) / (~a*h+b*g) = (1/2) / (-exh+f*xg) = (1/2) / (d*x+c) ~(1/2) / (- (-a*f+b
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xe) * (h*x+g) / (—exh+fx*g) / (b*xx+a)) ~(1/2)-2x (Axb~2+C*a~2) *E11lipticE((-c*h+d*g)~
(1/2) % (f*x+e)~(1/2) / (—exh+f*g) ~(1/2) / (d*x+c) ~(1/2) , ((-a*xd+b*c) * (-exh+f*g) /(
—axf+bxe) / (-cxh+d*g) )~ (1/2) ) * (—cxh+d*g) ~(1/2) * (—exh+£f*g) ~(1/2) * (bxx+a) " (1/2
) * (- (-cxf+dxe) x (h*xx+g) / (—exh+f*g) / (d*x+c) ) ~(1/2) /b/ (-a*d+bxc) / (—axf+b*e) /(-
axh+b*g) / ((-cxf+d*e) * (bxx+a) / (—axf+bxe) / (d*x+c))~(1/2)/ (h*x+g)~(1/2)

Rubi [A] (warning: unable to verify)

Time = 1.23 (sec) , antiderivative size = 867, normalized size of antiderivative = 1.00,
number of steps used = 9, number of rules used = 9, umber of rules _ ( o945 Ryles used

' integrand size
= {1619, 1616, 1612, 176, 430, 171, 551, 182, 435}

/ A+Cxz
dr =
(a + bx)3/2\/c + dx/e + fr\/g + hx

(de—cf)(g+hz) o Vdg—chvetfz \ | (be—ad)(fg—eh) 2 2
_2\/dg—ch\/fg—eh\/a+bx@/ mfj’(arcsm (\/f?; eh\/ﬂ_dm) |(bz Zf)(d‘; ih)> (Ca? + Ab?)

b(bc — ad)(be — af)(bg — ah) %vg + hz
_ 2Vc+dave+ fr/g + hz(Ca® + Ab?) N 2dva + bxv/e + fz/g + hx(Ca® + Ab?)
(bc — ad)(be — af)(bg — ah)va + bz b(bc — ad)(be — af)(bg — ah)vc+ dx

(de—cf)(a+bx) v fg—ehva+bx

2(—Cda? + 2bcCa + Ab?d) (bezaf)(ctdr) /o3 Rz EllipticF (arcsin ( Vbg—ahvet] ””‘) ,— EZZ:‘:}%E{;:ZZ;)

b?(be — ad)/bg — ahy/Tg — ehv/e + do [ — et

(be—af)(dg—ch,

(bg—ah)(ct+dz) /(bg—ah)(e+fx) SRPR o Y b(dg—ch) . vbc—ad/g+hz
2Cv/ch — dg(a + bx) (dZ ) (ate) \/ (Fg—eh)(atbe) EllipticPi <_(bcgad)h’arcsm <\/ch—dgx/€z+bw

)

! (be—ad)(fg—eh

+

b2v/bc — adhv/c + dz+v/e + fz

[In] Int[(A + C*xx"2)/((a + b*x)~(3/2)*Sqrtlc + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])

,X]

[Out] (2*(A*b~2 + a~2*C)*d*Sqrt[a + b*x]*Sqrtle + f*xx]*Sqrtl[g + h*x])/(b*x(b*xc - a

*d)*(b*e - axf)*(b*g - axh)*Sqrtlc + d*x]) - (2x(A*b~2 + a~2*C)*Sqrtlc + dx*
x]*Sqrt[e + fxx]*Sqrtlg + h*x])/((bxc - a*xd)*(bxe - axf)*(bxg - axh)*Sqrt[a
+ bxx]) - (2%(A*b~2 + a~2xC)*Sqrt[d*xg - c*h]*Sqrt[f*g - exh]*Sqrt[a + b*x]
*Sqrt [-(((d*e - cxf)*(g + h*x))/((f*xg - exh)*(c + d*x)))]*EllipticE[ArcSin[
(Sqrt[d*g - cxh]l*Sqrtle + fx*x])/(Sqrt[f*g - exh]l*Sqrtlc + d*x])], ((b*c - a
*d) * (f*xg - exh))/((bxe - axf)*(d*g - cxh))])/(b*(b*c - axd)*(b*e - axf)x*(bx
g - axh)*Sqrt[((d*e - cxf)*(a + b*x))/((b*e - axf)*x(c + d*x))]*Sqrtlg + h*x
1) - (2% (2xaxb*c*C + A*xb~2*%d - a~2#C*d)*Sqrt[((b*e - axf)*(c + dx*x))/((dxe

- cxf)*(a + bxx))]*Sqrt[g + h*x]*EllipticF[ArcSin[(Sqrt[b*g - a*h]*Sqrt[e +
fxx])/(Sqrt[f*g - exh]*Sqrtla + b*x])], -(((b*c - a*d)*(f*g - exh))/((dxe

- cxf)*(b*g - axh)))])/(b~2x(bxc - a*d)*Sqrt[b*g - axh]*Sqrt[f*g - e*h]*Sqr
tlc + dxx]*Sqrt[-(((b*e - axf)*(g + h*x))/((f*g - exh)*(a + b*x)))]) + (2+C
*xSqrt [-(d*g) + c*h]x*(a + b*x)*Sqrt[((b*g - axh)*(c + d*x))/((d*g - c*h)*(a

+ bxx))]*Sqrt[((b*g - axh)*(e + f*x))/((f*g - exh)*(a + bxx))]*EllipticPil[-
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((bx(d*g - c*h))/((bxc - a*d)*h)), ArcSin[(Sqrt[b*c - a*d]*Sqrtl[g + h*x])/(
Sqrt [-(d*g) + cxh]*Sqrt[a + b*x])], ((b*xe - axf)*(d*g - cxh))/((b*c - a*d)x*
(fxg - exh))])/(b~2+Sqrt [b*c - a*d]*hxSqrt[c + d*x]*Sqrt[e + f*x])

Rule 171

Int[Sqrtl(a_.) + (b_.)*(x_)1/(Sqrtl(c_.) + (d_.)*(x_)1*Sqrtl(e_.) + (£f_.)*(
x_)1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*(a + b*x)*Sqrt[(bxg - a
*xh)*((c + d*x)/((d*g - c*h)*(a + b*x)))]*(Sqrt[(bxg - axh)*((e + f*x)/((f*xg
- exh)*(a + b*x)))]/(Sqrtlc + d*x]*Sqrtle + f*x])), Subst[Int[1/((h - bxx~
2)*#Sqrt[1 + (b*c - axd)*(x"2/(d*g - cxh))]*Sqrt[1 + (bxe - axf)*(x"2/(f*g -
exh))]), x], x, Sqrtlg + h*x]/Sqrtl[a + b*x]], x] /; FreeQ[{a, b, c, d, e,
f, g, h}, x]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)]*Sqrtl(c_.) + (d_.)*(x_)]1*Sqrtl(e_.) + (£f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]/((fxg - ex*h)*Sqrtlc + d*x]*
Sqrt[(-(b*e - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - a*xd)*(x"2/(d*e - c*f))]*Sqrt[1 - (b*g - axh)*(x"2/(f*g - exh)
)1), x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrt[(c_.) + (d_.)*(x_)1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2*Sqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((fxg - exh)*(a + b*x)))]/((b*e - axf)*Sqrt[g + h
*xx] *Sqrt [(b*e - axf)*((c + d*x)/((d*e - cxf)*x(a + b*x)))])), Subst[Int[Sqrt
[1 + (bxc - a*xd)*(x"2/(d*e - c*f))]/Sqrt[1 - (bxg - axh)*(x"2/(f*g - exh))]
, x], x, Sqrtle + fxx]/Sqrtla + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)~2]*Sqrt[(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp [(1/(Sqrt [a]l *Sqrt [c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx*(c
/(a*d))], x] /; FreeQl{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQl[a,
0] && !'(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])

Rule 435

Int[Sqrtl(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrt[cl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], b*(c/(axd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQl[d/c] && GtQ[c, 0] && GtQ[a, O]
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Rule 551

Int[1/(((a_ ) + (b_.)*(x_)"2)*Sqrt[(c_) + (d_.)*(x_)"2]*Sqrtl(e ) + (f_.)*(x
_)721), x_Symboll :> Simp[(1/(a*Sqrt[c]*Sqrt[el*Rt[-d/c, 2]))*EllipticPi [bx
(c/(axd)), ArcSin[Rt[-d/c, 2]1*x], cx(f/(d*e))], x] /; FreeQ[{a, b, c, d, e,
£}, x] && 'GtQld/c, 0] && GtQlc, O] && GtQle, O] && !'( !'GtQ[f/e, O] && S
implerSqrtQ[-f/e, -d/cl)

Rule 1612

Int [((A_.) + (B_.)*(x_))/(Sqrtl(a_.) + (b_.)*(x_)]1*Sqrtl(c_.) + (d_.)*(x_)]
*Sqrt[(e_.) + (£f_.)*(x_)1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[(A*Db
- a*B)/b, Int[1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrtle + f*x]*Sqrt[g + h*x]),
x], x] + Dist[B/b, Int[Sqrt[a + b*x]/(Sqrtlc + d*x]*Sqrtle + f*xx]*Sqrtlg +
h*x]), x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x]

Rule 1616

Int[(C(A_.) + (B_.)*(x_) + (C_.)*x(x_)"2)/(Sartl(a_.) + (b_.)*(x_)]1*Sqrt[(c_.
) + (d_)*(x_)]*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[C*Sqrt[a + b*x]*Sqrt[e + f*x]*(Sqrtl[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*f*h), Int[(1/(Sqrt[a + bxx]*Sqrt[c + d*x]*Sqrt[e +
fxx]*Sqrt[g + h*x]))*Simp [2*A*b*d*fxh — Ck(b*d*exg + a*xc*fxh) + (2¥b*Bxdxf
*h - Cx(a*xd*f*h + b*(dxfxg + d*xexh + cxfxh)))*x, x], x], x] + Dist[C*(d*e -
cxf)*((d*g - cxh)/(2¥bxd*f*h)), Int[Sqrt[a + bxx]/((c + d*x)~(3/2)*Sqrtl[e
+ f*x]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},
x]

Rule 1619

Int[(((a_.) + (b_.)*(x_))"(m )*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)*
(x_)]*Sqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp
[(A*b~2 + a"2xC)*(a + b*x)~(m + 1)*Sqrt[c + d*x]*Sqrt[e + f*x]*(Sqrt[g + hx
x]/((m + 1)*x(b*c - axd)*(bxe - a*f)*(bxg - a*h))), x] - Dist[1/(2x(m + 1)*(
bxc - axd)*(b*xe - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*
Sqrt[e + fxx]*Sqrt[g + h#*x]))#*Simp[A*(2%a~2*d*fxh*x(m + 1) - 2%a*bk(m + 1)*(
dxf*g + dkexh + c*fxh) + b™2%x(2*xm + 3)*(d*e*g + c*f*g + cxexh)) + axCx(a*x(d
xexg + ckxfxg + ckexh) + 2¥bxcxexgk(m + 1)) - 2% (Axbx(axd*fxh*(m + 1) - b*(m
+ 2)*(d*f*g + dxexh + cxfxh)) - Cx(a"2x(dxf*xg + d*exh + cxfxh) - b ~2%ckexg
x*(m + 1) + axbx(m + 1)*(d*exg + c*f*g + cxe*h)))*x + dxfxh*(2xm + 5)*(Axb~2
+ a”2xC)*x~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, C}, x] && In
tegerQ[2*m] && LtQ[m, -1]
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Rubi steps

2(AV? + a2C) Ve + dz/e + fr/g + hx
(bc — ad)(be — af)(bg — ah)va + bx

—a(aAdfh—aC(deg+cfg+ceh)+b(cCeg— Adf g— Adeh—Acfh))+(2a2C(df g+deh+cfh)+b2(cCeg+ Adf g+ Adeh+Acfh)+ab(Adf h—C(de
f Va+bz/c+dz+/e+ fr\/gF+hz
(bc — ad)(be — af)(bg — ah)

integral = —

+

_ 2(Ab? + a®C)dva+ bze+ fx/g+ hx
~ b(bc — ad)(be — af)(bg — ah)Vc + dz
2(Ab? + a®C) v/c + dz+/e + fr\/g + hx
(bc — ad)(be — af)(bg — ah)va + bz

f —2d(acC+Abd) f (be—af)h(bg—ah)+2Cd(bc—ad) f (be—af)h(bg—ah)x dx

+ Va+bz/ct+dz+/e+ fr\/g+hz
2bd(bc — ad) f (be — af)h(bg — ah)
(AB + @2C) (de — of)(dg — b)) [ oot do

b(bc — ad)(be — af)(bg — ah)

_ 2(AV* + d’0) dva+bxve + fr/g+ hr  2(AV + a*C) Ve + dave + fa/g + ha
b(bc — ad)(be — af)(bg — ah)vc+ dx (bc — ad)(be — af)(bg — ah)va + bz
Vatbz 1
% f Ve+dzy/e+ fry/gthz dz . (2&()60 + Ab2d o GQCd) f Va+bz/c+dz/e+ fx/g+hx dzx
b? b2(bc — ad)

14 (sbetad)z?
(2(Ab2 + a?C) (dg — ch)Va + bz M) Subst (f —\/Taf dzx \/M)

(fg—eh)(c+dzx) W 'Ly ot da
b(be — ad)(be — af)(bg — ah) [ e=eerte) /o Ry

_ 2(AV° 4 a’C) dVa+bave + favg +hr  2(AV + a’C) Ve +dave+ frv/g+ ha
b(bc — ad)(be — af)(bg — ah)vc+ dx (bc — ad)(be — af)(bg — ah)va + bx
de—c hz - Vdg—ch/e+fz bc—ad) el
2(AV? + a2C) \/dg — ch\/fg — ehva + bz |/ — —Efg 6’;))((iidw;E<sm 1 (\/?z_e’;l\/ci{;J |§be af)((fiz -

b(be — ad)(be — af)(bg — ah)/e=eerte) /o Ry

_|_

20 (a + bz (bg—ah)(c+dz) (bg—ah)(e-l—fx)> Subst iz, JoTha
e S e e [ 45 e
+
b’ \c+dzve+ fz
27 2 (be—af)(c+dzx) 1 Ve
(2(2abcC + Ab*d — a”Cd) |/ (Ge—eF(aron) VI T hx) Subst ( / \/1+ — \/1 ——dz,z, %
de—cf fg—eh

be+a hx
b%(bc — ad)(fg — eh)Vc+ dz ((fg +e,f))§’:bz))
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_ 2(AP? + a’C) dva+bzve+ fo/g+ hr  2(AV? + a’C) Ve +dove+ fr/g+ ha
~ b(be — ad)(be — af)(bg — ah)Vec + dz (bc — ad)(be — af)(bg — ah)va + bz

2(AV +4a°C) Vg = ch/Fg = ehv/a+ bay [~ (i B (sin! (VEREE ) [Gmapled)
b(be — ad)(be — af)(bg — ah)y/ Ge=BHD /g + ha

2 _ g2 (be—af)(etda) Vbg=ah/e¥fs\ | _ (be—ad)(fg—ch)
 2(2abeC + AVd — a’Cd) | GEE Vo T RaF (sin™ (Vomthvette ) |- Gemedfu=cn))

b?(be — ad)y/bg — ahy/fg — ehv/e+ dzy |- Gaietin

(bg—ah)(ct+dz) /(bg—ah)(e+fz) b(dg—ch) . s — vbc—ad\/g+hz (be—af)(d;
2C/—dg + ch(a +bz)\/ (G =en(arba) (fz—eh)(a-f-bx)H(_(bcgad)h’Sln ' <\/—dg+ch\£/7a+bz) [ bead)(7

b2\/bc — adh/c + dz+v/e + fx

+

Mathematica [A] (warning: unable to verify)

Time = 31.92 (sec) , antiderivative size = 721, normalized size of antiderivative = 0.83

/ A+Cx
dr =
(a + bx)3/2v/c+ dz\/e + fx/g + hz
2(be — af),/ %(e + fx)%%(g + hx)3/? <2aC’(—bc + ad)h(—bg + ah) EllipticF (arcsin < ((_Jf;ef:,f))(

[In] Integrate[(A + Cxx~2)/((a + b*x)~(3/2)*Sqrt[c + d*x]*Sqrtle + f*xx]*Sqrtlg +
h*x]) ,x]

[Out] (-2*%(b*e - axf)*Sqrt[((b*xg - axh)*(c + d*x))/((d*g - cxh)*(a + bxx))]*(e +
fxx)~(3/2)*(g + h*x)~(3/2)*(2*a*C*x(-(b*c) + a*xd)*h*x(-(b*g) + axh)*EllipticF
[ArcSin[Sqrt[((-(bxe) + axf)*(g + hxx))/((f*g - exh)*(a + b*x))]], ((-(b*c)
+ axd)*(-(fxg) + exh))/((b*e - axf)*(d*g - c*h))] - A*b~2xhx(bx(d*g - c*h)
*E11ipticE[ArcSin[Sqrt[((-(b*e) + a*xf)*(g + h*x))/((f*g - exh)*(a + b*x))]]
, ((=(bxc) + axd)*(-(f*xg) + exh))/((bxe - axf)*(d*g - cxh))] + d*x(-(b*xg) +
a*h)*E1lipticF [ArcSin[Sqrt [((-(b*e) + a*f)*(g + h*x))/((f*g - exh)*(a + b*x
)11, ((-(bxc) + axd)*(-(f*g) + e*h))/((bxe - axf)*(d*g - c*h))]) - a~2xCxh
*(b*(d*g - cxh)*EllipticE[ArcSin[Sqrt[((-(b*e) + a*f)*(g + h*x))/((f*xg - ex
h)*x(a + bxx))]], ((-(b*c) + axd)*(-(f*xg) + exh))/((b*e - axf)*(d*g - cxh))]
+ dx(-(bxg) + axh)*EllipticF[ArcSin[Sqrt[((-(b*e) + a*xf)*(g + h*x))/((fx*g
- exh)*(a + b*x))]], ((-(b*c) + axd)*(-(fxg) + exh))/((bxe - a*f)*(d*g - cx*
h))]) + Cx(b*xc - a*d)*(bxg - a*h) 2+#EllipticPi[(bx(-(f*g) + exh))/((bxe - a
xf)*h), ArcSin[Sqrt[((-(b*xe) + axf)*(g + h*x))/((f*g - exh)*(a + b*xx))]], (
(=(bxc) + a*d)*(-(fxg) + exh))/((bxe - a*f)*(dxg - c*h))]))/(b"2x(b*c - axd
)*h* (f*g - exh)~3*(a + bxx)~(5/2)*Sqrtc + d*x]*(-(((b*e - axf)*(b*g - axh)
*(e + fxx)*(g + hxx))/((f*g - exh) 2%x(a + b*x)~2)))~(3/2))
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Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 2285 vs. 2(794) = 1588.

Time = 7.83 (sec) , antiderivative size = 2286, normalized size of antiderivative = 2.64

method | result size

elliptic | Expression too large to display | 2286

default | Expression too large to display | 33894

[In] int((Cxx~2+A)/(b*xx+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,met
hod=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(fix+e)* (h*x+g))~(1/2)/(bkxx+a)~(1/2)/(d*x+c)~(1/2)/ (f*x+e)
~(1/2) / (h*x+g) ~ (1/2) * (2% (bxd*f *h*x~3+bkckfxh*x"2+b*d*e*xh*x~2+bkd*f*xg*x~2+b*
ckexhxx+b*xc*xf*gxx+bxd*exgkx+bxckxe*xg) /b/ (a~3*d*f*xh-a~2*b*c*xf*xh-a~2*b*d*exh-a
“2xb*d*f*g+axb~2*ckexh+axb 2xcxfxg+axb~2kd*xexg-b~3*kcxexg) * (A*xb~2+Cxa~2) / ((x
+a/b) * (b*d*f*xh*x~3+b*xc*xf*xh*xx~2+bkxd*exh*x~2+bxd*f*gxx~2+b*ckexh*kx+bkckf*gkx+
bxd*exgxx+bkxckexg)) ™ (1/2)+2*% (-C*a/b~2+1/b~ 2% (a~2*d*f*h-axbxcxf*xh-axb*d*exh—
a*xb*d*fxg+b 2% cxexh+b 2% cxf*xg+b~2xd*exg) * (Axb~2+C*a~2) / (a~3*d*fxh-a”~2*b*cxf
*xh-a~2*b*d*exh-a~2*¥bxd*f*g+a*b~2xcxexh+axb~2xcxf*g+axb~2xd*xe*g-b~3xcxe*g) —(
bxc*exh+bxcxf*g+b*d*exg) /b/ (a~3xd*f*h-a~2xbxc*f*h-a~2xb*xd*exh-a~2xb*d*f*g+a
*b~2%ckexh+axb~2kckfxg+axb 2kd*exg-b~3kckexg) * (Axb~2+C*a"~2) ) *(g/h-a/b) *((-g
/h+c/d) *(x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) "2x ((-c/d+a/b) *(x+e/f) / (-e
/f+a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d)) ~(1/2) / (-g/h+
c/d)/(-c/d+a/b)/ (b*d*fxh* (x+a/b)* (x+c/d) * (x+e/f) *(x+g/h) )~ (1/2)*E1lipticF ((
(-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2),((e/f-c/d) *(g/h-a/b) /(-a/b+e/f
)/ (-c/d+g/h))~(1/2) )+2*(C/b-1/b* (a*xd*f*h-b*c*f*xh-b*d*exh-bxd*f*g) * (Axb~2+Cx
a”~2)/(a~3*d*xfxh-a~2*b*c*xfxh-a~2*¥b*d*exh-a~2¥bxd*f*g+axb~2xcxexh+axb~2xc*f*g
+a*xb~2*d*e*xg-b~3*cxexg) — (2xbxcxfxh+2xbxdxexh+2xbxd*xf*g) /b/ (a~3*d*f*h-a~2xb*
cxfxh-a~2%b*d*exh-a~2*bxd*f*xg+axb~2*xcxexh+axb™2xcxf*xg+axb ~2xd*exg-b~3*cxe*xg
) *(Axb~2+C*a~2) ) *(g/h-a/b) * ((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c/d) )~ (1/2) *(x
+c/d)"2x((-c/d+a/b)*(x+e/f) /(-e/f+a/b) / (x+c/d)) ~(1/2) *((-c/d+a/b) *(x+g/h) / (
-g/h+a/b) /(x+c/d))~(1/2)/(-g/h+c/d) / (-c/d+a/b) / (b*d*f*h* (x+a/b) * (x+c/d) * (x+
e/f)*(x+g/h))~(1/2)*(-c/d*E1llipticF (((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))
~(1/2),((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h))~(1/2) ) +(c/d-a/b)*E1llipti
cPi(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) /(x+c/d))~(1/2),(-g/h+a/b)/(-g/h+c/d), ((e
/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2)))-2*d*f*h* (A*b~2+Cxa~2) /(a~3
*d*f*h-a~2%bkxckxfxh-a~2xbxd*exh-a~2*b*d*f*g+axb~2xcxexh+a*xb~2xckxf*xg+axb™2*xd*
exg-b~3*xckex*xg) * ((x+a/b) * (x+e/f) *(x+g/h)+(g/h-a/b) *((-g/h+c/d) *(x+a/b) / (-g/h
+a/b)/(x+c/d))~(1/2) *(x+c/d) "2%((-c/d+a/b) * (x+e/f) / (-e/f+a/b) / (x+c/d) )~ (1/2
)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d)) ~(1/2) *((a*xc/b/d-g/h*a/b+g/h*c/d+c
~2/d~2)/(-g/h+c/d)/(-c/d+a/b) *E11lipticF (((-g/h+c/d) * (x+a/b) / (-g/h+a/b) / (x+c
/d))~(1/2),((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h) )~ (1/2))+(-a/b+e/f)*ELl
lipticE(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/
(-a/b+e/f)/(-c/d+g/h))~(1/2) )/ (-c/d+a/b) +(axd*f*h+bkcxf*h+bkd*exh+bxd*fxg) /
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b/d/f/h/(-g/h+c/d) *E11ipticPi (((-g/h+c/d) *(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2)
, (g/h-a/b)/(-c/d+g/h), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))))/
(bxd*fxh* (x+a/b)* (x+c/d) * (x+e/f) *(x+g/h))~(1/2))

Fricas [F(-1)]

Timed out.

A+ Cx? )
dz = Timed out
(a + bx)3/2\/c + dz\/e + fr\/g + hz

[In] integrate((C*x~2+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2)

,X, algorithm="fricas")

[Out] Timed out

Sympy [F]

/ A+ Cz? dx—/ A+ Cr? e
(a +bx)3/2Vc + dzve + fzv/g + h (a+ bx)% Ve+dzy/e+ fz/g+ hx

[In] integrate((Ckx**2+A)/(bxx+a)**(3/2)/(d*x+c)**(1/2)/(fxx+e)**(1/2)/ (h*x+g)**
(1/2),x%)

[Out] Integral((A + Cxxx*2)/((a + b*x)**(3/2)*sqrt(c + d*x)*sqrt(e + f*xx)*sqrt(g
+ h*x)), x)

Maxima [F|

/ A+ Cx? i _/ Cz?+ A s
(a +bz)*2Ve+ dzve+ frv/g+hz (bx+a)%\/dx+c\/fx+e\/hx+g

[In] integrate((C*x~2+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(£xx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="maxima")

[Out] integrate((C*xx~2 + A)/((b*x + a)~(3/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)
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Giac [F(-2)]

Exception generated.

A+ Cz?
/ +tor dx = Exception raised: TypeError
(a + bx)3/2\/c + dz/e + fr\/g + hz

[In] integrate((C*xx~2+A)/(b*x+a)~(3/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="giac")

[Out] Exception raised: TypeError >> an error occurred running a Giac command:INP
UT:sage2:=int (sage0,sageVARx) : ;OUTPUT: index.cc index_m operator + Error: Ba
d Argument Value

Mupad [F(-1)]

Timed out.

/ A+ Cz? dp — Cz’+ A i
(a + bx)3/2/c+ dz\/e + fx/g + hz Vet fzvg+hz(a+bz)?Vet+da

[In] int((A + C*xx72)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*(c + d*x)~
(1/2)),x%)

[Out] int((A + C*xx~2)/((e + fxx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(3/2)*(c + d*x)~
(1/2)), x)
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A+C2?

3.35 f (a+b2)®/2\/c+dz~/e+ [z /g+hz dz

Optimal result . . . . . . . . . . . e B14
Rubi [A] (warning: unable to verify) . . . .. . ... ... ... ...
Mathematica [B] (verified) . . . . . . . . . .. 3191
Maple [B] (verified) . . . . . . . . ... 320
Fricas [F] . . . . . o B21]
Sympy [F(-1)] . . o o
Maxima [F] . . . . . o
Giac [F] . . . o o e
Mupad [F(-1)] . . . o oo

Optimal result

Integrand size = 44, antiderivative size = 1070

/ A+ Cx?
dx =
(a + bx)>2v/c+ dz\/e + fx/g + hz
_ 4d(Ab*(deg + cfg + ceh) + a®C(df g + deh + cfh) + a®b(3Adfh — 2C(deg + cfg + ceh)) — ab?(2Ad(fg +
3(bc — ad)?(be — af)?(bg — ah)?v/c+ dz

_ 2(AP + a’C) Vet dave+ fr/g+ ha
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
+4b(Ab3(deg +cfg+ ceh) + a®*C(dfg + deh + cfh) + a®b(3Adfh — 2C(deg + cfg + ceh)) — ab*(2Ad(fg +
3(bc — ad)?(be — af)?(bg — ah)?va + bz
44/dg — ch\/fg — eh(Ab3(deg + cfg + ceh) + a*C(df g + deh + cfh) + a*b(3Adfh — 2C(deg + cfg + ceh)

_I_
3(bc — ad)?(be — af)?(bg -

2(3ab(c*C + Ad?) (fg + eh) — b*(2Ad%eg + Acd(fg + eh) + c*(3Ceg — Afh)) — a®>(3Ad*fh — C(d?eg — c
3(bc — ad)?(be — af)(bg — ah)?/2\/fg -

[Out] -4/3%d*(A*b~3* (ckexh+cxf*xg+dkexg)+a~3*Cx (cxfxh+dkexh+d*f*g)+a~2%b* (3kAxd*f*
h-2*C* (cxexh+c*xfxg+drexg) ) —a*xb™ 2% (2xA*xd* (exh+f*g) —c* (-2xAxfxh+3*Cxexg) ) ) * (b
xx+a) = (1/2) % (fxx+e) ~(1/2) * (h*x+g) ~(1/2) / (—a*d+b*c) "2/ (-axf+b*e) “2/ (-a*xh+bxg
) "2/ (d*x+c) ~(1/2)-2/3* (Axb~2+C*a~2) * (d*x+c) ~(1/2) * (f*x+e) = (1/2) * (h*xx+g) ~ (1/
2) / (maxd+bxc) / (—axf+b*e) / (-axh+bxg) / (b*x+a) = (3/2) +4/3%b* (A*b~3* (ckexh+c*f*g
+d*exg) +a”~3*C* (cxfxh+d*exh+d*f*g)+a~2%b* (3kA*xd*f*xh-2%Cx (cxexh+c*f*xg+d*kexg))
-a*b™2% (2xA*d* (exh+fxg) —c* (-2xA*xfxh+3*C*e*g) ) ) * (d*x+c) ~(1/2) x (fxx+e) ~(1/2) *
(h*x+g) ~(1/2) / (-axd+b*c) “2/ (-a*xf+bxe) "2/ (—a*h+b*g) 2/ (b*x+a) ~(1/2)-2/3%(3*a
*xb* (A*xd~2+C*c™2) * (exh+f*g) —-b~2% (2%A*d~2xe*g+A*cxd* (exh+f*g) +c~ 2% (~A*xfxh+3*C
xexg) ) —a~ 2% (3kAxd~2*f*h-C* (-2xc~2*f*h—cxd*e*h-cxd*fxg+d~2*e*xg) ) ) *E1lipticF(
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(—axh+bxg) = (1/2) * (f*xx+e) ~(1/2) / (-exh+f*g) ~(1/2) / (b*x+a) ~(1/2) , (- (-a*d+b*c) *
(—exh+fxg) / (—cxf+d*e) / (-axh+bxg) ) ~(1/2) ) * ((—a*xf+bxe)* (d*x+c) / (-cxf+dx*e) / (b*
x+a) )~ (1/2) x (h*xx+g) = (1/2) / (~a*d+bxc) 2/ (—a*xf+b*e) / (-axh+bxg) ~ (3/2) / (-exh+f*
g)~(1/2)/(d*x+c)~(1/2) / (- (—a*xf+bxe) * (h*x+g) / (-exh+f*g) / (b*x+a)) ~(1/2)+4/3%(
Axb" 3% (ckexh+cxf*xg+drexg) +a~3*C* (cxf*h+dxexh+d*f*g)+a~2xbx (3xAxd*f*h-2xC* (c
xexh+c*xfxg+dxexg) ) —axb~ 2% (2xAxd* (exh+f*g) —c* (-2%xAxfxh+3*C*exg)) ) *E1lipticE(
(-c*h+d*g) = (1/2) * (f*x+e) " (1/2) / (-exh+f*xg) ~(1/2) / (d*x+c) ~(1/2) , ((-a*d+b*c) *(
—-exh+f*g) /(-axf+bxe) /(—c*h+d*xg)) ~(1/2)) * (~cxh+d*g) ~ (1/2) * (~exh+f*xg) ~(1/2) *(
b*x+a) ~(1/2) % (- (—c*xf+d*e) * (h*x+g) / (~exh+f*g) / (d*x+c)) ~(1/2) / (-axd+b*c) 2/ (-
axf+b*e) “2/ (—axh+bxg) 2/ ((-cxf+d*e) * (bxx+a) / (—a*xf+bxe) / (d*x+c)) ~(1/2) / (h*xx+
g)~(1/2)

Rubi [A] (warning: unable to verify)

Time = 2.32 (sec) , antiderivative size = 1070, normalized size of antiderivative = 1.00,
number of steps used = 8, number of rules used = 8 number of rules _ 0.182, Rules used

' integrand size
= {1619, 1613, 1616, 12, 176, 430, 182, 435}

/ A+ Cx? P 2vc+ dzv/e + fx/g + hx(Ca® + Ab?)
(a+ bz)5/2\/c+ dzv/e+ fo/g+ he  3(bc— ad)(be — af)(bg — ah)(a + bz)3/?

4v/dg — ch\/fg — eh(C(df g + deh + cfh)a® + b(3BAdfh — 2C(deg + cfg + ceh))a? — b*(2Ad(fg + eh) —
3(bc — ad)?(be — af)?(bg

_|_

2(—((3Ad%*fh — C(—2fhc?® — df gc — dehc + d?eg)) a?) + 3b(Cc® + Ad?) (fg + eh)a — b*((3Ceg — Afh)c

3(bc — ad)?(be — af)(bg — ah)3/2,

+4b(C(dfg + deh + cfh)a® + b(3Adfh — 2C(deg + cfg + ceh))a? — b*(2Ad(fg + eh) — c(3Ceg — 2Afh))c
3(bc — ad)?(be — af)?(bg — ah)?va + bz

_ 4d(C(dfg + deh + cfh)a® + b(3Adfh — 2C(deg + cfg + ceh))a® — b*(2Ad(fg + eh) — c(3Ceg — 2Afh))
3(bc — ad)?(be — af)?(bg — ah)?v/c+ dx

[In] Int[(A + C*xx~2)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt[g + h*x])
,X]

[Out] (-4xd*(Axb~3*(d*e*g + cxf*g + cxexh) + a~3*Cx(d*f*g + d*exh + cxf*h) + a~2x
b* (3xAxd*f*h - 2xCx(dxexg + cxfxg + ckexh)) - a*b~2x(2xAxdx(fxg + exh) - c*
(3xCxe*xg - 2xAxfxh)))#*Sqrt[a + bxx]*Sqrtl[e + fxx]*Sqrtlg + h*x])/(3*%(b*c -
axd) 2% (b*e - axf) 2x(bxg - a*h) "2#Sqrtlc + d*x]) - (2x(A*xb~2 + a~2*C)*Sqrt

[c + d*x]*Sqrtle + f*x]*Sqrtlg + h*x])/(3x(b*c - a*d)*(b*e - a*xf)*(bkg - ax
h)*x(a + bxx)~(3/2)) + (4*b*x(Axb~3*(d*exg + cxf*g + cxexh) + a~3*Cx(dxf*g +

dxexh + ckxfxh) + a~2xb*(3xA*d*fxh - 2%Ck(dxe*g + cxfxg + ckexh)) - a*b™2x(2

xAxd* (fxg + exh) - c*x(3*%Ckexg — 2*A*xfxh)))*Sqrt[c + d*x]*Sqrt[e + f*x]*Sqrt

[g + h*x])/(3*x(bxc - a*d) "2*(bxe - axf) 2x(b*g - axh) 2xSqrt[a + b*x]) + (4
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*xSqrt [dxg - c*h]*Sqrt[f*g - exh]*(A*b~3x(d*exg + c*xf*xg + c*xexh) + a~3*Cx(d*
fxg + d*xexh + cxfxh) + a~2*%bx(3*%Axdxfxh - 2*Cx(d*exg + c*f*g + cxexh)) - ax
b~2x (2*%A*d* (fxg + exh) - c*(3*Ckxexg - 2xAxfxh)))*Sqrt[a + b*x]*Sqrt[-(((d*e
- cxf)*(g + h*xx))/((f*g - exh)*(c + d*x)))]*EllipticE[ArcSin[(Sqrt[d*g - c
*h]*Sqrt[e + fxx])/(Sqrt[fxg - e*h]*Sqrtlc + d*x])], ((bxc - a*xd)*(f*g - e*
h))/((bxe - a*xf)*x(d*g - c*h))])/(3*(b*c - axd) "2x(bxe - a*f) 2*(bxg - a*h)~
2xSqrt [((dxe - c*xf)*(a + b*x))/((b*e - axf)*(c + d*x))]*Sqrtlg + h*x]) - (2
* (3xa*xb* (c™2%C + Axd~2)*(f*xg + exh) - b~ 2x(2xA*d"2%e*xg + Axckd*(fxg + exh)
+ c72x(3%Ckexg — A*xfxh)) - a~2%(3%A*d"2*fxh - Ck(d"2xexg - cxdxfxg - cxd*xex
h - 2%c™2xfxh)))*Sqrt[((b*e - axf)*(c + d*x))/((d*xe - c*f)*(a + b*x))]*Sqrt
[g + hxx]*EllipticF[ArcSin[(Sqrt[b*g - axh]*Sqrtl[e + f*x])/(Sqrt[f*g - exh]
xSqrt[a + b*x])], -(((b*c - axd)*(f*g - exh))/((dxe - c*f)*(bxg - a*h)))])/
(3x(bxc - ax*xd)~"2*(bxe - a*xf)*(bxg - axh)~(3/2)*Sqrt[f*g - exh]l*Sqrtlc + d*x
1%Sqrt [-(((bxe - a*f)*(g + h*x))/((fxg - exh)*(a + b*x)))])

Rule 12

Int[(a_)*(u_), x_Symbol] :> Dist[a, Int[u, x], x] /; FreeQ[a, x] && !'Match
Qlu, (M )*(v_) /; FreeQ[b, x]]

Rule 176

Int[1/(Sqrtl(a_.) + (b_.)*(x_)I*Sqrt[(c_.) + (d_.)*(x_)I*Sqrtl(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[2*Sqrt[g + h*x]*(Sqrt[(
bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]1/((f*xg - e*h)*Sqrtlc + d*x]x*
Sqrt [(-(bxe - a*f))*((g + h*x)/((f*xg - exh)x(a + b*x)))])), Subst[Int[1/(Sq
rt[1 + (b*c - a*xd)*(x"2/(d*e - cxf))]*Sqrt[1 - (b*g - a*h)*(x"2/(f*g - ex*h)
)1), x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, c, d, e, f, g,
h}, x]

Rule 182

Int[Sqrtl(c_.) + (A_.)*(x_)]1/(((a_.) + (b_.)*(x_))"(3/2)*Sqrt[(e_.) + (f_.)
*(x_)]1*Sqrt[(g_.) + (h_.)*(x_)]), x_Symbol] :> Dist[-2xSqrt[c + d*x]*(Sqrtl[
(-(bxe - axf))*((g + h*x)/((f*g - exh)*(a + b*x)))]/((bxe - a*f)*Sqrtlg + h
*x] *Sqrt [(bxe - axf)*((c + d*x)/((d*e - cxf)*(a + b*x)))]1)), Subst[Int[Sqrt
[1 + (bxc - axd)*(x"2/(d*e - c*f))]/Sqrt[1 - (b*g - a*h)*(x~2/(f*g - exh))]
, x], x, Sqrtle + f*x]/Sqrt[a + b*x]], x] /; FreeQ[{a, b, ¢, d, e, f, g, h}
» X]

Rule 430

Int[1/(Sqrtl(a_) + (b_.)*(x_)"2]*Sqrtl(c_) + (d_.)*(x_)"2]), x_Symbol] :> S
imp[(1/(Sqrt[a]*Sqrt[c]*Rt[-d/c, 2]))*EllipticF[ArcSin[Rt[-d/c, 2]*x], bx(c
/(a*d))]1, x] /; FreeQ[{a, b, c, d}, x] && NegQ[d/c] && GtQ[c, 0] && GtQ[a,
0] && !(NegQ[b/al && SimplerSqrtQ[-b/a, -d/c])
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Rule 435

Int[Sqrt[(a_) + (b_.)*(x_)"2]/Sqrtl(c_) + (d_.)*(x_)"2], x_Symbol] :> Simp[
(Sqrt[al/(Sqrtcl*Rt[-d/c, 2]))*EllipticE[ArcSin[Rt[-d/c, 2]*x], bx(c/(a*xd)
)1, x] /; FreeQ[{a, b, c, d}, x] && NegQl[d/c] && GtQ[c, 0] && GtQ[a, O]

Rule 1613

Int [((C(a_.) + (b_)*(x_)) " (m_)*((A_.) + (B_.)*(x_)))/(Sqrtl(c_.) + (d_.)*(x
_JIxSqrtl(e_.) + (f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbol] :> Simp[(
Axb~2 - axb*B)*(a + b*x)~(m + 1)*Sqrtlc + d*x]*Sqrtle + f*x]*(Sqrt[g + h*x]
/((m + 1)*(b*c - axd)*(b*e - axf)*(b*g - axh))), x] - Dist[1/(2%(m + 1)*(bx
c - axd)*(b*e - axf)*(b*g - axh)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]*Sq
rt[e + fxx]*Sqrt[g + h*x]))#*Simp[A*(2*a~2*d*fxh*(m + 1) - 2%a*bx(m + 1)*(d*
f*g + dxexh + c*fxh) + b™2%(2*m + 3)*(d*exg + cxf*g + c*exh)) - b*Bx(ax(d*e
xg + c*xfxg + ckxexh) + 2%bkxckexgx(m + 1)) - 2x((A*b - a*B)*(a*xd*fxhx(m + 1)

- bx(m + 2)*(d*f*g + dxexh + cxfxh)))*x + d*xfxhx(2*m + 5)*(A*b~2 - a*b*B)*x
~2, x], x], x] /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B}, x] && IntegerQ[2+*m]
&& LtQ[m, -1]

Rule 1616

Int[((A_.) + (B_.)*(x_) + (C_.)*x(x_)"2)/(Sart[(a_.) + (b_.)*(x_)]*Sqrt[(c_.
) + (d_.)*(x_)I*Sqrtl(e_.) + (£f_.)*(x_)]1*Sqrtl(g_.) + (h_.)*(x_)]), x_Symbo
1] :> Simp[CxSqrt[a + b*x]*Sqrt[e + fxx]*(Sqrt[g + h*x]/(b*f*h*Sqrt[c + d*x
1)), x] + (Dist[1/(2xbxd*fxh), Int[(1/(Sqrtl[a + b*x]*Sqrt[c + d*x]*Sqrtle +
fxx]*Sqrt[g + h*x]))*Simp [2*¥A*b*d*fxh — Ck(b*d*exg + a*xckfxh) + (2¥b*Bxdxf
xh - Ck(axd*f*h + bx(dxfxg + d*exh + c*fxh)))*x, x], x], x] + Dist[Cx(d*e -
c*f)*((d*g - cxh)/(2*bxd*f*h)), Int[Sqrtl[a + bxx]/((c + d*x)~(3/2)*Sqrtl[e
+ fxx]*Sqrt[g + h*x]), x], x]) /; FreeQ[{a, b, ¢, d, e, f, g, h, A, B, C},
x]

Rule 1619

Int[(((a_.) + (b_)*(x_))"(m_)*((A_.) + (C_.)*(x_)"2))/(Sqrtl(c_.) + (d_.)*
(x_)1*Sqrtl(e_.) + (f_.)*x(x_)1*Sqrtl(g_.) + (h_.)*(x_)]1), x_Symbol] :> Simp
[(Axb~2 + a"2xC)*(a + bxx)~(m + 1)*Sqrt[c + dxx]*Sqrtl[e + f*x]*(Sqrtl[g + hx
x]/((m + 1)*x(b*xc - a*d)*(b*e - a*xf)*(bxg - axh))), x] - Dist[1/(2%(m + 1)*(
bxc - axd)*(b*e - axf)*(b*g - a*h)), Int[((a + b*x)"(m + 1)/(Sqrtlc + d*x]x*
Sqrt[e + fxx]*Sqrt[g + h#*x]))*Simp[A*(2%a~2*%d*fxh*x(m + 1) - 2%a*bk(m + 1)*(
dxfxg + dxexh + c*f*h) + b™2x(2*m + 3)*(d*exg + c*f*g + c*exh)) + axCx(ax(d
xexg + cxfxg + ckexh) + 2kbxcxexgx(m + 1)) - 2x(Axbx(axdxfxh*(m + 1) - b*(m
+ 2)*(d*f*g + d*exh + cxfxh)) - Cx(a"2x(dxfxg + d*exh + cxfxh) - b~2%ckexg
x(m + 1) + a*xbx(m + 1)*(d*exg + cxf*g + ckexh)))*x + dxfxh*(2*m + 5)*(A*b~2
+ a”2xC)*x~2, x], x], x] /; FreeQ[{a, b, c, d, e, f, g, h, A, C}, x] && In
tegerQ[2*m] && LtQ[m, -1]
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Rubi steps

2(AV? + a2C) Ve + dz/e + fr/g+ hx

3(bc — ad)(be — af)(bg — ah)(a + bx)3/?

f —2Ab?(deg-+cfg+ceh)—3ab(cCeg— Adf g— Adeh—Acfh)—a? (3Adf h—C (deg+cfg+ceh))+(2a2C(df g+deh+cfh)+b2(3cCeg— Adf g— Adeh-
+

integral =

(a+bx)3/2+/c+dx/e+ fz\/g+ha

3(bc — ad)(be — af)(bg — ah)

2(AV? + a?C) e+ dz/e + fr/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
N 4b(Ab3(deg + cfg + ceh) + a3C(df g + deh + cfh) + a*b(3Adfh — 2C(deg + cf g + ceh)) — ab*(

3(bc — ad)?(be — af)?(bg — ah)?v/a 4
f b(bceg—a(deg+cfg+ceh))(2a2C(df g+deh+cfh)+b%(3cCeg— Adf g— Adeh— Acfh)+3ab(Adfh—C(deg+cfg+ceh)))+aladf h—b(d

_|_

_4d(Ab3(deg +cfg + ceh) + a3C(df g + deh + cfh) + a*b(3Adfh — 2C(deg + cfg + ceh)) — ab®
3(bc — ad)?(be — af)%(bg — ah)?v/c

2(Ab? + a?C) v/c + dzv/e + fr\/g + hx
3(bc — ad)(be — af)(bg — ah)(a + bx)3/?
N 4b(Ab*(deg + cfg + ceh) + a3C(df g + deh + cfh) + a?b(3Adfh — 2C(deg + cfg + ceh)) — ab?(
3(bc — ad)?(be — af)?(bg — ah)?v/a 4
f _ 2bdf (be—af)h(bg—ah) (3ab(c2C+Ad?)(fg+eh)—b? (2Ad?eg+Acd(fg+eh)+c?(3Ceg—Afh)) —a? (3Ad? fh—C (d?eg—cdf g—cds
Va+bz/c+dz+/ e+ fr\/gFhz
6bd(bc — ad)? f(be — af)2h(bg — ah)?
(2(de — cf)(dg — ch) (Ab*(deg + cfg + ceh) + a*C(df g + deh + cfh) + a*b(3Adfh — 2C(deg +
3(bc — ad)?(be — af)?(b

+

_ 4d(Ab*(deg + cfg + ceh) + a’C(df g + deh + cfh) + a®b(3Adfh — 2C(deg + cfg + ceh)) — ab?
3(bc — ad)2(be — af)2(bg — ah)?+/cH

2(AV? + a*C) Ve + dz/e + fr\/g+ hx
~ 3(bc — ad) (be — af)(bg — ah)(a + bx)3/?
N 4b(Ab3(deg + cfg + ceh) + a3C(df g + deh + cfh) + a*b(3Adfh — 2C(deg + cf g + ceh)) — ab*(
3(bc — ad)2(be — af)2(bg — ah)?Va +
(3ab(c*C + Ad?) (fg + eh) — b*(2Ad%eg + Acd(fg + eh) + ¢*(3Ceg — Afh)) — a*(3Ad?fh — C
3(bc — ad)?(be — af)(bg — ah)

(4(dg — ch) (Ab3(deg + cfg + ceh) + a3C(df g + deh + cfh) + a?b(3Adfh — 2C(deg + cfg + ce

+
3(bc — ad)?(be — af)
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_ 4d(Ab*(deg + cfg + ceh) + a’C(df g + deh + cfh) + a®b(3Adfh — 2C(deg + cfg + ceh)) — at
3(bc — ad)2(be — af)2(bg — ah)2V/c

2(AV? + a2C) Ve + dzv/e + fr/g+ hx

~ 3(bc — ad)(be — af)(bg — ah)(a + bx)3/?
N 4b(Ab%(deg + cfg + ceh) + a3C(df g + deh + cfh) + a*b(3Adfh — 2C(deg + cfg + ceh)) — ab
3(bc — ad)2(be — af)2(bg — ah)?Va
44/dg — ch\/fg — eh(Ab3(deg + cfg + ceh) + a®>C(df g + deh + cfh) + a*b(3Adfh — 2C(deg -

+
3(bc — ad)?(be

(2(3ab(c20 + Ad?) (fg + eh) — b*(2Ad%eg + Acd(fg + eh) + 2(3Ceg — Afh)) — a®(3Ad2fh

3(bc — ad)?(be — af)(bg -

_ 4d(Ab°(deg + cfg + ceh) + a*C(df g + deh + cfh) + a?b(3Adfh — 2C(deg + cfg + ceh)) — at
3(bc — ad)?(be — af)2(bg — ah)?/c

2(AV? + a*C) Ve + dz/e + fr\/g+ hr
3(bc — ad)(be — af)(bg — ah)(a + bx)3/2
N 4b(Ab*(deg + cfg + ceh) + a3C(df g + deh + cfh) + a®b(3Adfh — 2C(deg + cfg + ceh)) — ab
3(bc — ad)?(be — af)%(bg — ah)?Va
44/dg — ch\/fg — eh(Ab3(deg + cfg + ceh) + a®>C(df g + deh + cfh) + a?b(3Adfh — 2C(deg -

_|_

3(bc — ad)?(be
2(3ab(c*C + Ad?) (fg + eh) — b*(2Ad%eg + Acd(fg + eh) + c*(3Ceg — Afh)) — a?(3Ad%fh —

3(bc — ad)?(be — af)(bg — ah)3

Mathematica [B] (verified)
Leaf count is larger than twice the leaf count of optimal. 11363 vs. 2(1070) = 2140.

Time = 40.54 (sec) , antiderivative size = 11363, normalized size of antiderivative = 10.62

2
/ A+ Cz dz = Result too large to show
(a+ bx)5/2v/c + dz+\/e + fr\/g + hx

[In] Integrate[(A + Cxx~2)/((a + b*x)~(5/2)*Sqrt[c + d*x]*Sqrt[e + f*xx]*Sqrtlg +
h*x]) ,x]

[Out] Result too large to show



320

Maple [B] (verified)
Leaf count of result is larger than twice the leaf count of optimal. 3341 vs. 2(998) = 1996.

Time = 10.35 (sec) , antiderivative size = 3342, normalized size of antiderivative = 3.12

method | result size

elliptic | Expression too large to display | 3342

default | Expression too large to display | 106972

[In] int((Cxx~2+A)/(b*xx+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2) ,x,met
hod=_RETURNVERBOSE)

[Out] ((b*x+a)*(d*x+c)*(fxx+e)* (h*xx+g))~(1/2)/(bkxx+a)~(1/2)/(d*x+c)~(1/2)/(f*x+e)
~(1/2) / (a*xx+g) = (1/2)*(2/3/b~2/ (a~3*d*f*h-a~2*bkc*fxh-a~2xb*d*exh-a~2xbxd*f *
g+axb~2*ckexh+axb”~2kcxfxg+a*xb~2xd*exg-b~3*kckexg) * (A*xb~2+Cxa~2) * (bxd*f*xh*x~4
+axdxfxhxx~3+b*ckxf*xh*x"3+b*d*exh*x™3+bxd*xf*xgxx~3+a*c*f*h*x™2+a*xd*exhxx™2+ax*
dxfxgxx~2+bxckexh*x"2+b*cxf*xgkx™2+bkxd*xexgxx~2+a*ckexh* x+akxckxfxgkx+axdrexgkx
+b*ckexgkx+axckexg) ~(1/2)/(x+a/b) "2+4/3% (bxd*f*h*x~3+bkcxf*h*x~2+b*d*exh*x™
2+bxd*f*g*x~2+bxckxexhkx+bkcxf*gkx+brd*e*xg*x+bkcxexg) / (a~3*d*f*h-a~2xbxc*f*h
—a~2*b*d*exh-a~2*bxd*f*g+a*b~2xcxexh+a*xb~2xc*f*g+axb~2xd*e*xg-b~3xcke*xg) ~2x (
3*xAxa” 2xbxd*xfxh-2xAxaxb~2*c*kf*h-2%Axaxb”~2kxd*xexh-2xAxa*xb~2*xd*f*g+A*xb~3*c*xexh
+A*b " 3xcxfxg+A*b " 3xd*exg+Cka~ 3k cxfxh+Cka~3xd*xexh+Cka~3xd*xfxg-2+%Cxa~2xbkxcke*
h-2%C*a~2xbxc*f*g-2xCxa~2*b*d*exg+3*Ckaxb~2xc*xe*g) / ((x+a/b) * (b*d*f*h*x~3+b*
cxfxh*x~2+b*d*exh*x~2+b*d*f*gxx~2+b*kckexh*xx+bkcxf*gxx+b*d*kexgxx+b*ckexg)) ~(
1/2)+2x(C/b~2-1/3/b" 2% (3kA*axb~2*d*f*xh-A*xb~3*ckf*xh-A*b~3*d*exh-A*b~3*kd*f*g+
3*Cxa~3*d*f*h-Cxa~2*bkcxf*xh-C*a~2xbxd*xe*xh-C*ka~2xb*d*f*g) / (a~3*d*f*xh-a~2*b*c
*xfxh-a~2*bxdxexh-a~2xbxd*f*g+a*xb~2xc*exh+axb~2*c*f*g+axb~2*d*e*xg—b~3*c*e*g)
+2/3/b*x (a~2xd*f*h-a*xb*cxfxh-a*bkd*exh-a*xbxd*f*g+b~2*kckexh+b~2*c*xf*g+b~2*d*e
*g) * (3xA*a~2xbxd*f*xh-2*A*axb~2kckxf*h-2%A*a*xb~2kd*exh-2%A*axb~2kd*f*g+A*b~ 3
cxexh+Axb~3*xcxfxg+A*xb~3*xd*exg+Cka~3*cxf*xh+C*a~3*xd*exh+C*a~3xd*xf*xg-2*%Cxa~2%b
xcxexh—-2%Cxa~2xb*cxf*xg—2xC*a~2%bxdxe*xg+3*Craxb~2*c*xexg) / (a~3*d*f*xh-a~2*b*c*
fxh-a~2*b*d*exh-a~2*bxd*fxg+a*b~2kckexh+a*b~2xcxf*g+axb~2xd*e*g-b~3xcxe*g) ~
2-2/3* (bxcxexh+bkcxfxg+b*xd*exg) / (a~3*d*f*xh-a~2¥bkcxfxh-a~2*¥b*xd*exh-a~2*bxd*
fxgt+axb~2kckexh+a*xb”~2kckf*gta*xb~2*xd*e*xg-b~3*cke*g) “2% (3*xA*xa~2xb*d*f*xh-2xA*a
*b~2xcxf*h-2%Axaxb~2*xd*exh-2xAxa*xb~2xd*fxg+A*b~3*ckxexh+Axb~3*xcxfxg+A*xb~3*d*
exg+Cxa” 3xcxfxh+Cxa~3kd*exh+Cka~3*d*f*xg-2xCxa~2xbxckexh-2xCxa~2*b*c*xf*xg-2*C
*a~2%b*d*exg+3*C*a*xb~2xcxe*g) ) *(g/h-a/b) *((-g/h+c/d)*(x+a/b) /(-g/h+a/b) / (x+
c/d))~(1/2)*(x+c/d) "2*%((-c/d+a/b) *(x+e/f) / (-e/f+a/b) / (x+c/d)) ~(1/2) *((-c/d+
a/b)*(x+g/h)/(-g/h+a/b) /(x+c/d))~(1/2)/ (-g/h+c/d) / (-c/d+a/b) / (b*d*f*h* (x+a/
b)*(x+c/d) *(x+e/f) *(x+g/h) )~ (1/2) *E11lipticF (((-g/h+c/d) *(x+a/b) /(-g/h+a/b) /
(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b) /(-a/b+e/f) /(-c/d+g/h) ) ~(1/2))+2x (-2/3%*(
axdxfxh-b*cxfxh-b*xd*exh-bxd*f*g) * (3xA*xa~2*¥b*kd*fxh-2*%A*axb~2*c*f*h-2xA*xa*xb~2
*xd*xexh-2xAxaxb~2xd*f*g+A*xb~3kckexh+A*b~3kckf*g+A*b~3kd*e*xg+Cka~3*kckf*h+Cka”
3xdxexh+Ckxa~3xd*f*xg-2+%Cxa " 2xbkckxexh-2xCxa~2xb*cxfxg-2xCxa~2xb*d*e*xg+3*C*axb
~2xcxexg) /(a”3xd*fxh-a”~2xbkcxf*h-a~2*bkd*exh-a”~2¥bxd*f*g+a*b~2kckexh+a*b”2x*
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cxf*xg+axb~2*xd*exg-b~3*ckexg) "2-2/3* (2xbxcxf*h+2*bxd*xexh+2*xbxd*f*g) / (a~3*d*f
*h-a~2*b*c*fxh-a~2xbxd*xexh-a~2*xb*d*f*g+axb~2*xckexh+axb™2xcxfxg+axb™2*xd*e*xg-
b~3xckexg) 2% (3xAxa~2xbxd*f*xh-2xAxaxb~2xcxf*xh-2%A*axb~2kd*exh—2%A*axb~2xd*f
*g+A*b~3*kckxexh+Axb”~3*xcxf*g+A*b~3kd*exg+Cka”~3*kckxf*xh+Cxa”3*xd*e*xh+Ckxa”3xd*f*g-
2xCxa~2*b*ckexh-2%Cka~2xbxcxf*g-2*Cxa~2*b*d*exg+3*Cka*xb~2xcxe*g) ) * (g/h-a/b)
*((-g/h+c/d)*(x+a/b) /(-g/h+a/b) / (x+c/d) )~ (1/2) *(x+c/d) "2x((-c/d+a/b) * (x+e/f
)/ (-e/f+a/b)/(x+c/d)) ~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d) )~ (1/2) /(
-g/h+c/d)/(-c/d+a/b) / (b*d*f*h* (x+a/b) * (x+c/d) * (x+e/f) * (x+g/h) )~ (1/2) *(-c/d*
EllipticF(((-g/h+c/d)*(x+a/b)/(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b
)/ (-a/b+e/f)/(-c/d+g/h))~(1/2))+(c/d-a/b)*E1lipticPi (((-g/h+c/d)*(x+a/b) /(-
g/h+a/b)/(x+c/d))~(1/2), (-g/h+a/b)/(-g/h+c/d) , ((e/f-c/d) *(g/h-a/b)/(-a/b+e/
£)/(-c/d+g/h))~(1/2)))-4/3*%b*d*fxh* (3xA*xa~2¥b*d*f*xh-2*%A*axb~2*c*f*h-2xA*xa*b
“2*%d*exh-2xA*a*xb~2xd*f*g+Axb~3kckexh+Axb~3*kc*kf*xg+A*b " 3*dxexg+Cka~3xcxf*h+Cx
a~3xdxexh+C*a~3xd*fxg-2*%Cxa~2xbkxckxexh-2xCxa~2¥b*cxfxg-2xC*a~2xbxd*e*xg+3*Cxa
*b~2%cxexg) / (a~3*dxf*xh-a~2xbxcxf*h-a~2xbkd*exh-a~2¥b*xd*f*g+axb~2*cxexh+a*xb™
2% c*fxg+a*b”2xdxexg-b " 3*xcxexg) “2*x ((x+a/b) * (x+e/f) * (x+g/h) +(g/h-a/b) * ((-g/h+
c/d) *(x+a/b) /(-g/h+a/b) / (x+c/d)) ~(1/2) *(x+c/d) ~2* ((-c/d+a/b) * (x+e/f) / (-e/f+
a/b)/(x+c/d))~(1/2)*((-c/d+a/b) *(x+g/h) / (-g/h+a/b) / (x+c/d) )~ (1/2) * ((a*c/b/d
-g/h*a/b+g/h*xc/d+c~2/d"2) /(-g/h+c/d) /(-c/d+a/b)*E1lipticF (((-g/h+c/d) * (x+a/
b)/(-g/h+a/b)/(x+c/d))~(1/2), ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f) /(-c/d+g/h))~(1
/2))+(-a/b+e/f)*E11lipticE(((-g/h+c/d)*(x+a/b)/(-g/h+a/b) / (x+c/d))~(1/2), ((e
/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c/d+g/h))~(1/2))/(-c/d+a/b)+(a*d*f*h+bkcxf*h
+b*d*exh+b*d*f*g) /b/d/f/h/(-g/h+c/d)*E1llipticPi (((-g/h+c/d) *(x+a/b) /(-g/h+a
/b)/(x+c/d))~(1/2),(g/h-a/b)/(-c/d+g/h) , ((e/f-c/d)*(g/h-a/b)/(-a/b+e/f)/(-c
/d+g/h))~(1/2)))) / (b*xd*fxh*(x+a/b) * (x+c/d) * (x+e/f) *(x+g/h))~(1/2))

Fricas [F]

dx

A+ Co? ; _/ Cz? + A
(a +b2)*/2Vc +dzve+ fzv/g + h (M%+®%¢dt+c¢fx+thx+g

[In] integrate((C*xx~2+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*x+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="fricas")

[Out] integral((C*x~2 + A)*sqrt(bxx + a)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x + g
)/ (b~3*d*f*h*x~6 + a~3*ckxexg + (b~ 3*d*xfxg + (b~3xd*e + (b~3*c + 3xa*xb~2*d)*
£)*h)*x~5 + ((b~3*d*e + (b~3*c + 3*a*b~2xd)*f)*g + ((b~3*c + 3*axb~2+d)*e +
3x(a*b™2xc + a~2*xbxd)*f)*h)*x"4 + (((b"3*c + 3*a*b~2xd)*e + 3*(axb~2*c + a
“2xb*d) *f) *xg + (3*%(axb"2*c + a~2*bxd)*e + (3%a”2*xb*c + a~3*d)*f)*h)*x"3 + (
(3% (a*xb™2%c + a~2xbxd)*e + (3*xa~2xbxc + a~3xd)*f)*g + (a~3*c*xf + (3*a~2*b*c
+ a”3*d)*e)*h)*x"2 + (a"3xckxexh + (a~3kcxf + (3xa~2*bkxc + a~3*d)*e)*g)*x),

x)
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Sympy [F(-1)]

Timed out.

A+ Cx? )
dz = Timed out
(a + bx)5/2\/c + dz\/e + fr\/g + hz

[In] integrate((Ckx**2+A)/(b*x+a)**(5/2)/(d*x+c)**(1/2)/(f*xx+e)**(1/2)/(h*xx+g)**

(1/2),x)
[Out] Timed out

Maxima [F]

/ A+ Cx? gy — / Cz?+ A "
(a +b2)*/2Vc +dzve + fzv/g + h (bx+a)g\/dx+c\/fx+e\/hx+g

[In] integrate((C*x~2+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(f*xx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="maxima")

[Out] integrate((C*x~2 + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)*sqrt(h*x
+g)), x)

Giac [F]

/ A+ Cx? i _/ Cz?*+ A e
(a +b2)>/2Vc +dzve + fzv/g + hx (bx—i—a)%\/dz—l-c\/fx—l-e\/hx-l-g

[In] integrate((C*x~2+A)/(b*x+a)~(5/2)/(d*x+c)~(1/2)/(fxx+e)~(1/2)/(h*x+g)~(1/2)
,X, algorithm="giac")

[Out] integrate((C*x~2 + A)/((b*x + a)~(5/2)*sqrt(d*x + c)*sqrt(f*x + e)x*sqrt(h*x
+g)), x)

Mupad [F(-1)]

Timed out.

/ A+ Cz? dx—/ Cz*+ A i
(a + bx)5/2\/c + dz/e + fr\/g + hx Vet fzvgt+hz(a+bz)?Vet+ds

[In] int((A + C*xx"2)/((e + £xx)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)*(c + d*x)~
(1/2)),%)
[Out] int((A + Cxx~2)/((e + £*x)~(1/2)*(g + h*x)~(1/2)*(a + b*x)~(5/2)*(c + d*x)~
(1/2)), x)
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4.1 Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)

(* ::Package:: *)

(* Nasser: April 7,2022. add second output which gives reason for the grade *)

(*
(*

(* ::Subsection:: *)

Small rewrite of logic in main function to make it*)
match Maple's logic. No change in functionality otherwis

(*GradeAntiderivative[result,optimal]*)

(* ::Text:: *)

(*If result and optimal are mathematical expressions, *)
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(* GradeAntiderivative[result,optimal] returns*)
(¥ "F" if the result fails to integrate an expression that*)
(* is integrablex)

(¥ "C" if result involves higher level functions than necessary+*)
(*» "B" if result is more than twice the size of the optimal*)

(* antiderivative*)

(*» "A" if result can be considered optimalx*)

GradeAntiderivative[result_,optimal_] := Module[{expnResult,expnOptimal,leafCount
expnResult = ExpnType[result];
expnOptimal = ExpnType[optimall;
leafCountResult = LeafCount[result];
leafCountOptimal = LeafCount [optimal];

(*Print ["ezpnResult=", expnResult, " expnOptimal=",expnOptimall];*)
If [expnResult<=expnOptimal,
If [Not[FreeQ[result,Complex]], (*result contains complez+*)
If [Not [FreeQ[optimal,Complex]], (*optimal contains complez*)
If [1leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}

, (*ELSE*)
finalresult={"B","Both result and optimal contain complex but
]
» (*ELSE*)
finalresult={"C","Result contains complex when optimal does not."
]
, (*ELSE*) (*result does mnot contains complez*)
If [leafCountResult<=2*leafCountOptimal,
finalresult={"A",""}
, (*ELSE*)
finalresult={"B","Leaf count is larger than twice the leaf count o
]

]
, (*ELSE*) (*expnResult>expnOptimal*)
If [FreeQ[result,Integrate] && FreeQ[result,Int],
finalresult={"C","Result contains higher order function than in optim

3

finalresult={"F","Contains unresolved integral."}
1;
finalresult

(* ::Text:: *)
(*The following summarizes the type number assigned an *)

Result,leafCor

leaf count i

f optimal. $":

al. Order "<>




(*expression based on the functions it involves*)
(*¥1 = rational function*)

(¥2 = algebraic function*)

(*¥3 = elementary function*)

(%4 = special function*)

(*5 = hyperpergeometric function*)

(%6 = appell function*)

(*7 = rootsum function*)

(*¥8 = integrate function*)

(*9 = unknown function*)

ExpnType[expn_] :=
If[AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType,expn]],
If [Head[expn]===Power,
If [IntegerQ[expn[[2]]],
ExpnType[expn[[1]]],
If [Head[expn[[2]]]===Rational,
If[IntegerQlexpn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]1]] ,ExpnType [expn[[2]1]1,3]1],
If [Head[expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
If [ElementaryFunctionQ[Head [expn]],
Max[3,ExpnType[expn[[1]]1]],
If [SpecialFunctionQ[Head[expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],4]1],
I1f [HypergeometricFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head [expn]],
Apply[Max, Append [Map [ExpnType, Apply[List,expn]],6]1],
If [Head[expn]===RootSum,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],71]1,
If [Head[expn]===Integrate || Head[expn]===Int,
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ[{
Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
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Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch
},func]

SpecialFunctionQ[func_] :=
MemberQ[{
Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, ProductLog,
EllipticF, EllipticE, EllipticPi
},func]

HypergeometricFunctionQ[func_] :=
MemberQ[{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ[{AppellF1}, func]

Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin
#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added
#Nasser 03/24/2017 corrected the check for complex result
#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000
#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems

#Nasser 4/07/2022 add second output which gives reason for the grade

GradeAntiderivative := proc(result,optimal)
local leaf_count_result,
leaf_count_optimal,
ExpnType_result,
ExpnType_optimal,
debug:=false;

leaf _count_result:=leafcount(result);




#
#
#
#
#
#
#
#

IIFII

IICII
"BII

IIAII
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#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B","result has leaf size over 500,000. Avoiding possible recu

fi;
leaf_count_optimal := leafcount(optimal);
ExpnType_result := ExpnType(result);

ExpnType_optimal := ExpnType(optimal);

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=", ExpnType
fi;

If result and optimal are mathematical expressions,
GradeAntiderivative[result,optimal] returns

if the result fails to integrate an expression that

is integrable

if result involves higher level functions than necessary
if result is more than twice the size of the optimal
antiderivative

if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then

fi;

return "F","Result contains unresolved integral";

if ExpnType_result<=ExpnType_optimal then

if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
if debug then
print ("both result and optimal complex");

fi;

if leaf_count_result<=2*leaf_count_optimal then
return "A" s non s

else

return "B",cat("Both result and optimal contain complex but le
convert(leaf_count_result,string)," vs. $2 (",

rsion issues

. optimal);

af count of




convert (leaf_count_optimal,string)," ) = ",con

end if
else #result contains complex but optimal is not
if debug then
print("result contains complex but optimal is not");
fi;
return "C","Result contains complex when optimal does not.";
fi;
else # result do not contain complex
# this assumes optimal do not as well. No check is needed here.
if debug then
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print("result do not contain complex, this assumes optimal do

fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A"," ";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;

return "B",cat("Leaf count of result is larger than twice the lea
convert(leaf_count_result,string),"$ vs. $2(",
convert (leaf_count_optimal,string),")=",conver

fi;
fi;
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;

return "C",cat("Result contains higher order function than in optimal. Or

convert (ExpnType_result,string)," vs. order ",
convert (ExpnType_optimal,string),".");
fi;

end proc:

#
# is_contains_complex(result)
# takes expressions and returns true if it contains "I" else false
#
#Nasser 032417
is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

vert (2*leaf_c

not as well")

f count of op

t (2+leaf_coun

der ",
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The following summarizes the type number assigned an expression
based on the functions it involves
= rational function

= algebraic function

= elementary function

= special function

= hyperpergeometric function

= appell function

= rootsum function

= integrate function

= unknown function

ExpnType := proc(expn)

if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max ,map (ExpnType,expn))
elif type(expn,'sqrt') then
if type(op(1,expn), 'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ~"') then
if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn),'rational') then
if type(op(1l,expn),'rational') then
1
else
max (2,ExpnType(op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' + ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest(expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
elif AppellFunctionQ(op(0,expn)) then
max (6, apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8, apply (max,map (ExpnType, [op(expn)]))) else
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9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh,cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,El1lipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriciF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount(u) returns the number of nodes in u.
#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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Sympy grading function

p

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added "RootSum . See problem 177, Timofeev file
# added 'exp_polar’

from sympy import x

def leaf count(expr):
#sympy do not have leaf count function. This is approrimation
return round(1.7xcount_ ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is elementary function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

]

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Fi, Ei,Li,Si,Ci,Shi,Chi,
gamma,loggamma,digamma,zeta,polylog,LambertW,
elliptic_ f,elliptic_ e,elliptic_ pi,exp_ polar

]

def is_hypergeometric_ function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True
else:
return False
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except AttributeError as error:
return False

def expnType(expn):

debug=False
if debug:
print("expn=",expn,"type(expn)=",type(expn))

if is atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args|0],Rational): #type(op(1,expn),'rational’)
returnl
else:
return max(2,expnType(expn.args[0])) #maz(2, ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type(expn,' ')
if isinstance(expn.args[l],Integer): #type(op(2,expn),'integer’)
return expnType(expn.args(0]) #EzpnType(op(1,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), rational’)
if isinstance(expn.args[0],Rational): #type(op(1,expn), rational’)
return 1
else:
return max(2,expnType(expn.args|0])) #maz(2,ExpnType(op(1,expn)))
else:
return max(3,expnType(expn.args[0]),expnType(expn.args(l])) #maz(3,ExpnType(op(1
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' +'') or type(expn,’
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[l:]))
return max(ml,m2) #maz(EzpnType(op(1,expn)), maz(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #FElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #maz(3,ExpnType(op(1,expn)))
elif is_special function(expn.func): #SpecialFunction@(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml) #maz(4,apply(maz,map(ExpnType,[op(expn)])))
elif is_hypergeometric_ function(expn.func): #HypergeometricFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(5,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif is_appell function(expn.func):
ml = max(map(expnType, 1list(expn.args)))
return max(6,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
elif isinstance(expn,RootSum):
ml = max(map(expnType, list(expn.args))) #Apply/Maz, Append[Map[ExpnType, Apply[L
return max(7,m1)
elif str(expn).find("Integral") != —1:

,ezpn) ), Expn Ty

x')

ist,expn]],7]],
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ml = max(map(expnType, list(expn.args)))

return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:

return 9

#main function
def grade_ antiderivative(result,optimal):

#print ("Enter grade__antiderivative for sagemath")
#print("Enter grade__antiderivative, result=",result," optimal=",optimal)

leaf count_result = leaf count(result)
leaf count_ optimal = leaf count(optimal)

#print("leaf _count_result=",leaf count_result)
#print("leaf _count_optimal=",leaf _count optimal)

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if str(result).find("Integral") != —1:

grade = "F"
grade_ annotation =""
else:

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade_ annotation =""
else:

grade = "B’

grade_ annotation ="Both result and optimal contain complex but leaf count of result is larg

else: #result contains complex but optimal is not

grade = "C"

grade_ annotation ="Result contains complex when optimal does not."

else: # result do not contain complex, this assumes optimal do not as well

if leaf count_result <= 2+leaf count_optimal:

grade = "A"

grade_ annotation =
else:

grade = "B"

grade_annotation ="Leaf count of result is larger than twice the leaf count of optimal. "+str(le

else:
grade = "C"
grade_ annotation ="Result contains higher order function than in optimal. Order "+st

r(ExpnType_



#print("Before returning. grade=",grade, " grade__annotation=",grade__annotation)

return grade, grade_annotation
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SageMath grading function

#Dec 24, 2019. Nasser: Ported original Maple grading function by

# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Mazxima results.

#Dec 24, 2019. Nasser: Added 'exp integral_e' and 'sng', 'sin__integral’
# 'arctan2’, 'floor','abs', 'log__integral’

#June 4, 2022 Made default grade annotation "none" instead of "" due
# issue later when reading the file.

#July 14, 2022. Added ellipticF. This is until they fix sagemath, then remove it.

from sage.all import x
from sage.symbolic.operators import add_ vararg, mul_ vararg

debug=False;

def tree_size(expr):
r" nn
Return the tree size of this expression.
nnn

#print("Enter tree__size, expr is ",expr)

if expr not in SR:
# deal with lists, tuples, vectors
return 1 + sum(tree_size(a) for a in expr)
expr = SR(expr)
X, aa = expr.operator(), expr.operands()
if x is None:
return 1
else:
return 1 + sum(tree_size(a) for a in aa)

def is_sqrt(expr):
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands()[1]==1/2: #expr.args[l] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False




def is_elementary_ function(func):
#debug=False

m = func.name() in ['exp','log','In’,
'sin','cos’,'tan','cot','sec','csc',
'arcsin','arccos','arctan','arccot','arcsec','arccsc’,
'sinh','cosh','tanh’','coth','sech','csch’',

'arcsinh','arccosh','arctanh','arccoth’,'arcsech','arccsch’,'sgn’,
'arctan2','floor','abs'

]
if debug:
if m:

print ("func ", func , " is elementary_ function")
else:

print ("func ", func , " is NOT elementary_ function")

return m

def is special function(func):
#debug=False
if debug:

print ("type(func)=", type(func))

m= func.name() in ['erf','erfc','erfi','fresnel_sin','fresnel cos','Ei',
'Ei','Li",'Si",'sin__integral','Ci','cos__integral','Shi','sinh__ integral'
'Chi','cosh__integral','gamma’,'log_gamma','psi,zeta’,
'polylog','lambert_ w','elliptic_ f','elliptic_ e','ellipticF"',
'elliptic_ pi','exp_integral_e','log_integral]
if debug:
print ("m=",m)
if m:

print ("func ", func ," is special_function")
else:

print ("func ", func ," is NOT special_function")

return m

def is_ hypergeometric_ function(func):

return func.name() in ['hypergeometric','hypergeometric_M','hypergeometric_ U']

def is_appell function(func):
return func.name() in ['hypergeometric']

#[appellfl] can't find this in sagemath
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def is_atom(expn):

#debug=False
if debug:
print ("Enter is_atom, expn=",expn)

if not hasattr(expn, 'parent'):
return False

#thanks to answer at https://ask.sagemath.org/question /49179 /what—is—sagemath—equivalent—to—atomic—t;
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().gens()

return False

except AttributeError as error:
print("Exception,AttributeError in is_atom")
print ("cought exception' , type(error)._ name )
return False

def expnType(expn):

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is atom(expn)=", is_atom(expn))

if is atom(expn):
return 1
elif type(expn)==1list: #isinstance(expn,list):
return max(map(expnType, expn)) #apply(maz,map(ExpnType,expn))
elif is sqrt(expn):
if type(expn.operands()[0])==Rational: #type(isinstance(ezpn.args[0],Rational):

returnl
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands()[1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands()[0]) #expnType(expn.args[0])

elif type(expn.operands()[1])==Rational: #isinstance(ezpn.args[1],Rational)
if type(expn.operands()[0])==Rational: #isinstance(expn.args/0],Rational)
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return 1
else:
return max(2,expnType(expn.operands()[0])) #maz(2,expnType(expn.args/0]))
else:
return max(3,expnType(expn.operands()[0]),expnType(expn.operands()[1])) #maz(3,e
elif expn.operator() == add_ vararg or expn.operator() == mul_ vararg: #isinstance(expn,
ml = expnType(expn.operands()[0]) #expnType(expn.args[0])
m?2 = expnType(expn.operands()[1:]) #expnType(list(expn.args[1:]))
return max(ml,m2) #maz(ExpnType(op(1,expn)) max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.func)
return max(3,expnType(expn.operands()[0]))
elif is_special function(expn.operator()): #is_special _function(expn.func)
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(4,ml) #maz(4,m1)
elif is_hypergeometric_ function(expn.operator()): #is_hypergeometric_ function(expn.func
ml = max(map(expnType, expn.operands())) #maz(map (expnType, list(expn.args)))
return max(5,ml) #maz(5,m1)
elifis appell function(expn.operator()):
ml = max(map(expnType, expn.operands())) #maz(map(expnType, list(expn.args)))
return max(6,ml) #maz(6,m1)
elif str(expn).find("Integral") != —1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #mazx(map (expnType, list(expn.args)))
return max(8,ml) #maz(5,apply(maz,map(ExpnType,[op(expn)])))
else:
return 9

#main function
def grade_ antiderivative(result,optimal):

if debug:
print ("Enter grade_ antiderivative for sagemath")
print("Enter grade_antiderivative, result=",result)
print("Enter grade_antiderivative, optimal=",optimal)
print("type(anti)=",type(result))
print("type(optimal)=",type(optimal))

leaf count_result = tree_size(result) #leaf count(result)
leaf count_ optimal = tree_ size(optimal) #leaf count(optimal)

#if debug: print ("leaf count_result=", leaf count_result, "leaf count optimal=",leaf count

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

rpn Type(expn.
Add) or isinst

optimal)
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if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",expnType_

if expnType_result <= expnType_ optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf count_result <= 2«leaf count_ optimal:

grade = "A"

grade__annotation ="none'
else:

grade = "B"

grade_ annotation ="Both result and optimal contain complex but leaf count of re
else: #result contains complex but optimal is not
grade = "C"
grade_ annotation ="Result contains complex when optimal does not."
else: # result do not contain complex, this assumes optimal do not as well
if leaf count_result <= 2xleaf count_ optimal:

grade = "A"
grade_ annotation ="none"
else:
grade = "B’
grade_ annotation ="Leaf count of result is larger than twice the leaf count of optims
else:
grade = "C"

grade_ annotation ="Result contains higher order function than in optimal. Order "+str(e

print("Before returning. grade=",grade, " grade_ annotation=",grade_ annotation)

return grade, grade_ annotation

‘optimal)

>sult is larger th

1. "+str(leaf ¢

xpnType_ resul
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	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x) c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^2 c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^3 c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+b x (a b B-a^2 C+b^2 B x+b^2 C x^2)  c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (warning: unable to verify)
	Mathematica [B] (warning: unable to verify)
	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  a+b x c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (warning: unable to verify)
	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^3/2 c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^5/2 c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [A] (verified)
	Maple [B] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a b B-a^2 C+b^2 B x+b^2 C x^2  (a+b x)^7/2 c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (warning: unable to verify)
	Mathematica [B] (verified)
	Maple [B] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b x)^2 (A+C x^2)  c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b x) (A+C x^2)  c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C x^2  c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [A] (verified)
	Fricas [C] (verification not implemented)
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C x^2  (a+b x) c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C x^2  (a+b x)^2 c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [C] (verified)
	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 (a+b x)^3/2 (A+C x^2)  c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (warning: unable to verify)
	Mathematica [B] (warning: unable to verify)
	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 a+b x (A+C x^2)  c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (warning: unable to verify)
	Mathematica [B] (warning: unable to verify)
	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C x^2  a+b x c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (verified)
	Mathematica [B] (verified)
	Maple [A] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 

	 A+C x^2  (a+b x)^3/2 c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (warning: unable to verify)
	Mathematica [A] (warning: unable to verify)
	Maple [B] (verified)
	Fricas [F(-1)] 
	Sympy [F] 
	Maxima [F] 
	Giac [F(-2)] 
	Mupad [F(-1)] 

	 A+C x^2  (a+b x)^5/2 c+d x e+f x g+h x  dx
	Optimal result
	Rubi [A] (warning: unable to verify)
	Mathematica [B] (verified)
	Maple [B] (verified)
	Fricas [F] 
	Sympy [F(-1)] 
	Maxima [F] 
	Giac [F] 
	Mupad [F(-1)] 
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